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ABSTRACT:

In this paper a multiple Mellin Transform of product of I- function of one variable and I- function of several
variables has been established. Certain special cases are also given.
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I. INTRODUCTION:
The multiple Mellin transform of a function f (X, ,..... X, ) is defined as

M (X X )i Sy 8. 1= [ [ XX (O X, Xy X,
0 0
(1.1)

The multiple Laplace transform of a function f (Xl, ..... Xr) is defined as

o0 o0

F(pyy P,) = jj e P e P (X, .. X, )dX, ... dX,
(6] (6]
(12)
The I- function will be defined and represented by Rathie [5] in following Mellin —Barnes type
contour integral:

I m,n [Z (al Oll,Aj) ........... (apl,ap,Ap) 1
P.a 1£| (oA B (Bg g Bg) | z—ﬂijms)zSds
(1.3)
where
% (b, - B,s)IITY(1-a;, +a;s)
#(s)=—~ e
B; AL
,-Hﬂr (1—bj+—ﬂjs)j£I+1F (aj—ajs)
(1.4)

also  m,n, p, g are integers satisfying
0<m<qg0<n<p z=0 . .
, , an empty product is interpreted as unity.

a;,(j=12,., p)’ B (1=12,., q)’Aj,(j =12,.., p)'Bj,(j =12,.,Q)
numbers.

a;,(j=12... p) b;,(j=12...0)
8 (b, - B;s).(j =1....m)

are positive

are complex numbers such that no singularity of

r(@-a; +a;),(j =L...n)

coincides with any singularity of
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it A; =1,(1=12,.,n) , B;=1(j=12...m) in (1.4), it will be denoted by

—m,n
(@aj,a;j.Din.(aj . Ajdniap
| Z 1 ¢ s
P-9 (b, B Dim (0;.85.BjImirg = —I¢(S)Z ds
27 <
(1.5)
where,
&5(3)— j:11“(bj - B s)Jl‘:Ill“(l—aj +«;S)
T q B, P A (s
I r*(-b,+-4s) 11 T"(aj—a;s)
(1.6)

The |- function of r- variables defined and represented by Nambisan [8] et.al as:

1 1 1 1
z,[@ @@ A (€ C g (6777 C D,

[ O M) ) |
P’Q;(pl,oa); ......... ;( pr’qr)

z &) Q) (dO sO DOy - " 50O po
(b, BB B)1g 1 (7,87, D7) g e (d7, 877, DV ),

P og

= ﬁjj ¢(Sl’“."Sr)el(sl).“H"(Sr)zlsl----zrsrdsl-...dSr

(1.7)
where
HlFA" A-a,+> als)
_ = i=1 .
¢(Sl...,Sr)— 5 N p o R ‘) p " , i=1,2,...,r
,-l_nﬁlr (aj—jz_llaj Si)}_}lr (1—bj+§,3j s,)
(1.8)
e’ @—c® +,9s) [’ (@® - s9s,)
0.(s,) = —i= TSI P+ j i S
- 11 (¢ —»0s,) I o’ 1—d® +s5s,)
j=n;+1 J oo iem J e
i=1,2,..,r
(1.9)

Also Z; # 0 i=1,2,....,r, an empty product is interpreted as unity.

The parameters M;, Ny, P, Q;, (J=L... 1)n,p,q are non —negative integers such that
0<n<p,gz00<n;<p;,0<m, qu,(j =12,..,7T)

,not all zero simultaneously.

o (i=1...Pi=1..0) BV (i=1..Qi=L..) 7,*.(i=1...p.i=L....)

’

W o _ i
5] ’(J _]"""qi 1= ]"""’r) are assumed to be positive quantities.
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a;,(i=12,., p) b;,(i=22,..,9) ¢,”,(j=1...p;,i=1...p)
d,",(j=1...04.i=1....r)

’

are

Q) : ; .
o > d®-69s),j=1....m _
complex numbers. All the singularities of ) J lie to the right and
1-c+0s),j=1...n,

( 7 ) J !'are to the left of
The I- function of r- variables is analytic by Braaksma, [1], if

P 9 Py O

= (k) (k) (k) ,, (k) (k) (k) _

=2 A =3B A0+ 20l =Y D6) <0k =12..r
1= J= J=

j=1
(1.10)
The integral (1.7) converges absolutely if

|argzk|<1Ak7r,k =1...r

, Where
Py
ZA a(k) Z B. ﬂ(k) + Z D(k)5(k) Z D(k)5(k) + Zj/(k) ch(k) (k) S 0
j=n+1 j=m+1 j=1 j=n+1

and if

largz, | <%Ak7z,Ak >0,k=1..r

’

then integral (2.1) converges absolutely under the following conditions.

=0,Q, <-1
i) Y ok , where Yy given by (1.10) and for k=1,2,...,r

= Zp:[% —Re(a;)]A, - Zq:[% —Re(b,)]B; + i[% _ Re(cﬁk))]cjgk) _ i[% _Re(d Jgk))]DJ(k)

Vi # 0 with Sy =0, + itk ) (O-k ’tk) are real numbers, (k=1, 2,..., r) are chosen that ‘tk‘ —> 0

Q +owy, <-1

If

0 _1(i— P 0 _1(i— i
C; _L(J_L....,ni),l_],....,r)le —1,(]—l,....,mi),l—l,....,l’)and =0, in(L7) the
corresponding function will be denoted by

[ _ IO,O;(ml,nl); ......... ;(mg,n.)
22, ] P,Q:(P1, G )i (Py 20y )

Zl (a a(l) ’a(r) AJ) ( j ’71 ’1)1n (Cj 17(1) Cl))n1+1,,pll ( j ,y(r) 1)1n (C(r)J’Er):C}r))n,u,p,

] H

(0,80 BB (A6 D, @06, DP)y s 301,51 D), (@,810.D0), 0

=
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(27zl) _[ j¢(sl,....,Sr)él(sl)...ér(sr)zlsl ..z>ds,...ds,

(1.11)
1

where  P(S1-, ;) = P . Q 4 .
nr J(aj—Zaj S)TIT J(1—bj+§,8] s;)

(1.12)

i 0 e 1 i) (i)
é(s.): HF(l—cj + 7 si)jl_:Ill“(dj —0,"s;)
S T (o — 05 Tt 1™ @—d® + o)
j=n; +1 ] _7/] i j=m; +1 - + J i

(1.13)

/
The integral (1.11) converges absolutely if \al’g Zk‘ < EAkﬂ'; k=1..r where

A (k) B. (k)_|_ 5(k) D(k)5(k)+ (k) C(k) (k)
Jzn;1 % Z IB Z J;ﬁl 27/ J%:ﬂ

largz, | <§Ak7r,Ak >0,k =1,...r

then integral (2.1) converges absolutely under the following conditions.
/ /
i V= O,Qk < —l where fork=1,....r

j=n+1 j=1 j=1

and

My U8 my
Z[ A ZP Relb 1B, + Y7+ D ClY =Y [1-Re(d)]-
= j= j=m+L

j=n+1

l//k #0 withS, =0, + Itk ) (O-k ’tk) are real numbers, k=1,2,...,r are chosen that ‘tk‘ —> 00

/ /
Q +owy, <-1

In (1.7), put r =2, it reduces to the I- function of two variables given by Nambisan and

Santhakumari.
Prathima and Nambisan [9]

TT xisl_l....xf‘r‘ll_[tleﬂ,...trxr’lr]dxl...dxIr

r

T A A

(1.14)

ZA“(k) ZB ﬁ(k)+27(k)+ icjgmngk)_igj(k) QZD“‘)d(") <0,

1 q{—sl,...—Srjel[—slj_..gr(—sr]t?....t?
A TA A 2,

YE-Re(d?)

21| Page
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4 = S, =S| 1
AT A I a, + > a® 5 |1ire|1-p Zﬂ“)Sk
j:l J v J ﬂ/k j:]- J

S Ay

Ira—c® -y SO rrE® + 50 )
SR 4

—s
ek[ kj:
Ay & Fc:}”(c(k) 80 Sk j _ I Fng)(l— d{o -5 Zj

j=n,+1 /’Lk j=m+1
(1.16).
Provided,
4o 1-c®
— 4, min| Re—— |<Re(s;)< A4, minRe L =123,
1<m; 5]_(') 1<j<ny §)

w! <0,A" <0,

Where, fork=1,2,...,

ZA“(k) ZB ﬂ(k)+2y(k)+ Zc(k) (k) z5<k) iD}kak),

j=n+1 j=m,+1 ’
(k) _ (k) (k) (k) s(k) (k) _ (k) , (k)
—ZAjaj ZB B +Z5 + ZD 5! +Z;/ Zc %
j=n+1 j=m+1 j=m,+1 j=n+1
'Prasanth and Nambisan [7]
If F(pl’ """ pr) be the Laplace transform and G(Sl’ """ Sr) be the Mellin transform of
F(tte) hon
S o Gl U0 Gl B
F(Py )= D e 1| ..... 7 G(s,+1,....8, +1)
50 oo s, ! s, !
(1.17)

1. MAIN RESULT:
jw OOX771_1 X77r Imn[yle X (gj’Gjll)ln(ng )n+l,p
..... 1

(h]lH]7l)l,m(hleJ’F])erl,q
I—O,O;(ml,nl): ......... (my.ng)
1P,Q2(p1,q1)' --------- '(prvqr)
lelul (ajla]@’ f) Aj)lP( j 171 11)1n1(cj 1}/(1) ngl))nﬁl p? (C(r 17/1 ’l)ln (C] !7] !C ))n,+1,,p,

r

X |0y, B BBy ) g (67 1) (A5, 67 DY) g g 5 (A 517 D), (@7,67, D) g,

DOI: 10.35629/4767-08071828 WWW.ijmsi.org 22 | Page



Multiple Mellin Transform of Product of | -Function of One Variable And I- Function of ..

x dX,......dX,
/N /s
1 Z Hq .. Zr,ur
= Hyeeofd
—A maaly
|m+n1+ ....... +Np NHMy +.ee +m, 7 m 7 Uy
p+Q+q; +..+0, ,P+q+p  +..+p; y
N , (2.1)
Where,
n r 77r r /lr r
M=(9,,G,1),,@-d¥ ——15§1>,ﬁ5}1>,1)m,....,(1—d§ F s, 50,
/’L.I. :‘ul /ur /ur

r r r 2’]’ r
(9,61 E 00 ~L50 Bs0 ) o 1-df T B0 ), L

y H Hy Hy
n o, A
b, -2 g . T g, Alﬂ(l’+ e 508 ))o
/ul ,Ll /ur
r e (r /1 r
N=(h,,H,1),,1-c® - yj(l),ﬂi71(1),1)17%,....,(1—05) Te 0 2oy,
w 7 :

W T Ao o Mmoo
(" Hp B (-c57 - M » =75 Fnap e AL=C)7 = P 7 0 Vi F o,

r

Aoa, - Tg® o0 o, Ao Ay
Yo ! L "1 g, R
1 r r .

Provided,
Ay >0,(L<i<r)
i)
i)
d") 1— c")
— A, min Re(—) y7? mln Re( )< Re(n,) < 4, mln Re( )+ﬂ. mln(

I<j<m j<m I<j<n
J J J

)

|argy|<%A7z |argzi|<%Ai7z A>0, A, >0,A >0,A <0,6<0,A, >0

iii)
where,

q p
o= ZGj—Zl:Hj
]=

j=m+1
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AziH iH +ZG Zplej

j=1 j=m+1 j=n+1
SO S ICEEIR SIGEIE SINCENE SETORENE S Be)
. i i) i) i i) i)
A=+ eV = > e =2 B+ d— > di=1..r
j=1 j=1 j=ni+1 j=1 =1 j=m;+1 :
q Pi . i .
A = Za(') Z D> > dPi=12,..r
= j=1 =
PROOF.
A
_ _ , I [yxf1 ....... X ]
To prove (2.1) substitute Mellin- Barnes contour integral for
Xy yeeeny X
on left side with the help of (1.5), interchange the order of s and ( 1 ’ r) integrals,
evaluate the (Xl’""’ X') integral using (1.14), then interpret the resulting integral with
the help of (1.5).
SPECIAL CASES:
Whenr =2,

',Gj ’1)1,n (gj ij !Ej )n+1,p ]X
(hj ,Hj 11)1,m (hj vHJ 1Fj )m+l,q

LLxl’h‘lx”Z 1I”‘”[yxﬂ1

I_ 0,0;(m1,n1);(m2 1n2)
1P,Q:(P1,a1);(P2.92)

1 1 1 1 2 2 2 /
(@10 AL D (€7 D (€ 7€ ) 1P D, €0 77,C )

)(“2 (bJuBJvBJa J)lQ (d @ 5(1) 1)1m1(d(1) 5(1) Dj) (d (2 5(2) 1)lm (d (2 5(2) Dj)

m; +1,¢, m,+0d;
x dx.dx,
;771 o/ m+n, +N,,N+M; +M i i
: W - U
= leul Z2qu Ip"'Q%"%i'%aP%"Q"'Zpl"' P2 yzl ' 22 i
y 2y 22 )
Where
M =(0,,6, D00 - o Zof ), ama - Lo, 2 o0,
y2a 2 Hy My
o o Ao @ T <@ % <o
(9;,G,E )napL=dj” =26 ’251 B Dmng Q=07 =267, =2 517 E ),
1 2 2
n n A
(1-b; — =5, __sz’ﬁ'Bj +—=2B;,& )0
Iy Ay Ay 2 .
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N = (hj ! H j !1)1,m (1_ Cgl) ,Ll (1) ! 21 1) 1)1n ’(1 0(2) 772 7}2)! 12 1(2) ’1)1,n2

1 1 2 2

my+1,0, ! my+1,0,

A
(. H B @) = 7717}1),£7J F) (L-ci - T2 772y F)
H H y7i

2 2

J

A-a, — g, _&Aj,ﬁaj LA A,.C)1o
y 2 Ao y 2 Ao :

Provided,
) Ak >0,(1=12)

ii)

do 1— 1—c®
— A, min Re(—) L m|n Re(—— 50 ) < Re(7,) < A, min Re( J)+yl mln( (I)J )
Lj<m l I<j<n J <j<n 7/1

- |argy|<%A7r |argzi|<%Ai7z A>0, A, >0, U, <0V, 0,5 <0.

(i=1,2),
where
q p
A:Zm:H ZH +ZG —ZG
j=1 j=m+1 j=n+1
R SLTED WED SR S AR M2 2
j=1 j=1 j=1 =my+1 =m+1 ’
Q 2
D IR ILIED WS SRS FELE el
j=1 j=1 j=1 j=my+1 j=n+1
U=Fe B350 vi=TA DYEOLE Y
j=n+l j=1 j=n+1
Put

E,(j=1.., p)’ F(J=m+1,.., q),gj(j =1,..., P)'Kj(j =1,.., Q)ICj(j =n, +1.., p,)
C;(J =n, +1,---1p2)’ D;(j=m +1,...,C|1)' D;(J =m,+1....0,)

’

are equal to unity and

Ho=H = in (2.2), it reduces to the result given by Srivastava, Gupta, and Goyal[7,p,150].
APPLICATION:
o0 o0
“PX A= PrXr gl M= m n[ A e [€95:GD1n(95.G5.Enp ]
IO fo e e X Xe™ g LYXE oo X2 | () 1 Dy H Py 1
I_OO'(ml,nl)' ......... ;(mg,n;.)
1PQ(p1 ql) ----------- (pr1Qr)
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1 1 1 1 1 1 .
lelyl (aj’ag) 1111 a§r)1Aj)l,P(Cg)vyJ()ll)l,nl (CE)J/E)!CJ())nﬁl p et (C(r) 7/1 1)ln (C 7/J(r)!CJ(r))n,+p,

X0 B B B g (A6 D)y (A, 61, DP) (0,67 0), (A,67, D7), g,

xdX,......dx,
— P S1 — Pr Sr
1 ~nthy ot 2/ 2/
—Z H oz, Hr OO___OO— _____ N/
_ﬂ'i _/lr
Pt e | M
p+Q+0;+...+q, ,P+q+p; +..+p, yzl "'-Zr N
(2.3)
Where,
S, +n,—1 S, + 1 A
E(gjiGjil)l,n(l_djgl)_Mé‘}l)’ﬁé‘}l)!l)l,ml7""!(1_d§r) w ") : 5(" 1)1,mr
H Hy Hy :ur
o Gtm=1 o A o G+ =D A o
(95,65, Ej)pap (=077 - P 0] ’;51 B npaag =057 - P 0 ';51 E)nig
1 1 r r
s, +n —1 S, +17, =1 _« A o
(1_bj_(l A ),Bj(l)_. . (s, +7 ),B() 21,8(1)+ ,8() B)lQ

S+ -1 n (S, +7n, -1 r/i ‘
NE(hj, ) (1 (1) wym }‘1 ® 1 )1n1’ (1 () w (r) ()’1)1,nr

=y,
K M, ﬂr

e _ (s, +1,-0) (1) A o &) oA on
(h Hp P (=G ull ﬂ171 'Fj)m+1p1 1= ‘ﬂ—rﬁ ’ﬂ_er F)nap,
1-a, _G+m -1 a}l) —_y (S +77, —1) agr)’ia§1)+’___.’_|_£ajgr)’ A)ip

14 H, 2 Hy
.r
Provided,
Ao >0,(L<i<r)

i)
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ii)
(.) 1— c(')
— A, min Re(—) 44, min Re( =) <Re(n) < 4 m|n Re( )+,uI mln( L)
1<J<m J I<j<m; J J I<j<n;
1
- |argy|<%A7r |argzi|<EAi7r A>0, A, >0,A;, >0,A £0,6<0,A, >0
q P
where S = j;le‘i _Z:: Hj
m p
A=3>H, - DH, +ZG .G,
j=1 j=m+1 j=n+1
Pl (i) M N a0 N g0 ()
A =D af +ZC1 _ZCJ =28 +2.dP = >dj 12 ¢
= i = i = jim 2y
p i q
A=Sa® -3 go +Zc(') Sd0,i=12,.
=1 = j=1
PROOF:
. -1 -1 mnl j"l (g]lGjll)ln(gj7GJ7 J)n+1p
In (1.17), put Pty t) = X" x! | Y4 Xr (hj HjDym (hj Hy Fj ) maag
|—0,0;(ml,n1): --------- ;(me.ny)
1P,Q2(p1,q1)' --------- '(pr’qr)
z,xM" @ af,...a" APy, €, 7P,CO) ey 00, €7, 7 0,C0),
2%\, B BV B ) AP, 600, (AP, 60,DP), ii(d 0,500 1), (d7,5, D), L,
and use (2.1), to get:
G(Syyen S, ) =M (T (L., 1)
1 —(s1+m) —(sc+11c) A TAM
M+N; 4.t N NHMy oM, . Uy
L et iitrend DA A N
= L.l ,
Where,
_ y S o A ea S, +1 A
M =(gj,Gj,1)1,n(1—d}>—¥5}>,25}),1)1,ml,....,(1—d}f> — 5N L8O,
1 r r

S;+1n ﬂ,l n_ St o ﬂ“r r
(gj’Gj’Ej)ml,p(l_dJ(l) _¥51(1 5(1 E, )m g (1_d1( - 51'( )’_51'( g Ei)mﬁlvqr
Hy H H, Hy

DOI: 10.35629/4767-08071828 WWW.ijmsi.org 27 | Page



Multiple Mellin Transform of Product of | -Function of One Variable And I- Function of ..

S +11 L Sc ¥ L0 A o A o
_—ﬂj _----_—ﬁj ,_ﬂj +,----’_|__ﬁj ’Bj)l’Q

r r

A—b.

J

S + NSt o A
N=(h,H,JD),,0-c® 20 y}l),ﬁy,@,1)1,n1,....,(1—c§ )2 Tl 0 L0y
th th H

r r

S, +7 S, +1, A
(l—CED ! 1 }/J(l)’ﬁyj(l)’ Fj)n1+1,p1"""(1_cgr) _ 7J(r) ,_yJ(r)’ Fj)n,+1,p,
Hy Hy H, r

(h,H,.F)

m+L,q

d-a St o S+ o ﬁa(1>+ +£a(” A)
j j T ’ j ’ j ’IIII, j ’ j 1’P

H Hy H Hy

Hence F(py,-s ;) = the right side of (2.3).
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