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Abstract 

Let p1 , p2 , p3  and l be distinct odd primes and let l be a primitive root modulo pi

α i

 with 

gcd(ϕ( pi

α i ),ϕ(p j

α j ))= 2; 1≤i < j≤3  and  -1 1igcd l, p = . In this paper it is shown that the explicit 

expression of θ1 (x)  from the ring 
F l [x)

x
m
−1

 is sufficient to obtain all Gaussain periods over l -cyclotomic cosets 

modulo m  for 1 2 3m= p p p . In Theorems 2.5, it is shown that for computation of all irreducible factors of x
m
− 1

, m= p1
α1 p2

α2 p3
α3

 over F l  ; α1  , α2  and α3  are positive integers, it is sufficient to compute all irreducible 

factors of x
p1 p2 p3−1  over F l . Therefore, in this paper we obtain the irreducible factors of x

p1 p2 p3−1  over F l  
with the help of the Gaussian periods. 
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I. Introduction 

The factorization of x
m
− 1 over a finite field 𝐹𝑙 is a problem of much interest. In coding theory, the irreduciable 

factors of x
m
− 1 over 𝐹𝑙  are used in error correcting codes, secure communication, deterministic simulation of 

random processes and digital tracking system (see [4]). Since each irreducible factor can be used to generate a 

minimal cyclic code (see [1], [9]), therefore many authors have obtained the irreducible factors of 1-mx  over 

F
l  under different conditions to compute the minimum distance and the weight distribution of cyclic codes of 

length m. When  / 1p l  , Chen et al. [2] showed that the irreducible factors of 1-
2 nt p

x  over 𝐹𝑙  are either 

binomials or trinomials. For a positive integer m, Martinez et al. [8] investigated that x
m
− 1 can be written as a 

product of irreducible polynomials of the form axt -  or b+axx tt -2
 over 𝐹𝑙. Li and Cao [7] showed that the 

factors of 1-
2 cba rp

x  over 𝐹𝑙, where p and r are odd prime divisors of (l-1), are either binomials or trinomials. 

In [11] Wu et al. factorized x
m
− 1 over F l , where rad(d) does not divide (l-1) and    / -1wrad d l ;w  

prime. They also counted the number of irreducible factors. 

If    
 

s

s

m l
s C

s

η x = x ξ  is the minimal polynomial corresponding to the cyclotomic cosets Cs
m(l )

 where ξ  is 

a primitive mth root of unity and 
O (Cs

m(l ))= n
. Then ηs(x)= x

n
− β1x

n−1
+. ..+(−1)

n
βn  where βi  are sum of 

the products of ξ
j
 taken i  at a time. Therefore, to compute iβ  we need the sum of the form 

 

i

m l
i C

s

ξ



 , where s 
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runs over each cyclotomic cosets. As Gaussian period corresponding to 
 lm

sC  is denoted by σs (ξ) , where 

σs (ξ)= ∑
i∈ Cs

m(l )

ξ
i

, therefore the different  sσ ξ  are used to evaluate the coefficients of  sη x . 

Hereafter, let lF  be a finite field of order l  and 1 2 3p , p , p  be distinct primes where  l  as a primitive root 

modulo pi

α i

,      2=p,pgcd j
α

j
i
α

i
 and   11- =pl,gcd i . In this paper, all the irreducible 

31 2
1 2 3 -1

αα α
p p p

x  

are computed with the help of irreducible factors of x
p1 p2 p3−1 . Further in Theorem 2.9, it is shown that to obtain 

all the irreducible factors of x
p1 p2 p3−1  over F l , the explicit expression of primitive idempotent  x

pp
θ

p
321

1  

(from 
 

1 2 3 -1
p p

l

p

F x

x 
) is useful. 

This paper is organized as follows. In Section 2, we factorize 1-
3

3
2

2
1

1

ααα
p pp

x  over lF . In the last section all 

the results are discussed by an example. 

2  Factorization of 1-
3

3
2

2
1

1

ααα
p pp

x  over 𝑭𝒍 

In this section we obtain all irreducible factors of x
p1
α1 p2

α 2

−1 over lF . First we give some definitions and results 

which are used throughout the paper. Denote the l-cyclotomic coset modulo m containing 0 1s; s m    by 

Cs
m(l )= {s,sl ,sl2, . .. ,sl t−1} , where t is the smallest positive integer such that  modtsl s m . The 

O (Cs
m(l )) denote the order of 

 lm

sC . Corresponding to each 
 m l

sC  there exist an irreducible factor of -1mx  

defined as    
 

m s

s

m l
s C

s

η x = x ξ , where ξ  is a primitive m-th root of unity. It is also shown that the 

factorization of 1-
1

1

α
p

x  over F l  is trivial. 

Definition 2.1 mappingλ  (Definition 2.2 [5]). Let A1= {0,1,2, . .. , p1− 1}, }p,...,,,{=A 1210 22
 

, A3= {0,1,2, . .., p3− 1}  and A= {0,1,2, . . ., p1 p2 p3−1} . Then the mapping 1 2 3A × A × A A  

defined by    321213312321321 ppmodpppa+ppa+ppa=a,a,aλ  is called a mappingλ . 

Definition 2.2 (Primitive idempotent [1]) Let Rm=
Fl [ x)

x
m
−1

 be a semi-simple ring. The primitive idempotent 

corresponding to C1
m(l )

 denoted by θ1
m(x)  is given by θ1

m
(x)=∑

i= 0

m− 1

ϵ i x
i

, where 
ϵ i= ∑

s∈ C1
m(l )

ξ
−si

. 

As l is a primitive root modulo p1

α1

, therefore, there are two l-cyclotomic cosets C0

p1 (l )

 and C1

p1 (l )

 modulo p1 . If 
xp1− 1= η0 (x)η1(x), where η1 (x)  is the minimal polynomial of primitive p1 th root of unity, then 

Theorem 2.3 The  
1 1

1 1
0 1

0

1n-1
-1

α α
p p

i=

i
x = η x η x

  
 
 
 

 . 

Proof. Since l is a primitive root modulo 1
1

α
p , there are 1n+  cyclotomic cosets modulo 1

1

α
p , namely, 
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 l
C

α
p 1
1

0  and 
 

1≤≤0 1

1
1

1

αi;
lp

C

α

ip
. Let β  be a primitive 1

1

α
p th root of unity. Then 

   xηxη=x

α

=i

ip

α
p


1

1-
1

0 1
0

1
1 , where ηp

1

i

¿
(x )  is the minimal polynomial of β

p1

i

. Let δ= 1
ip

β . Then δ
p1
α1 − i− 1

 is a 

primitive 1p th root of unity. If η1 (x)  is the minimal polynomial of δ
p1
α1 − i− 1

, then η1
(xp1

α
1
− i− 1

) is the minimal 

polynomial of δ . Consequently, ηp1
i

¿ (x)= η1
(xp1

α
1
− i− 1

). Hence    
-11 11

1
1

1
0 1

0

-1
α

α i
α

p p

i=

x = η x η x
 

 . ⋄  

For 1≤i , j≤3 , let l  be a primitive root modulo pi

α i

, with     2α α
i jp pi j

gcd O l ,O l =
 
 
 
 

,  -1 1igcd l, p =

. By Theorem 2.6[5], it is easy to see that the fourteen l -cyclotomic cosets modulo 1 2 3p p p  can be written as: 

C0

p1p2p3 ( l )

, C1

p1p2p3 ( l )

, Ca

p1p2p3 ( l )

, Cb

p1p2p3 ( l )

, Cc

p1p2p3 ( l )

, 
Cp1

p1p2p3 ( l )

, 
Ca p1

p1p2p3 ( l )

, 
Cp2

p1p2p3 ( l )

, 
Cb p2

p1p2p3 ( l )

, 
Cp3

p1p2p3 ( l )

, 
Ccp3

p1p2p3 ( l )

, 

Cp1p2

p1p2p3 ( l )

, 
Cp2 p3

p1p2p3 ( l )

, 
Cp1p3

p1p2p3 ( l )

, where l
n1

, al
n2

, bl
n3

 and c l
n4

 are pairwise incongruent modulo p1 p2 p3 . Then, 

there are following observations: 

Observation 2.4 (i) If 1=4 3p k +  form, 2 =4 1p k +  form and 3 =4 3p k +  form then 

−C1

p1 p2 p3 (l )
= Ca

p1 p2 p3 (l )
 (or −C1

p1 p2 p3 (l )
= Cb

p1 p2 p3 (l )
 or −C1

p1 p2 p3 (l )
= Cc

p1 p2 p3 (l )
), −Cb

p1 p2 p3 (l )
= Cc

p1 p2 p3 (l )
 (or 

−Ca

p1 p2 p3 (l )
= Cc

p1 p2 p3 (l )
 or −Ca

p1 p2 p3 (l )
= Cb

p1 p2 p3 (l )
), 
−Cp1

p1 p2 p3 (l )= Ca p1

p1 p2 p3 (l )

, 
−Cp2

p1 p2 p3 (l )= Cp2

p1 p2 p3 (l )

, 

−Cb p2

p1 p2 p3 (l )= Cb p2

p1 p2 p3 (l )

, 
−Cp3

p1 p2 p3 (l )= Cc p3

p1 p2 p3 (l )

, 
−Cp1 p2

p1 p2 p3 (l )= Cp1 p2

p1 p2 p3 (l )

, 
−Cp1 p3

p1 p2 p3 (l )= Cp1 p3

p1 p2 p3 (l )

 and 

−Cp2 p3

p1 p2 p3 (l )= Cp2 p3

p1 p2 p3 (l )

. 

(ii) If all pi ’s are 4k+3 form then −C1

p1 p2 p3 (l )
= C1

p1 p2 p3 (l )
, −Ca

p1 p2 p3 (l )
= Ca

p1 p2 p3 (l )
, −Cb

p1 p2 p3 (l )
= Cb

p1 p2 p3 (l )
, 

−Cc

p1 p2 p3 (l )
= Cc

p1 p2 p3 (l )
, 
−Cp1

p1 p2 p3 (l )= Cp1

p1 p2 p3 (l )

, 
−Ca p1

p1 p2 p3 (l )= Ca p1

p1 p2 p3 (l )

, 
−Cp2

p1 p2 p3 (l )= Cp2

p1 p2 p3 (l )

, 

−Cb p2

p1 p2 p3 (l )= Cb p2

p1 p2 p3 (l )

, 
−Cp3

p1 p2 p3 (l )= Cp3

p1 p2 p3 (l )

, 
−Cc p3

p1 p2 p3 (l )= Cc p3

p1 p2 p3 (l )

, 
−Cp1 p2

p1 p2 p3 (l )= Cp1 p2

p1 p2 p3 (l )

, 

−Cp1 p3

p1 p2 p3 (l )= Cp1 p3

p1 p2 p3 (l )

 and 
−Cp2 p3

p1 p2 p3 (l )= Cp2 p3

p1 p2 p3 (l )

. 

Let x
p1 p2 p3−1= η0 (x)η1 (x)ηa(x)ηb (x)ηc (x)ηp1

(x)ηa p1
(x)ηp2

(x)ηb p2
(x)ηp3

(x)ηc p3
(x)ηp1 p2

(x)

ηp1 p3
(x)ηp2p3

(x) , then 

Theorem 2.5    The 

                   x
p1

α1 p2

α 2 p3

α 3

−1= η0 (x) ∏
(i , j ,k )= (0,0,0)

(α1− 1,α2−1,α3−1)

η1
(xp1

α1 − i− 1
p2

α2− j−1
p3

α 3− k−1

)  

                  ηa
(xp1

α
1
− i −1

p2
α

2
− j− 1

p3
α

3
− k−1

)ηb
(xp1

α
1
− i− 1

p2
α

2
− j− 1

p3
α

3
− k− 1

)ηc
(xp1

α
1
− i−1

p2
α

2
− j −1

p3
α

3
−k−1

) 

∏
(i , j )= (0,0)

(α1− 1,α2− 1)

ηp3

(xp1

α 1− i−1
p2

α 2− j −1

)ηc p3

(xp1

α1− i− 1
p2

α 2− j −1

) ∏
(i ,k )= (0,0)

(α1− 1,α3−1)

ηp2

(xp1

α 1− i−1
p3

α 3− k−1

)ηb p2

(xp1

α 1− i−1
p3

α 3−k −1

)  

∏
( j ,k )= (0,0)

(α2− 1,α3−1)

ηp1

(xp2

α 2− j −1
p3

α 3−k −1

)ηa p1

(xp2

α 2− j −1
p3

α3 −k −1

)∏
i= 0

α1−1

ηp2 p3

(xp1

α1 − i− 1

)∏
j= 0

α2−1

ηp
1
p

3

(xp
2

α
2
− j− 1

)∏
k= 0

α3− 1

ηp
1
p

2

(xp
3

α
3
− k− 1

).  
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Lemma 2.6 Let 
 1 2 3

1 2 are distinct elements of
p

k j s

p p l
B = {s +s +...+s s C }  has t k ,i  solutions of 

x1+ x2+. . .+xk= i ; i represents each cyclotomic coset modulo p1 p2 p3 . Then Ci

p1p2p3 ( l )

 appears t k ,i  

times in B . Moreover, if 

 1 2 3

0

p

s C
i

s =

p p l


 , then, in B , 
 1 2 3

k,i
p

O C
s

t = t
p p l

k, i

 
  

 

. 

Theorem 2.7 Let p1= 4k+3 , p2= 4k+1  and p3= 4k+3 . Then θ1 (x)= ∑ϵ i σi , where the sum runs over 

each l-cyclotomic coset modulo 1 2 3p p p  and ϵ0=
ϕ ( p1 p2 p3)

4
, ϵ p1 p2

= −
ϕ( p1 p2)

4
, ϵ p1 p3

= −
ϕ( p1 p3)

4
, 

ϵ p2 p3
= −

ϕ( p2 p3)
4

,ϵ p
1
=
ϕ ( p1) (1+√− p2 p3)

4 , ϵa p
1
=
ϕ ( p1) (1− √− p2 p3)

4 , ϵ p
2
=
ϕ ( p2) (1− √p1 p3)

4 , 

ϵb p
2
=
ϕ ( p2) (1+√p1 p3)

4 , ϵ p
3
=
ϕ ( p3) (1+√− p1 p2)

4 , ϵc p
3
=
ϕ (p3)(1− √− p1 p2)

4 , 

ϵ1=
− (1− √− p1 p2−√p1 p3+√− p2 p3)

4 , ϵa=
− (1− √− p1 p2+√p1 p3− √− p2 p3)

4 , 

ϵb=
− (1+√− p1 p2+√p1 p3+√− p2 p3)

4  and ϵc=
− (1+√− p1 p2−√p1 p3−√− p2 p3)

4 . 

Proof. By Theorem 2.6[5], let the fourteen l-cyclotomic cosets modulo 1 2 3p p p  be 

             
2 2 2 2 2 2

1 2 3 1 2 3 1 2 3

1 1 1 1

p p p p p p p

l l l

l l l l l l p p l
λ C ×C ×C λ C ×C ×C = C ,
   
   
   
   

 

             
2 2 2 2 2 2

1 2 3 1 2 3 1 2 3

1 1 1

p p p p p p p

l l l a

l l l l l l p p l
λ C ×C ×C λ C ×C ×C = C ,
   
   
   
   

 

             
2 2 2 2 2 2

1 2 3 1 2 3 1 2 3

1 1 1

p p p p p p p

l l l b

l l l l l l p p l
λ C ×C ×C λ C ×C ×C = C ,
   
   
   
   

 

             
2 2 2 2 2 2

1 2 3 1 2 3 1 2 3

1 1 1

p p p p p p p

l l l c

l l l l l l p p l
λ C ×C ×C λ C ×C ×C = C ,
   
   
   
   

 

             
2 2 2 2 2 2

1 2 3 1 2 3
1 2 3

0 1 0 1
1

p p p p p p

l l ap

l l l l l l p p p l
λ C ×C ×C λ C ×C ×C = C ,
   
   
   
   

 

             
2 2 2 2 2 2

1 2 3 1 2 3
1 2 3

0 0 1 1
1

p p p p p p

l l p

l l l l l l p p p l
λ C ×C ×C λ C ×C ×C = C ,
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2 2 2 2 2 2

1 2 3 1 2 3
1 2 3

1 0 0 1
2

p p p p p p

l l p

l l l l l l p p p l
λ C ×C ×C λ C ×C ×C = C ,
   
   
   
   

 

             
2 2 2 2 2 2

1 2 3 1 2 3
1 2 3

1 0 1 0
2

p p p p p p

l l bp

l l l l l l p p p l
λ C ×C ×C λ C ×C ×C = C ,
   
   
   
   

 

             
2 2 2 2 2 2

1 2 3 1 2 3
1 2 3

1 1 0 0
3

p p p p p p

l l p

l l l l l l p p p l
λ C ×C ×C λ C ×C ×C = C ,
   
   
   
   

 

             
2 2 2 2 2 2

1 2 3 1 2 3
1 2 3

1 0 1 0
3

p p p p p p

l l cp

l l l l l l p p p l
λ C ×C ×C λ C ×C ×C = C ,
   
   
   
   

 

             
2 2 2 2 2 2

1 2 3 1 2 3
1 2 3

0 0 1 0 0
1 2

p p p p p p

l p

l l l l l l p p p l
λ C ×C ×C λ C ×C ×C = C ,p

   
   
   
   

 

             
2 2 2 2 2 2

1 2 3 1 2 3
1 2 3

0 1 0 0 0
1 3

p p p p p p

l p

l l l l l l p p p l
λ C ×C ×C λ C ×C ×C = C p

   
   
   
   

 

and 

             
2 2 2 2 2 2

1 2 3 1 2 3
1 2 3

1 0 0 0 0
2 3

p p p p p p

l p

l l l l l l p p p l
λ C ×C ×C λ C ×C ×C = C .p

   
   
   
   

 

By Theorem 3.4[3], ϵ0=
ϕ ( p1 p2 p3)

4
, ϵ p1 p2

= −
ϕ( p1 p2)

4
, ϵ p1 p3

= −
ϕ( p1 p3)

4
, ϵ p2 p3

= −
ϕ( p2 p3)

4
,

ϵ p
1
=
ϕ ( p1) (1+√− p2 p3)

4 , ϵa p
1
=
ϕ ( p1) (1− √− p2 p3)

4 , ϵ p
2
=
ϕ ( p2) (1− √p1 p3)

4 , 

ϵb p
2
=
ϕ ( p2) (1+√p1 p3)

4 , ϵ p
3
=
ϕ ( p3) (1+√− p1 p2)

4 , ϵc p
3
=
ϕ (p3)(1− √− p1 p2)

4 , 

ϵ1=
− (1− √− p1 p2−√p1 p3+√− p2 p3)

4 , ϵa=
− (1− √− p1 p2+√p1 p3− √− p2 p3)

4 , 

ϵb=
− (1+√− p1 p2+√p1 p3+√− p2 p3)

4  and ϵc=
− (1+√− p1 p2−√p1 p3−√− p2 p3)

4 . 

Again using 3.4[3], we have following result. 
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Theorem 2.8 If all ip ’s are of 4 3k +  form, then the various values of i ’s in the expression  1θ x  are: 

ϵ0=
ϕ ( p1 p2 p3)

4
, ϵ p1 p2

= −
ϕ( p1 p2)

4
, ϵ p1 p3

= −
ϕ( p1 p3)

4
, ϵ p2 p3

= −
ϕ( p2 p3)

4
,ϵ p

1
=
ϕ ( p1) (1+√p2 p3)

4 , 

ϵa p
1
=
ϕ ( p1) (1− √p2 p3)

4 , ϵ p
2
=
ϕ ( p2) (1+√p1 p3)

4 , ϵb p
2
=
ϕ ( p2) (1−√p1 p3)

4 , ϵ p
3
=
ϕ ( p3) (1+√p1 p2)

4 , 

ϵc p
3
=
ϕ (p3)(1− √p1 p2)

4 , ϵ1=
− (1+√p1 p2+√p1 p3+√p2 p3)

4 , ϵa=
− (1+√p1 p2−√p1 p3−√p2 p3)

4 , 

ϵb=
− (1− √p1 p2+√p1 p3−√p2 p3)

4  and ϵc=
− (1− √p1 p2− √p1 p3+√p2 p3)

4 . 

Theorem 2.9 Let p1= 4k+3 , p2= 4k+1  and p3= 4k+3 . Further, let −C1

p1 p2 p3 (l )
= Ca

p1 p2 p3 (l )
. Then 

σ0(ξ )= 1, σp1p2
(ξ )= − 1, σp1p3

(ξ )= − 1, σp2p3
(ξ )= − 1, σp1

(ξ )= (1− √− p2 p3

2 ), σa p1
(ξ )= (1+√− p2 p3

2 )
, σp2

(ξ )= (1+√p1 p3

2 ) , σb p2
(ξ )= (1− √p1 p3

2 ), σp3
(ξ )= (1− √− p1 p2

2 ), σcp3
(ξ )= (1+√− p1 p2

2 ) , 

σ1(ξ )=
− (1− √− p1 p2+√p1 p3−√− p2 p3)

4 , σa(ξ)= −(1−√− p1 p2− √p1 p3+√− p2 p3

4 ) , 

σb(ξ)= −(1+√− p1 p2− √p1 p3− √− p2 p3

4 )  and σc (ξ )= − (1+√− p1 p2+√p1 p3+√− p2 p3

4 ). 

Proof. By Definition 2.2, in θ1 , 
ϵ i= ∑

s∈ C
1

p
1
p

2
p

3
(l )

ξ
− si

= ∑
s∈ −C

1

p
1
p

2
p

3
(l )

ξ
si
=

O(C1

p
1
p

2
p

3
(l ))

O(Ci

p
1
p

2
p

3
(l ))
σ− i (ξ )

. Therefore, 

σi (ξ )=
O(Ci

p
1
p

2
p

3
( l ))

O(C1

p
1
p

2
p

3
( l ))
ϵ− i . By Observation 2.4(i) and by Theorem 2.7, 

σ0(ξ )= 1, 

σp1p2
(ξ )= (

ϕ( p3)

ϕ ( p1 p2 p3)
4

)(−
ϕ ( p1 p2)

4 )= −1
, 

σp1p3
(ξ )= (

ϕ( p2)

ϕ ( p1 p2 p3)
4

)(−
ϕ( p1 p3)

4 )= − 1
, 

σp2p3
(ξ )= (

ϕ( p1)

ϕ ( p1 p2 p3)
4

)(−
ϕ( p2 p3)

4 )= − 1
, 
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σp1
(ξ )=

ϕ (p2 p3)

2

ϕ( p1 p2 p3)

4

(ϕ( p1) (1− √− p2 p3)
4 )= 1− √− p2 p3

2
, 

σa p1
(ξ )=

ϕ (p2 p3)

2

ϕ( p1 p2 p3)

4

(ϕ( p1) (1+√− p2 p3)
4 )= 1+√− p2 p3

2
, 

σp2
(ξ )=

ϕ (p1 p3)

2

ϕ( p1 p2 p3)

4

(ϕ( p2) (1+√p1 p3)
4 )= 1+√p1 p3

2
, 

σb p2
(ξ )=

ϕ (p1 p3)

2

ϕ( p1 p2 p3)

4

(ϕ( p2)(1− √p1 p3)
4 )= 1−√p1 p3

2
 , 

σp3
(ξ )=

ϕ ( p1 p2)

2

ϕ( p1 p2 p3)

4

(ϕ( p3)(1− √− p1 p2)
4 )= 1− √− p1 p2

2 , 

σcp3
(ξ )=

ϕ( p1 p2)

2

ϕ( p1 p2 p3)

4

(ϕ( p3) (1+√− p1 p2)
4 )= 1+√− p1 p2

2  , 

σ1(ξ )= ϵa=
− (1−√− p1 p2+√p1 p3− √− p2 p3)

4 , 

σa(ξ)= ϵ1= − (1− √− p1 p2− √p1 p3+√− p2 p3

4 ) , 

σb(ξ)= ϵc= − (1+√− p1 p2− √p1 p3−√− p2 p3

4 )  and 

σc (ξ )= ϵb= − (1+√− p1 p2+√p1 p3+√− p2 p3

4 ). ⋄  

Corollary 2.10 Let p1= 4k+3 , p2= 4k+1  and p3= 4k+3 . If −C1

p1 p2 p3 (l )
= Cb

p1 p2 p3 (l )
. Then σ0(ξ )= 1, 

σp1p2
(ξ )= − 1, σp1p3

(ξ )= − 1, σp2p3
(ξ )= − 1, σp1

(ξ )= (1− √− p2 p3

2 ), σa p1
(ξ )= (1+√− p2 p3

2 ) , 
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σp2
(ξ )= (1+√p1 p3

2 ) , σb p2
(ξ )= (1− √p1 p3

2 ), σp3
(ξ )= (1− √− p1 p2

2 ), σcp3
(ξ )= (1+√− p1 p2

2 ) , 

σ1(ξ )= − (1+√− p1 p2+√p1 p3+√− p2 p3

4 ), σa(ξ)= −(1+√− p1 p2− √p1 p3− √− p2 p3

4 ) , 

σb(ξ)= −(1−√− p1 p2− √p1 p3+√− p2 p3

4 )  and σc (ξ )= − (1− √− p1 p2+√p1 p3− √− p2 p3

4 ) . 

Corollary 2.11 Let p1= 4k+3 , p2= 4k+1  and p3= 4k+3 . If −C1

p1 p2 p3 (l )
= Cc

p1 p2 p3 (l )
. Then σ0(ξ )= 1, 

σp1p2
(ξ )= − 1, σp1p3

(ξ )= − 1, σp2p3
(ξ )= − 1, σp1

(ξ )= (1− √− p2 p3

2 ), σa p1
(ξ )= (1+√− p2 p3

2 ) , 

σp2
(ξ )= (1+√p1 p3

2 ) , σb p2
(ξ )= (1− √p1 p3

2 ), σp3
(ξ )= (1− √− p1 p2

2 ), σcp3
(ξ )= (1+√− p1 p2

2 ) , 

σ1(ξ )= − (1+√− p1 p2− √p1 p3− √− p2 p3

4 ) , σa(ξ)= −(1+√− p1 p2+√p1 p3+√− p2 p3

4 ), 

σb(ξ)= −(1−√− p1 p2+√p1 p3− √− p2 p3

4 )  and σc (ξ )= − (1− √− p1 p2− √p1 p3+√− p2 p3

4 ) . 

Theorem 2.12 If all ip ’s are 4 3k +  form, then σ0(ξ )= 1, σp1p2
(ξ )= − 1, σp1p3

(ξ )= − 1, σp2p3
(ξ )= − 1, 

σp1
(ξ )=

1+√p2 p3

2
, σa p1

(ξ )=
1−√p2 p3

2
, σp2

(ξ )=
1+√p1 p3

2
, σb p2

(ξ )=
1−√p1 p3

2
, 

σp3
(ξ )=

1+√p1 p2

2
, σcp3

(ξ )=
1− √p1 p2

2
, σ1(ξ )= − (1+√p1 p2+√p1 p3+√p2 p3

4 ), 

σa(ξ)= −(1+√p1 p2−√p1 p3− √p2 p3

4 ), σb(ξ)= −(1−√p1 p2+√p1 p3− √p2 p3

4 ) and 

σc (ξ )= − (1− √p1 p2−√p1 p3+√p2 p3

4 ). 

Proof. In this case, by Observation 2.4(ii), −Ci

p1 p2 p3 (l )
= Ci

p1 p2 p3 (l )
, where i  runs over each l -cyclotomic coset 

modulo p1 p2 p3 . By Definition 2.2, in θ1 , 

ϵ i= ∑
s∈ C

1

p
1
p

2
p

3
(l )

ξ
− si

= ∑
s∈ −C

1

p
1
p

2
p

3
(l )

ξ
si
= ∑

s∈ C
1

p
1
p

2
p

3
( l )

ξ
si
=

O (C1

p
1
p

2
p

3
( l ))

O (Ci

p
1
p

2
p

3
( l ))
σi (ξ )

. Therefore, 

 

 

 

1 2 3

1 2 3

1

p

i

i i
p

p p l
O C

σ ξ =
p p l

O C

 
 
 
  
 
 
 
 

. Then, by Theorem 2.8, 

σ0(ξ )= 1, 

σp1p2
(ξ )= (

ϕ( p3)

ϕ ( p1 p2 p3)
4

)(−
ϕ ( p1 p2)

4 )= −1
, 
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σp1p3
(ξ )= (

ϕ( p2)

ϕ ( p1 p2 p3)
4

)(−
ϕ( p1 p3)

4 )= − 1
, 

σp2p3
(ξ )= (

ϕ( p1)

ϕ ( p1 p2 p3)
4

)(−
ϕ( p2 p3)

4 )= − 1
, 

σp1
(ξ )=

ϕ (p2 p3)

2

ϕ( p1 p2 p3)

4

(ϕ( p1) (1+√p2 p3)
4 )= 1+√p2 p3

2
, 

σa p1
(ξ )=

ϕ (p2 p3)

2

ϕ( p1 p2 p3)

4

(ϕ( p1) (1− √p2 p3)
4 )= 1−√p2 p3

2 , 

σp2
(ξ )=

ϕ (p1 p3)

2

ϕ( p1 p2 p3)

4

(ϕ( p2) (1+√p1 p3)
4 )= 1+√p1 p3

2 , 

σb p2
(ξ )=

ϕ (p1 p3)

2

ϕ( p1 p2 p3)

4

(ϕ( p2)(1− √p1 p3)
4 )= 1−√p1 p3

2 , 

σp3
(ξ )=

ϕ ( p1 p2)

2

ϕ( p1 p2 p3)

4

(ϕ( p3)(1+√p1 p2)
4 )= 1+√p1 p2

2 , 

σcp3
(ξ )=

ϕ( p1 p2)

2

ϕ( p1 p2 p3)

4

(ϕ( p3) (1− √p1 p2)
4 )= 1−√p1 p2

2 , 

σ1(ξ )= ϵ1= −

ϕ ( p1 p2 p3)

4

ϕ ( p1 p2 p3)

4

(1+√p1 p2+√p1 p3+√p2 p3

4 )= − (1+√p1 p2+√p1 p3+√p2 p3

4 ), 

σa(ξ)= ϵa= − (1+√p1 p2− √p1 p3−√p2 p3

4 ), 
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σb(ξ)= ϵb= − (1− √p1 p2+√p1 p3−√p2 p3

4 ) and 

σc (ξ )= ϵc= −(1−√p1 p2−√p1 p3+√p2 p3

4 ). ⋄  

2.13 Algorithm to compute the irreducible factors of x
p1 p2 p3−1  

We have following algorithm to compute the    
 1 2 3

s

s

p

s C
s

η x = x ξ

p p l


 . 

Step 1. Compute 
 1 2 3

1 2 are distinct elements of
p

k j s

p p l
B = {s +s +...+s s C }  

Step 2. Compute k,it , where k,it  are number of solutions of 

1 2 kx + x +...+ x = i; ,I runs over each cyclotomic coset,  in B. 

Step 3. Compute ak= ∑ t k ,i σi (ξ )  ; i  runs over each cyclotomic coset modulo 1 2 3p p p . 

Step 4. The ηs(x)= ∑
k= 0

O(Cs
p

1
p

2
p

3
(l ) )

(−1)kak x
O(Cs

p1 p2 p3 (l ) )−k
. 

Step 5. Stop. 

Example 

Example In this example we find all the irreducible factors of 1-105x  over 17F . The 14  distinct 17-

cyclotomic cosets modulo 105 are C0
105(17 )

, C1
105(17 )

, C2
105(17 )

, C11
105(17 )

, C22
105(17 )

, C3
105(17 )

, C6
105(17 )

, C5
105(17 )

, C10
105(17 )

, 
C7

105(17 )

, C49
105(17 )

, C15
105(17 )

, C21
105(17 )

 and C35
105(17 )

. It is easy to see that 

η0 (x)= (x−1). 

η15 (x)= x6+ x5+x4+x3+x2+x+1, 

η21 (x)= x4+x3+ x2+x+1, and 

η35 (x)= x2+x+1. 

Computation of η3 (x) : The η3 (x)=∑
i= 0

12

(− 1)
k
ak x

k

 where ak= ∑ t k ,i σi (γ) ;  

i runs over each cyclotomic coset modulo 105. By Theorem 2.5
σ0(γ)= 1,σ1(γ)= 4,σ2 (γ)= 7,σ11(γ)= 2,σ22(γ)= 3,σ3 (γ)= 11,σ6(γ)= 7,σ5 (γ)= 10,σ10 (γ)= 8,σ7 (γ)= 12,σ49 (γ)= 6,σ15 (γ)= −1,σ21 (γ)= −1andσ35(γ)= − 1

. It is easy to see that a0= a12= 1 . 
Since 

t1,0= 0 ,t1,1= 0, t1,2= 0,t1,11= 0,t1,22= 0,t1,3= 1, t1,6= 0,t1,5= 0, t1,10= 0,t1,7= 0,t1,49= 0,t1,15= 0 ,t1,21= 0, t1,35= 0; a1= 11, 
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t2,0= 0 ,t2,1= 0, t2,2= 0, t1,11= 0,t2,22= 0,t2,3= 2, t2,6= 1,t2,5= 0, t2,10= 0,t2,7= 0,t2,49= 0, t2,15= 3, t2,21= 3, t2,35= 0; a2= 6, 

t3,0= 0,t3,1= 0,t3,2= 0,t3,11= 0, t3,22= 0,t3,3= 6, t3,6= 7, t3,5= 0, t3,10= 0, t3,7= 0, t3,49= 0, t3,15= 6, t3,21= 7, t3,35= 0; a3= 0, 

t4,0= 15, t4 ,1= 0, t4,2= 0, t4 ,11= 0,t4 ,22= 0,t4,3= 12, t4,6= 15,t4 ,5= 0, t4,10= 0,t4 ,7= 0, t4,49= 0, t4,15= 16, t4,21= 15, t4,35= 0 ; a4= 0, 

t5,0= 24 , t5,1= 0, t5,2= 0, t5,11= 0, t5,22= 0, t5,3= 22, t5,6= 25, t5,5= 0,t5,10= 0, t5,7= 0, t5,49= 0, t5,15= 20, t5,21= 21, t5,35= 0; a5= 9, 

t6,0= 38,t6,1= 0,t6,2= 0,t6,11= 0, t6,22= 0, t6,3= 26, t6,6= 26,t6,5= 0, t6,10= 0, t6,7= 0, t6,49= 0,t6,15= 27 ,t6,21= 25, t6,35= 0

; a6= 12, 

t7,0= 24, t7,1= 0, t7,2= 0, t7,11= 0,t7,22= 0, t7,3= 25 ,t7,6= 22, t7,5= 0,t7,10= 0,t7,7= 0, t7,49= 0, t7,15= 20, t7,21= 21, t7,35= 0

; a7= 4 , 

t8,0= 15 ,t8,1= 0,t8,2= 0,t8,11= 0, t8,22= 0, t8,3= 15, t8,6= 12, t8,5= 0, t8,10= 0, t8,7= 0,t8,49= 0, t8,15= 16, t8,21= 15 ,t8,35= 0; 
a8= 12, 

t9,0= 0,t9,1= 0,t9,2= 0, t9,11= 0, t9,22= 0, t9,3= 7 ,t9,6= 6, t9,5= 0, t9,10= 0,t9,7= 0, t9,49= 0,t9,15= 6,t9,21= 7 ,t9,35= 0

; a9= 4 , 

t10,0= 0, t10,1= 0, t10,2= 0,t10,11= 0, t10,22= 0,t10,3= 1, t10,6= 2, t10,5= 0, t10,10= 0,t10,7= 0,t10,49= 0 ,t10,15= 3, t10,21= 3, t10,35= 0

; a10= 2, 

t11,0= 0, t11 ,1= 0, t11 ,2= 0 ,t11,11= 0, t11,22= 0, t11,3= 0,t11,6= 1, t11,5= 0, t11,10= 0 ,t11,7= 0, t11 ,49= 0, t11,15= 0,t11,21= 0,t11,35= 0

; a11= 7 , 

Hence η3
105 (x)= x12+6x11+6x10+8x7+12x6+13x5+12x4+13x3+2x2+10x+1. 

Since the roots of 
105

6η  are reciprocal of roots of 
105

3η , therefore, 

η6
105 (x)= x12+10x11+2x10+13x9+12x8+13x7+12x6+8x5+6x2+6x+1. 

On similar steps we get 

η5
105 (x)= x6+9x5+10x4+6x3+10x2+9x+1 , 

η10
105 (x)= x6+7x5+12x4+4x3+12x2+7x+1 , 

η7
105 (x)= x4+11x3+15x2+5x+1, 

η49
105 (x)= x4+5x3+15x2+11x+1. 

We now compute  105

1η x . Clearly a0= 1,a1= 4,a11= 3,a12= 1 

Since 

03000121100010 35221215249272102526232222112221202 =t,=t,=t,=t,=t,=t,=t,=t,=t,=t,=t,=t,=t,=t ,,,,,,,,,,,,,, ; 

a2= 13, 

t3,0= 0,t3,1= 2, t3,2= 1, t3,11= 3, t3,22= 5,t3,3= 1,t3,6= 1, t3,5= 4, t3,10= 2,t3,7= 3,t3,49= 0, t3,15= 0,t3,21= 4, t3,35= 0; 
a3= 6, 

t4,0= 15, t4 ,1= 5, t4,2= 3,t4,11= 3, t4,22= 7 ,t4,3= 4 ,t4 ,6= 5, t4,5= 4 ,t4,10= 1,t4,7= 3, t4,49= 3,t4,15= 11, t4 ,21= 9, t4,35= 0

; a4= 6 , 
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t5,0= 12, t5,1= 14,t5,2= 11, t5,11= 4, t5,22= 9, t5,3= 4,t5,6= 5, t5,5= 10, t5,10= 6, t5,7= 3, t5,49= 9, t5,15= 4 ,t5,21= 9,t5,35= 6

; a5= 2, 

t6,0= 14 , t6,1= 9, t6,2= 5, t6,11= 5, t6,22= 9, t6,3= 12, t6,6= 12, t6,5= 13, t6,10= 10,t6,7= 3, t6,49= 3, t6,15= 4 ,t6,21= 19, t6,35= 12

; a6= 6, 

t7,0= 12, t7,1= 9, t7,2= 4, t7 ,11= 11,t7,22= 14 ,t7,3= 5,t7,6= 4 ,t7,5= 10,t7,10= 6 ,t7,7= 9, t7,49= 3,t7,15= 4 ,t7,21= 9,t7,35= 6

; a7= 2, 

t8,0= 15 ,t8,1= 7 ,t8,2= 3,t8,11= 3, t8,22= 5,t8,3= 5,t8,6= 4 ,t8,5= 4 ,t8,10= 1, t8,7= 3, t8,49= 3, t8,15= 11,t8,21= 9, t8,35= 0; 
a8= 12, 

t9,0= 0,t9,1= 5,t9,2= 3,t9,11= 1,t9,22= 2,t9,3= 1, t9,6= 1,t9,5= 4, t9,10= 2,t9,7= 0,t9,49= 3, t9,15= 0, t9,21= 4 ,t9,35= 0

; a9= 1, 

t10,0= 0, t10,1= 0, t10,2= 0,t10,11= 0, t10,22= 1, t10,3= 1, t10,6= 1,t10,5= 2, t10,10= 1, t10,7= 0, t10,49= 0, t10,15= 0, t10,21= 3, t10,35= 0

; a10= 12 , 

Hence 

η1
105 (x)= x12+13x11+13x10+11x9+6x8+15x7+6x6+15x5+12x4+16x3+12x2+14x+1 . 

Since the roots of 
105

22η  are reciprocal of roots of 
105

1η , therefore, 

η22
105 (x)= x12+14x11+12x10+16x9+12x8+15x7+6x6+15x5+6x4+11x3+13x2+13x+1 . 
η11

105 (x)= x12+15x11+9x10+15x9+12x8+15x7+8x6+15x5+6x4+14x3+14x2+10x+1. 

Similarly, we have 

η2
105 (x)= x12+10x11+14x10+14 x9+6x8+15x7+8x6+15x5+12x4+15x3+9x2+15x+1. 

Hence 

x
105
−1 = (x

12+10x11+14x10+14x9+6x8+15x7+8x6+15x5+12x4+15x3+9x2+15x+1)

(x12+15x11+9x10+15x9+12x8+15x7+8x6+15x5+6x4+14x3+14x2+10x+1)
(x12+13x11+13x10+11x9+6x8+15x7+6x6+15x5+12x4+16x3+12x2+14x+1)

(x12+14 x11+12x10+16x9+12x8+15x7+6x6+15x5+6x4+11x3+13x2+13x+1)

(x12+10x11+2x10+13x9+12x8+13x7+12x6+8x5+6x2+6x+1)
(x12+6x11+6x10+8x7+12x6+13x5+12x4+13x3+2x2+10x+1)(x6+x5+x4+x3+x2+x+1)
(x6+9x5+10x4+6x3+10x2+9x+1) (x6+7x5+12x4+4x3+12x2+7x+1) , (x

4+x3+x2+ x+1)

(x4+11x3+15x2+5x+1)(x4+5x3+15x2+11x+1). (x
2+x+1)(x− 1). 
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