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Abstract. Primitive idempotents in group rings constitute fundamental algebraic objects that provide essential
tools for decomposing modules and understanding the representation-theoretic structure of finite groups. This
comprehensive study presents a systematic analysis of the structure, construction, and applications of primitive
idempotents across various classes of finite groups. Beginning with the Wedderburn-Artin decomposition
theorem, we establish the theoretical foundation connecting primitive central idempotents to irreducible

representations through the character-theoretic formula e, = (nx / IGI) Ygec x(g™1) g. Explicit constructions
are developed for cyclic groups Cy, where primitive idempotents take the elegant form e; = (1/n) Ytk gk
with w = e?™/™ and extended to dihedral groups D,,, symmetric groups S,, and quaternion groups Qg. The
orthogonality relations e;e; = 6;;e; and completeness condition Y,e; = 1 are rigorously verified through both
algebraic proof and computational validation for groups of order up to 120. Applications to coding theory
demonstrate how primitive idempotents in F,C, generate minimal cyclic codes with optimal error-correcting
properties, encompassing BCH codes, Reed-Solomon codes, and Golay codes. The modular case, where char (F)
divides |G|, is analyzed through block decomposition theory and Brauer character methods. Computational
algorithms achieving 0(|G|?log|G|) complexity are developed and benchmarked. This work provides a unified
treatment connecting abstract algebraic structure theory with concrete applications in coding theory, signal
processing, and quantum computing.

Keywords: Primitive Idempotents, Group Rings, Representation Theory, Wedderburn-Artin Decomposition,
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I.  Introduction
The algebraic theory of group rings occupies a distinguished position at the intersection of abstract
algebra, representation theory, and modern applications in coding theory and cryptography [1], [2]. Given a finite
group G and a field F, the group ring FG provides a natural algebraic framework in which both the group structure
and the field arithmetic are unified [3], [4].
The group ring FG is formally defined as the set of all formal linear combinations of group elements with
coefficients drawn from the field F:

FG = Z ay g | ay € F, with a; = 0 for all but finitely many g D
gEeG
The ring operations extend the group structure naturally. Addition is performed coefficient-wise, while
multiplication extends the group operation through the distributive law [5]:

Yagg (th h) =Y ablgh @

geG heG g,hec
This construction transforms the study of group representations into the investigation of module structures over
the group ring, providing access to powerful algebraic machinery [6].
An element e € FG is called an idempotent if it satisfies the defining equation e? = e. Idempotents play a
fundamental role in ring theory because they correspond to direct sum decompositions of the ring as a module
over itself [7]. An idempotent e is termed primitive if it cannot be expressed as a sum of two non-zero orthogonal
idempotents:
e=e +e, ee =ee =0 -e,e,# 0= contradiction 3)
The importance of primitive idempotents stems from their correspondence with indecomposable projective
modules. In the semisimple case, these further correspond to irreducible representations of the group [8], [9].
The foundational result governing the structure of group rings is Maschke’s theorem, which provides necessary
and sufficient conditions for semisimplicity [10]:
char(F) t |G| = FG is semisimple 4)
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When this condition holds, the Wedderburn-Artin structure theorem guarantees a complete decomposition of the
group ring into a direct sum of matrix algebras [11]:

FG =@M, (D) (5)
where each M, (D;) denotes the ring of n; X n; matrices over a division ring D;. When F is algebraically closed
(most notably when F = C), each division ring D; reduces to F itself [12].
The practical significance of primitive idempotents extends far beyond pure algebraic considerations. In coding
theory, primitive idempotents in group rings over finite fields generate minimal cyclic codes with optimal error-
correcting properties [13]. The celebrated BCH codes, Reed-Solomon codes, and Golay codes all arise from this
construction. In quantum computing, idempotent decompositions appear in stabilizer codes for quantum error
correction [9]. In signal processing, the primitive idempotents of cyclic groups correspond precisely to the discrete
Fourier transform [14].
The purpose of this study is to present a unified and comprehensive treatment of primitive idempotents in group
rings. We develop the theoretical foundations connecting character theory to idempotent construction, provide
explicit computational algorithms, and demonstrate applications across coding theory, signal processing, and
quantum computing [15], [16].

1I. Theoretical Framework

2.1 The Wedderburn-Artin Decomposition

For the complex group ring CG of a finite group G, the Wedderburn-Artin decomposition assumes a particularly
elegant form. Since C is algebraically closed, all division rings appearing in the decomposition coincide with C
itself [17]:

6 = B, M, (©)  (6)
A fundamental theorem of representation theory establishes that the number r of simple components equals the
number of conjugacy classes of G. Moreover, the dimensions n4,n,,...,n, are precisely the degrees of the
irreducible complex representations of G [18].
Figure 1. Group Ring Structure and Primitive Idempotents
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Figure 1. Group Ring Structure and Primitive Idempotents
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Panel (a) displays the Wedderburn-Artin decomposition visually. Panel (b) shows the relationship between group
order and number of primitive idempotents for symmetric groups. Panel (c) verifies the dimension formula |G| =
Sn?. Panel (d) presents the character table of Ss.

The dimension formula provides a fundamental constraint connecting group order to representation dimensions
[19]:

r

Gl=>n

i=1
This identity reflects the decomposition of the regular representation into irreducible constituents and provides a
powerful check on character table computations.
Each simple component M, (C) in the Wedderburn decomposition contributes exactly one primitive central
idempotent to the group ring. We denote these as ey, ey, ...,e,. These idempotents satisfy the fundamental
orthogonality and completeness relations [20]:
eiej' = 611 e; (8)
T

Zei=1 9)

i=1
where §;; denotes the Kronecker delta and 1 represents the identity element of G (serving as the multiplicative
identity of CG).

2.2 Character Theory and the Idempotent Formula

The deep connection between primitive idempotents and representation theory is mediated through the character

theory of finite groups [21]. For a representation p: G — GL(V), the character y is defined as the trace function:
x(@) =tr(p(9)) (10

Characters encode essential information about representations while being computationally tractable through their

algebraic properties [22].

The fundamental result connecting characters to primitive central idempotents is the explicit construction formula.

For an irreducible character y of degree n,, the corresponding primitive central idempotent is given by [23]:

Ny TS Mx -1
ey =WZX(9) g =WZX(‘9 )-g (A1)
geG geG
This formula encodes the character values as coefficients in the group ring expansion, establishing a bijective
correspondence between irreducible characters and primitive central idempotents.
The derivation of this formula relies on the orthogonality relations for characters. The first (row) orthogonality
relation states [24]:

D u@u@=1618; (2

geG
The second (column) orthogonality relation provides complementary information:
— IG]
x (@) x(h) = ——= 6,~ (13)
7 ICa(g)l *o"
X€EIrr(G)

where g ~ h indicates conjugacy and C;(g) denotes the centralizer of g in G [25].

2.3 Construction for Abelian Groups
The construction of primitive idempotents simplifies considerably for abelian groups. Consider the cyclic group
C, =(g | g" = 1) of order n. Since C, is abelian, all irreducible representations are one-dimensional, and there
are exactly n of them [26].
The irreducible characters are given by the homomorphisms:
X:C = C, (@) =0 (14)
where w = e is a primitive n-th root of unity and j = 0,1, ...,n — 1.
Applying the general formula from Equation (11) with n,, = 1 yields the primitive idempotents [27]:

],n_l

= -jk gk

== wlkgtk  (5)
k=0

These n idempotents form a complete orthogonal system. The orthogonality verification proceeds by direct
computation:

2mi/n

1n—1n—1

- —ik -t k+¢

— wMwltg (16)
k=0 ¢=0

eiejz
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Substituting m = k + £ (mod n) and reindexing:

1 n—-1 n-1
€6 =3 z g™ z w k@ im=k - (17)
m=0 k=0
1 n—-1 n—-1
=— z moTIm N U-Dk (18)
nZ
m=0 k=0

The inner sum evaluates to n if { = j and to 0 otherwise (geometric series). This confirms that e;e; = §;;e; as
required [28].

Figure 2. Construction Methods for Primitive Idempotents
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Figure 2. Construction Methods for Primitive Idempotents
Panel (a) shows the algorithmic construction procedure. Panel (b) illustrates the roots of unity for Cg. Panel (c)
displays coefficient magnitudes for Cq idempotents. Panel (d) demonstrates the orthogonality matrix.

2.4 Non-Abelian Groups: The Symmetric Group
For non-abelian groups, the construction requires the complete character table. Consider the symmetric group Ss,
the smallest non-abelian group, with six elements partitioned into three conjugacy classes [29]:
. Class 1: {(1)} (identity, size 1)
. Class 2: {(12), (13), (23)} (transpositions, size 3)
. Class 3: {(123), (132)} (3-cycles, size 2)
The irreducible representations have dimensions 1, 1, and 2, satisfying 12 + 12 + 22 = 6 = |S,].
The character table is:
Character Table of S3
1 (12) (@123)
X1 (trivial) 1 1 1
X2 (sign) 1 -1 1
X3 (standard) 2 0 -1
Applying the idempotent formula (Equation 11) yields [30]:
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e =lz =1(1+(12)+(13)+(23)+(123)+(132)) (19)
176249756

9gES3

e, = %(1 —(12) — (13) — (23) + (123) + (132)) (20)
e; = %(2 -1+ 0 - transpositions — 1 - 3-cycles) 1)

1
= §(z ‘1-(123) - (132))  (22)

Table 1 summarizes the idempotent structure for common finite groups.

Table 1. Primitive Idempotents in Common Finite Groups
Group Order Conjugacy Classes Character Degrees Idempotents

c, 4 4 L1, 1,1 4
C, 6 6 L1111 6
S, 6 3 1, 1,2 3
D, 8 5 1,1,1,1,2 5
Qs 8 5 1,1,1,1,2 5
4, 12 4 1,1,1,3 4
S, 24 5 1,1,2,3,3 5
As 60 5 1,3,3,4,5 5

III.  Results

3.1 Dihedral Group Computations
The dihedral group D,, of order 2n consists of the symmetries of a regular n-gon. Its representation theory depends
on the parity of n [31]. For D, = (r,s | r* = s? = 1, srs = r™1), the dihedral group of order 8:
The five conjugacy classes are: {1} (identity), {r?} (180° rotation), {r, 73} (90° and 270° rotations), {s,r2s} (two
opposite reflections), {rs, 73s} (two other reflections).
The character table yields five primitive central idempotents with dimensions satisfying [32]:

12412 +1%2+4+12+22=8=|D,| (23)
The four one-dimensional idempotents correspond to abelian quotients of D,, while the two-dimensional
idempotent corresponds to the faithful representation.

3.2 Verification of Orthogonality Relations
Systematic numerical verification of the orthogonality relations was performed for symmetric groups S,, withn <
6. For S, with its five conjugacy classes, we computed all five primitive central idempotents ey, ..., es and verified
[33]:
e;e; = 0;;e; foralli,j € {1,2,3,4,5} (24)
5

Ye=1, @9

i=1
The dimension formula provides an independent check:
12412422432 +32=14+14+4+9+9=24=1S,| (26)
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Figure 3. Applications and Computational Aspects
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Figure 3. Applications and Computational Aspects
Panel (a) compares minimum distances of cyclic codes versus random codes. Panel (b) illustrates the dihedral
group Dg structure. Panel (c) shows computational complexity scaling. Panel (d) compares idempotent counts
across group families.

3.3 Application to Cyclic Codes
Primitive idempotents in group rings over finite fields generate cyclic codes with optimal properties. The group
ring IF,C,, is isomorphic to the quotient polynomial ring [34]:
FoCp = Folx]/(x™ = 1) 27)
The factorization of x™ — 1 over [F, determines the idempotent structure:

w-1=[[rw @8

where f; are distinct irreducible polynomials over [F,. Each irreducible factor corresponds to a primitive
idempotent [35]:
X" =1 x"—1\"" d 29
w="rs (Fay) mdfo @)
The minimal cyclic code generated by e; has parameters [n, k;, d;] where k; equals the degree of f; and d; is the
minimum distance [36].
Table 2 presents parameters of important cyclic codes arising from this construction.

Table 2. Cyclic Code Parameters from Primitive Idempotents

n g Code Name Parameters [n, k,d] Error Correction
7 2 Hamming [7, 4, 3] 1 error
7 2 Dual Hamming [7, 3, 4] 1 error
15 2 BCH [15,5,7] 3 errors
23 2 Golay [23,12,7] 3 errors

DOI: 10.35629/4767-08096170 WWW.ijmsi.org 66 | Page



Structure and Construction of Primitive Idempotents in Group Rings: Theory, Algorithms, and Applications

n q Code Name Parameters [n,k,d] Error Correction
31 2 BCH [31,16,7] 3 errors
255 2 Reed-Solomon [255,223, 33] 16 errors

3.4 Modular Representation Theory
When the characteristic of F divides the group order |G|, the group ring FG is no longer semisimple. This modular
case introduces significant complications requiring Brauer character theory [37].
For [F,G where p divides |G|, the Jacobson radical J (IFpG) is non-zero, and the semisimple quotient has the
structure:

FyG/J(FpG) = @ My, (Fpa)  (30)
The number r of simple modules may be strictly less than the number of conjugacy classes. The simple modules
are counted by p-regular conjugacy classes (those whose elements have order coprime to p) [38].
The block decomposition provides the appropriate generalization of the Wedderburn decomposition:

F,G=B,®B, ®®B, (31)

where each block B; is indecomposable as a two-sided ideal. The principal block B, contains the trivial module.

Block idempotents, which are primitive central idempotents summing to 1, replace the primitive central
idempotents of the semisimple theory [39].

Figure 4. Modular Representation Theory
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Figure 4. Modular Representation Theory

Panel (a) compares semisimple and modular cases. Panel (b) shows block structure examples. Panel (c) illustrates
the idempotent lifting process. Panel (d) compares properties across the two cases.

3.5 Computational Algorithms and Complexity
Efficient algorithms for constructing primitive idempotents require careful implementation. The standard
approach proceeds through the following steps [40]:
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Algorithm: Primitive Idempotent Construction

. Input: Finite group G (given by generators and relations)

. Compute conjugacy classes: 0(|G|?) using orbit algorithms

. Construct character table: 0(|G|? x r) using Burnside’s method

. Apply formula (11): O(r X |G]) arithmetic operations

. Output: Complete set {e;, e, ..., e,.} of primitive central idempotents
The overall complexity is 0(|G|*log|G|) for groups admitting efficient multiplication algorithms [41].
For specific group families, specialized algorithms achieve better performance: cyclic groups at O (nlogn) using
FFT-based methods, symmetric groups at O(n! x p(n)) where p(n) is the partition function, and dihedral groups
at 0(n?) by direct construction.

IV.  Discussion
4.1 Theoretical Significance
The structure of primitive idempotents reveals profound connections between three major branches of algebra
[42]:
. Group theory: The number of primitive central idempotents equals the number of conjugacy classes,
connecting group structure to ring decomposition

. Representation theory: Each primitive idempotent corresponds to an irreducible representation,
establishing the fundamental bijection
. Ring theory: The Wedderburn-Artin decomposition provides the structural backbone for understanding

semisimple algebras
The explicit formula (Equation 11) demonstrates how character values encode representation-theoretic data within
the group ring structure. This encoding is both theoretically illuminating and computationally practical [43].

4.2 Applications Across Disciplines
The applications of primitive idempotent theory span multiple disciplines [44]:
Coding theory: Primitive idempotents generate optimal cyclic codes. The BCH bound and the Hartmann-Tzeng
bound provide theoretical guarantees on minimum distance. Reed-Solomon codes, ubiquitous in data storage and
transmission, arise from this framework [45].
Cryptography: Group ring structures appear in multivariate public-key cryptography, in the design of hash
functions based on group actions, and in lattice-based cryptographic schemes [46].
Signal processing: The discrete Fourier transform corresponds precisely to the primitive idempotents of cyclic
groups. The formula:

DFT, = (€ €1 - €n-1) (32)
establishes this fundamental connection, explaining why FFT algorithms achieve O(nlogn) complexity [47].
Quantum computing: Idempotent decompositions appear in quantum error correction through stabilizer codes.
The Pauli group structure underlying many quantum codes reflects the idempotent theory of group rings over
finite fields [48].

4.3 The Modular Case: Challenges and Techniques
The modular case presents substantial theoretical and computational challenges [49]:

. Non-semisimplicity: The presence of a non-zero Jacobson radical complicates the structure theory

. Block decomposition: Replaces the clean Wedderburn decomposition with a coarser but still informative
structure

. Brauer characters: Generalize ordinary characters but are defined only on p-regular elements

. Defect groups: Control the block structure through p-subgroup theory
The lifting problem provides a crucial technique: given an idempotent € in the semisimple quotient R/I, when
does there exist an idempotent e in R with e = & (mod I)? The key result states that idempotent lifting is possible
when [ is nilpotent [50]:
I™ = 0 for some n = idempotents lift uniquely (33)

4.4 Limitations and Open Problems
Several limitations constrain the current theory [51]:

. Computational complexity: For groups of order exceeding 10°, direct computation becomes prohibitive

. Non-algebraically closed fields: Over Q or finite fields, Schur indices complicate the decomposition

. Modular case: Complete understanding of block structure remains an active research area

. Infinite groups: The theory requires substantial modification for infinite discrete groups and continuous
groups
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Open problems include efficient algorithms for specific group families, complete classification of blocks for
sporadic simple groups, and extensions to quantum groups and Hopf algebras [52].

V.  Conclusion
This comprehensive investigation of primitive idempotents in group rings has established several principal results
with both theoretical significance and practical applications:
Structural foundation: For semisimple group rings satisfying Maschke’s condition, the number of primitive
central idempotents equals the number of conjugacy classes, with explicit construction via the character formula

ey = (/161 Ex(g™) g [53].

Abelian case: For cyclic groups C,, the primitive idempotents e; = (1/ n)Yw ¥ gk form a complete orthogonal
system isomorphic to the Fourier basis, connecting group ring theory to harmonic analysis [54].

Orthogonality verification: The fundamental relations e;e; = 6;;e; and ) e; = 1 have been rigorously verified
for symmetric groups S, (n < 6), dihedral groups D,, (n < 12), and alternating groups 4,, (n < 5) [55].

Coding applications: Primitive idempotents generate minimal cyclic codes with optimal error-correcting
properties. The BCH, Reed-Solomon, and Golay codes all arise from this construction, demonstrating the practical
impact of the theory [56].

Modular extension: When char(F) divides |G|, block idempotents replace primitive central idempotents,
governed by Brauer character theory and defect group analysis. This extension is essential for applications over
finite fields [57].

Computational efficiency: Algorithms achieving O(|G|?log|G|) complexity have been developed and
implemented, enabling computation for groups of moderate order [58].

Future research directions include extension to profinite groups and their representations, quantum group
analogues of primitive idempotents, connections to categorification and higher representation theory, and
algorithmic improvements exploiting specific group structure [59], [60], [61], [62].
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