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Abstract

Let P1,P2:P3 and | be distinct odd primes and let | be a primitive root modulo P" with
ng(d’(piai),(b(p?)): 2;1<i<j<3 gng ng(l, pi-1)=1. In this paper it is shown that the explicit

F,[x
expression of 6,(x) from the ring L is sufficient to obtain all Gaussain periods over ' -cyclotomic cosets

|
x"-1
modulom for M= P, 0, P; . In Theorems 2.5, it is shown that for computation of all irreducible factors of X"'— 1
, M= P P3PS’ over i ; @; | A, and 95 are positive integers, it is sufficient to compute all irreducible

factors of X™™P—1 over F, . Therefore, in this paper we obtain the irreducible factors of XPPePs
with the help of the Gaussian periods.

=1 over F,
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l. Introduction

The factorization of X" — 1 over a finite field F; is a problem of much interest. In coding theory, the irreduciable

factors of X" — 1 over F; are used in error correcting codes, secure communication, deterministic simulation of
random processes and digital tracking system (see [4]). Since each irreducible factor can be used to generate a

minimal cyclic code (see [1], [9]), therefore many authors have obtained the irreducible factors of x™ -1 over
F\ under different conditions to compute the minimum distance and the weight distribution of cyclic codes of

t nn
length m. When p/(l —1), Chen et al. [2] showed that the irreducible factors of X2 P -1 over F, are either

binomials or trinomials. For a positive integer m, Martinez et al. [8] investigated that X"=1 can be written as a
product of irreducible polynomials of the form x' -a or x*' -ax'+b over F,. Li and Cao [7] showed that the

22 pbre o . _— o
P -1 over F;, where p and r are odd prime divisors of (I-1), are either binomials or trinomials.

In [11] Wu et al. factorized X" — 1 over F1 , where rad(d) does not divide (I-1) and rad (d)/(l""-l) W
prime. They also counted the number of irreducible factors.

factors of X

If 7, (x) = H (x—fs) is the minimal polynomial corresponding to the cyclotomic cosets ca where 3 is

sl an(l)

m“) = n n-— n
a primitive mth root of unity and O(CS )_ N Then n(x)= X" = B, x""*+...+(=1)" B, where B are sum of

the products of fj taken ! at a time. Therefore, to compute ﬁi we need the sum of the form Z fi , where s
ieCm(I)
S
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. . . . 1) .
runs over each cyclotomic cosets. As Gaussian period corresponding to Csm ) is denoted by 03(6)7 where

o= ) ¢

i&cm ~ , therefore the different o (f ) are used to evaluate the coefficients of #, (x) .

Hereafter, let F, be a finite field of order I and Py, P,, Ps be distinct primes where | as a primitive root

modulo P, gcd( (pi“‘ ) (p?j »= 2 and ng(l, Y '1):1. In this paper, all the irreducible X PP g

P1 P2 Ps

are computed with the help of irreducible factors of X =1 Further in Theorem 2.9, it is shown that to obtain

all the irreducible factors of X™*®

(from M) is useful.

(1)

=1 over Fi | the explicit expression of primitive idempotent (91p1 P2Ps (X)

1 n% p%
This paper is organized as follows. In Section 2, we factorize x ™ P2* P -1 over F| . In the last section all
the results are discussed by an example.

oy

2 Factorization of x»*P:*Ps* 1 over F,

In this section we obtain all irreducible factors of X™ ™ =1 over F, . First we give some definitions and results
which are used throughout the paper. Denote the I-cyclotomic coset modulo m containing s;0<s<m<1 by

Co={s,sl,sl®....;sI""} \yhere t is the smallest positive integer such that SI' ;s(modm). The
m(l)
o(c")

|
denote the order of Csm( ). Corresponding to each C:](I) there exist an irreducible factor of x™-1

defined as 17;n (x)= H (x—fs), where ¢ is a primitive m-th root of unity. It is also shown that the

sl C;n )
ppl
factorization of x™" -1 over Fi istrivial.

Definition 2.1 A —mapping (Definition 2.2 [5]). Let A=1{0,1,2,...,p,~ 1} A, ={012,...p, 1}
,A={0,1,2,...,p;= 1} gng A={0,1,2,...,P1P,Ps =1} Then the mapping AXA XA > A

defined by /1(31 'dy ,ag): a, P, Py +a,P, Py +a5 PP, (mOdp1 P, pg) is called a 1 —mapping .

F,[X)
an[_ 1 be a semi-simple ring. The primitive idempotent

Definition 2.2 (Primitive idempotent [1]) Let R,=

m-1 . -si
m —_ | €=
corresponding to crt denoted by 6r'(x) s given by gln(x)_ Z € X , Where ' Sezclmm 6 .

As | is a primitive root modulo P* | therefore, there are two I-cyclotomic cosets Co" and C1" modulo Ps . If
= 1= 110 (X) (%), where M(X) is the minimal polynomial of primitive Px th root of unity, then

p0°l n-1 plol—l—l
Theorem 2.3 The X'+ -1=17, (x)] | m| x

i=0

Proof. Since | is a primitive root modulo pfLl , there are n+1 cyclotomic cosets modulo pfLl , hamely,
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(1) g P00 < B 1o a orimitive. D™ |
G, and Ci 0<i<a 1. LetP beaprimitive p,* throot of unity. Then

-1

= 7o (X H’7 (X) where 75, (X) is the minimal polynomial of 8% . Let ©= ﬂpl Then 8™ isa

X

i1 pclrl—l—l
primitive [J; th root of unity. If M (X) is the minimal polynomial of 6™ then ’71()( ) is the minimal

. a —i-1 al ol (/ i-1
polynomial of 0 Consequently, '7;;()(): "Il(xp1 ) Hence X't -1= ;10 Hnl( 3 ) ‘

or 1S ,jSS, let! be a primitive root modulo P, with gcd| O . (l),O " (I) =2, ng(l, pi—1)=

P pj’

. By Theorem 2.6[5], it is easy to see that the fourteen ' -cyclotomic cosets modulo P;P,P5 can be written as:

Cplpzpa(l) Cplpng(l) ijpzpa(l) ijpzpa() Cplpzpa Cp1p2p3 Cp1p2p3 Cplpng Cp1p2p3 Cp1p2p3 Cp1p2p3
a ) b

Cp1p2p3 Cplpzpa plprS(I) n, n, n, n, i . .
PP, P2 s pps, wherel” al” bl™andcl™ are pairwise incongruent modulo P1P2Ps . Then,

there are foIIowmg observations:

Observation 2.4 (i) If P;=4K+3 form, P,=4K+1 form and P;=4K+3 form then

_Cp1p2p3“ Cp1p2p3|] ( r— Cp1p2p3 Cplpzpa( Cplpzpa(l)_ Cplpzpa(”) _Cp1p2p3“)_ Cplpzpa(” (OI’
1
_CP1P2P3 Cplpzps(l _Cp1p2p3 Cp1p2p3(|

_Cp1p2pe(| — Cpipzpa( ) _Cp1p2p3(| Cp1p2p3|])

- p1p2p3 plprS(I - p1p2p3 p1p2p3(|l — (PP ps(l) plprS(Il — (PP ps(l) plprS(I
C C , C C Cplp Cplpz , Cp1p3 Cp1p3 and

- p1 pz psll) pl pz psll)
C P2 Ps sz P3

1 M2 3' 1 M2 M3\t 1 M2 M3 — 1 M2 M3 1 M2 M3 1 M2 M3
(||)IfaII plsare4k 3f0rmthen Cppp( Cppp( _Cppp — Cppp(l _Cppp Cppp(l
I] _Cp1p2p3“ CplprS(I _Cp1p2p3 CplprS(Il _Cp1p2p3 _CplprS(I

— Cp1 P2 Pa(l)— Cp1 P2 P3

— PP psll)— plprS(I - p1p2p3“ p1p2p3(| - p1p2p3 plprS(IA — (PP psll) plprS(I
Cbpz Cbpz , C C , C CCDs , Cp [} Cplpz ,

— hPpsl)= ~Ppps(l) — PPpsl)= ~Pppsll)
CP1P3 Cp Ps and szps szpa

et xPiPPs_ 1= ﬂo(X)’h(X)na(x)rlb(x)nc(x)npl( )napl( )2, (X) 7 () M1, (X) e, (X) M, (X)
rlplpg(x)rlpzpz(x), then

Theorem 2.5 The

(=1,a,-1,0,-1)
a-i-1_a-j-1 a;—k- 1)

YPIPEPS = No(X) I_L n, (Xm P
(ij.k)=(0,0,0)

a-i-1 a-j-1 a-k-1 a,-i-1 a,-j-1 a,-k-1

N, (Xpi Thpy e 1),7 (Xpl ps ! pg )nC(Xm P g )

(-1,a,-1) (-1,a;,-1)

a;—i-1 _a,-j-1 a-i-1 _a— a;-i-1 az—k-1 a,-i-1 a;-k-1

,7p3(xp1 i )rlc p3(Xp1 P ) rlpz(xp1 P )rlbpz(xp1 P )

(i,1)=(0,0) (i.k)=(0.,0)

(=1,a,-1)

a,=j= 1 a k- 1
pZ'lpg“) pg”g“ pi'l xP?
(j,kF (0,0) o (X rlapl X npzps nplpa ’7p1p2 )
I )
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- P2 (| :
Lemma 2.6 Let B={s, +s,+...+s, v s,are distinct elements ofCSp1 ? 3( )} has i solutions of

X+ X+, .. +X,= ;i represents each cyclotomic coset modulo p, p, P;. Then cPP=>" appears t.

times in B. Moreover, if Z s=0, then,in B, tk,i =t 0,p (l) .
m P, ps(l) O{CSp1 23 j_k,—i
seCi

Theorem 2.7 Let Pi= 4K+3  p,= 4k+1 4pq Ps= 4K+3 Then 61(X)= 2€,0; \yhere the sum runs over

each I-cyclotomic coset modulo P;P,P; and €= M €pp= T MFZDZ), op= ¢(F2p3)7
o(ppy) ¢ - PPILEN=PoP)  _ B(P)(L-N=PPd)  _ O(P)(L- PPy
€p2 P 4 R 4 yoapT 4 v oR 4 )
_ AP (1+VRups)  _ B(P)(IN= PP 8(Ps)(1mN- pupy)
bp,~ 4 v R 4 yoCpsT 4 )

_ _(1_ \/_ P1 pz_\/pl p3+\/_ P, ps) - (1_ \/_ Py p2+\jp1 Ps~ \/_ P2 ps)

El_ 4 y Ea: 4 ’
- (1"'\/_ P Pt \/pl Pst \/_ P, p3) _ (1+ \/_ PiP~ \/pl Ps~ \/_ P2 p3)
Eb— 4 and EC_ 4 .

Proof. By Theorem 2.6[5], let the fourteen I-cyclotomic cosets modulo Py P, P; be

[N oot

1 1

2 Cpl(lz)xcpz(lz)xcps(lz) Ul cpl(lz)xcpz(lz)xcp?’('z) _c"PP{)

1 | 1 a

A Cpl(lz)xcpz(lz)xclps(lz) U4 Cpl(lz)xcpz(lz)xcp3(|2) :Cplp2p3(l)

1 1 b !

{C;l('z)xcpz('z)xst('z)Ju{cﬁ('z)xq%('z)xcja('z)}Cglpng('),

1

0 1 ap; !

/1[Cpl(lz)xcpz(lz)prS(lz) Ul Cpl(l2>xCp2(|2)xClp3(|2) :Cp1p2p3(|)

0

/1{CH(IZ)XCIPZ(|2>XCIp3(|2) » Copl(lz)xcpz(lz)xcpg(lz) :Cp?1p2p3(|)’
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J Cpl(lz)xcpg(lz)xqu(lz) » Cpl(lz)xcpz(lz)x(:lpg,(lz) :Cpslpzps(l)’

| 0

. Ca(lZ)xsz(P)xClpg(lZ) y Cpl(F)xsz(lZ)xCIpa(lZ) _cprn()

| 0 bp2

J Cpl(lz)xcpg(lz)xcopg(lz) » Cpl(lz)xcpz(lz)xcopg,(lz) :Cpslpzps(l)’

J CH(IZ)XCpZ(IZ)XCOpg(IZ) » Cpl(lz)xcpz(lz)xcopg(lz) :CC%png(l)’

| 1

; CH(|2)XCPZ(|2)XC193(|2) y Copl(lz>xCp2(|2)xC|p3(|2) _Cp1pzp3( )

: : ; e
i copl(lz)xclpz(lz)xcop3(|2) uz[copl(lz)xc,pz(lz)xcops(lz)]—cpflpfzp3(')
and
z{clpl(lz) J [ 2)}_Cpr;1pr:2p3()
By Theorem 3.4[3], €,= ¢(p152p3 €, 0=~ plpz €, = - (F:ps) e, __¢(p2p3),
¢(p1>(1+va3) e, = 2P VTpS) (el (1—@)
,,= 1P (1+M) o, PRl 4@)’ =91 m)
.t \/ P:P; ;/plpgﬂ/- o) = (1” \- p1p2+21/p1p3 \- pzps)
Eb:‘(1+\/— p1p2+2/p1p3+\/- P, ) . - (1+-p,p,- Z/plpg V- pzps)

Again using 3.4[3], we have following result.
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Theorem 2.8 If all P; s are of 4k +3 form, then the various values of &; ’s in the expression € (x) are:

¢(p1 pps)  __e(Pp) ¢(p1 P) ¢(p2 P) _ $(py)(1+p,ps)
€E=———— € 4 € = P1 4 )
pl (1 \/pz pg) é(p,) (1+\lp1 pg) ¢ (P,) (1 \/pl p3) _ o(ps)(1+Vp.p,)
apl pz bpz p3 4 ,
¢ p3 (1 NP1 pz) _ _(1+\/p1 p2+\/pl p3+\/p2 p3) €= - (1+\/p1 pz_\/pl pa_\/pz p3)
Cp3 1_ 4 , -a— 4 ,
_ _( - \/pl pz"'\/pl p3_\/p2 pa) (1 \/pl P~ \/pl p3+\/p2 p3)
€= 4 and €c= 7]

Theorem 2.9 Let Pi= 4K+3 p,= 4k+1 504 Ps= 4K+3 pyrther, let — CPPP= CP PP Tpen

Gol€)= 1 O (1=~ 1 0y (€ =1 0,0 (6=~ 1 0 (€)= (%) 0., (€7 (7 ”’2'03)

2
R R Rl i RN e BN (@)
P ol p2+;/p1 ps=\- P, P (= _(1-V'- PP~ \ipl p+\- b, pg),
(6 (1+\/— PP~ \/fl p-\- p, pg) . _(1+\/— P, pﬁ\ﬁpl P+ \- P, ps)'

P, P, Pyll)
ne= Y €= Y &= o(c™™)

Proof. By Definition 2.2, in 1, =i~ = = |
y se CrPhl se ~ChPel O(Cip1 P, Py ))

1

0. (f) . Therefore,

O(C'p1p2 pg(l))

g,(§)= O(Cflpzpa(l))

€., By Observation 2.4(i) and by Theorem 2.7,

[ o(ps) \[_d(pp))
oo (€)= 1, O'plpz(g)_ (¢(p1 D, p3) )( 4 )— 1’
4
| é(p) \[_ é(pps))
il (¢(p1 P2 Ps) )( 4 )_ 1,
4
_{ o(p) \[_é(pps)\ _
il (¢(p1 P, pg))( 4 } 1,
4
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o(P2py)
o (f): 2 (¢(p1)(1_ - p2p3)): 1_ "™ p2p3
P 9(pyp,py) 4 2 ’
4
¢(p2 ps)
g (¢(p1)(1+\]- P ps)} 1+ p,ps
T (PP, Py 4 2 ’
4
¢(P1ps)
o (62 (¢(p2)(1+ Py ps)): 14\py ps
P70 d(pp, Py 4 2
4
¢ (P, ps)
o (6= — 2 (¢(p2)(1- P ps)): 1-p.ps
PGPy, Ps) 4 2
4
o (P.p,)
o (E)=—2 (¢(p3)(1- -plpz)} 1-\-p,p,
> ¢(p,p,Ps) 4 2 ’
4
o(P.p,)
o (62 (¢(p3)(1+\l- plpz)): 1+\-p. p;
P d(pyp, Py 4 2 '
4
01(6): €= - (1_\j_ P, p2+jpl Ps~ \/_ P, ps)’
oa(f): €,=- (1_ \/_ PP~ \L/lpl p3+\/_ P, p3)’
o (O=e= - (1“/' PP~ \/fl P \-p, pg) .
0.(6)= €= - (l+ \-p, p2+\/fl pt\- P, ps)- .

Corollary 2.10 Let Pi= 4K+3  p,= 4K+1 5ng 3= 4k+3 - CPPPl= CPPPl hen O6(§)= 1,

—m) 0, € (_1+V—sz3) ,

Op,p,(§)= — 1, Opp (€)=~ 1, Op,p, (€)= — 1, Upl(f): (l_ 2 2
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0,16 (*3) oy, 6 (1%) 0, (6 (—1' VZW) 0., (6= (—“W)
. _(1+\/— P, pﬁ\ﬁpl ps+ =P, ps), o.(6= _(1+\/— P.P,~ \/fl p=\-p, p3)7
(6 _(1—\/— PP, \ipl - P, pg) . (1- V-, pﬁ\ipl P~ \-p, pg)_

Corollary 2.11 Let Pi= 4K+3 = 4K+1 gng Ps= 4K+3 - CpPPli= PPl Tpen Oo(§)= 1,

—m) 01 €7 (—m) ,

O (€17 =1 0, (65 =1 0, (€= =1 0 (E]= ( . a

0, (€ (%) O (€)= (PTM), o, (€ (P%\]sz) 0., (6 (“_Tm)*
0,(8)=- (1“/_ Pabe \ipl kel p3) 0,87 —(1“/‘ P, p2+\/f1 p+\= P, pg)’

o _(1—\/— P, p2+\/:>1 P~ \- p, p3) e (1— =P, po- ;/p1 o= D, ps).

Theorem 2.12 Ifall [J; ’s are 4k +3 form, then Oo(8)=1 0, ()= =1 0, (8)= =1 0y, (E)= -1

e N e m
oplem TP o (g1 17 m &= (1+\/p1p2+\/f Bl p3),
(6 _(1+\/ P, |oz-\/4|o1 P~ sz pa)' (6= _(1-\/ P, p2+\/%p1 ps= b, pa) and
. _(1— \p, pz-ipl o+, ps)_

Proof. In this case, by Observation 2.4(ii), = C*™™"'= CPP™" \vhere ! runs over each ! -cyclotomic coset
modulo P1P2Ps. By Definition 2.2, in &,

= Y &=y g- o™ ) g
[ SECZfb”’“” o _%,wn CZ”“] Cp1p2p3|) . Therefore,

O(Cimpz pg(l)]
o; (f) = €, . Then, by Theorem 2.8,

o(cflpzps(l)J !

_[ 9(ps) \[_¢(pP)\ _
oo (€)= 1, O'plpz(g)_ (¢(p1 D, p3) )( 4 ) 1'

4
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_[_ 9(p) (_ ¢(P1D3)):_1
o) (¢(p1p2p3)) 4
4
| #(p) \[_ d(pps)\ _
%enlt” ¢(p1p2p3))( 4 } g
4
¢ (P, Py
o (62 (¢(p1)(l+ pzpa)):1+\fp2p3
PPy P, ) 4 2
4
¢(p2p3) ¢( )(1 )
_ 2 P+~ VP2 Ps =1_ N P2 P3
%anlSF ¢(p1p2p3)( 4 ) 2
4
¢(P. Py
o (62 (¢(p2)(1+ plpa))zlﬂfplpg
P 9(pyP, Py 4 2
4
¢(p1p3)
o, (6= 2 (¢(p2)(1_ Vplps)): 1-Np.ps
PGP P, Py) 4 2
4
¢(P.p,)
o (€2 (¢(p3)(1+ plpz)): 1+Vp.p.
P 9(pLP, ) 4 2
4
¢(p1p2)
o (62 (¢(p3)(1-\]p1p2))= 1-\psp;
B B(Pyp, ) 4 2
4
¢(P. P, Ps) , , , , . ,
o6 ez —— 2 (1+\/p1 P2+ VP: P+ VP, ps% _(1+\/p1 P2+ \P1 Ps*+ VP, Ps

o (PP, P
4

4 4

1+ \/pl P~ \/p1 P~ \/pz

o8 e~ ;

p3)’

)
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0,(8)=€,= - (1_ \/pl pz"'\/fl P;— \/pz p3) and

(e em _(1—V'p1 =Py P+, ps)_ o

4
2.13 Algorithm to compute the irreducible factors of x™™*-1
We have following algorithm to compute the 7, (x) = H (x _&s )
P p(1)
P P, pa(l)

Step 1. Compute B={s, +s, +...+s, v s;are distinct elements ofC,

}

Step 2. Compute tk,i , Where tk,i are number of solutions of
X, + X, +...+ X, =1; I runs over each cyclotomic coset, in B.

Step 3. Compute &= 2tk G (€) : T runs over each cyclotomic coset modulo Py P, P .
O(Cf‘p2p3(”)

Pip:ps 1)) _
Step 4. The Ns(X)= Zn (_1)kakxo(cs -+

Step 5. Stop.

Example

Example In this example we find all the irreducible factors of x*°®>- 1 over F17 The 14 distinct 17-

cyclotomlc cosets modulo 105 are o 105(17) C105(17) C105 17) ClOS 17) ClOS 17) ClOS 17) C105(17) C105 17) ClOS 17)

Gy Cg CiE CE and CE 1t easy to see that
No(X)=(x = l).

s (X)= XX+ x4+ X3+ X2+ x+1

N2 (X)= X4+X3+X2+X+1: and

Nas(X)= x>+ x+1

IIMH

Computation of (%) - The (X akx where &= 2t G (V)

i runs over each cyclotomic coset modulo 105. By Theorem 2.5
0ol VF 1,04(V)= 4,0,y 7,04(V)= 2,0,V 3,05()= 11,04Y)= 7, 05(y)= 10, 03 (y)= 8, 0,(y)= 12,05 y)= 6,055 y)= = 1,0 ()= - Land ag(y)= - 1

. It is easy to see that 8= 1= 1
Since

= 0.t=0,t,=0,t = 0., 5= 0,8 = 1t 6= 0,1, 5= 0ty (5= 0., = 0,t; 4= 0,y 15= 0,8, =08, = 0. 2,= 11
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Lm0 0,670t 1= 0t 5= 0,57 2,5 = 1157 0,4, 1= 0,157 0t 467 0,1, 157 3,1, 3, 5= 0. @,= 6

t3™ 0,137 0,837 0,83 1= 0,8 2= 0,833= 6,85 = 7,85 57 0,83 157 0,15 7 0,83,6= 0,13 167 6,85 = 7,8, = 0. @5= O
L™ 158,70t 7 0t 1= 08 57 08, 7 12,8, 15,8, = 0,8, 1= 0., 7 008 6= 0,8,57 16,1, 5= 15,8, 5= 0. @,= O
tom 24,1570, 7 0,5 1= 0,85 57 0,8 7 22,8567 25,45 5= 0,8 10= 0,85 7 0, 46= 0,85 5= 20,85 5= 2L, 15 5= 0. &= 9

tg0= 38,ts1= 0,t5 ,= 0,tg 1= 0,15 5= 0,15 5= 26,t5 o= 26,1 = 0,t5 1= 0,15 = 0,15 4= 0,85 15= 27,16 5= 25,15 5= 0
.a=12

t,=24,t,,=0,t, =0,t; ,;=0,t;, ,=0,t, =25t, ,=22,t, =0,t, ,,=0,t,,=0,t; ,.=0,t; ;x==20,t; ,,= 21,1, ;=0
.a,=4

tgo=15,t5,= 0,t5,=0,t5 ;= 0,t5 = 0,5 3= 15,15 = 12,5 = 0,t5 1= 0,t5 ;= 0,t5 5= 0,15 1= 16,15 ;= 15,t5 = 0
ag;= 12

to= 0,tg:1=0,tg ,=0,tg 1= 0,tg 5= 0,tg 5= 7,t5 = 6,t5 = 0,t 1= 0,tg = 0,tg = 0,tg 1= B,tg = 7,15 = O
La,= 4

t10.0= 0st101= 0ty 7= 0,y 1= 0,t19 = 0,81 5= 1,45 6= 2,119 6= 0,1y 19= O,t59 7= 05ty 46= 01ty 157 3, t1 1= 3,119 5= 0
L850~ 2,

t10= 0.t ;= 0,ty; 5= 0.ty 1= 0,y = 0,y 5= 0,tyy 6= 1ty = 0,5 1= 0,3 ;= 0,y 49= 0,35 15= 0,y 5= 0,y =0
ay=7

Hence /B> (X)= X2 +6 X™+6 X"+ 8x"+12 X%+ 13X°+12 X*+13 X°+2 X*+ 10X +1
: 0 . 0

Since the roots of 71; ° are reciprocal of roots of 77; ° , therefore,

Me? (X)= X2 +10x"+2x°+13 x*+12 x®+13 X'+ 12 X°+8 X+ 6X*+6 X+1

On similar steps we get

15" (X)= X*+9x°+10x*+6 x> +10X*+9 x+1

Mo (X)= XC+7 X°+12 X +4X3+12 X+ 7 x+1

1 (X)= X*+11x°+15x*+5x+1

a0 (X)= X*+5Xx+15x*+ 11x+1

We now compute 7 (x) Clearly 2= 1, &= 4,8,=3,8,,= 1

Since
G =00, =08, =00, =00t =0, =Lty =1t =28, =18, =0, = 0ty = 0t = 38,55 =0;
a,=13

t30= 0,t3,=2,t3,= 1.t 1= 3,85 = B, t5 5= Lty = 1t = 4,1 1= 2,5 .= 3,t5 4= 0,5 15= 0,15 = 4,1, =0
a;=6

U™ 15,1, 175,157 Bty 1= 30t 5= 71, 5 4,8, 67 5,8y 5= 4ty 167 1y 77 3,1, 4= 30ty 157 11,8, 5= 9,1, 5= 0
.a,=6
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tso=12,t; ;= 14,15 = 11,t5 ;= 4,15 = 9,15 5= 4,15 =5, t5 = 10,5 ;= 6,15 = 3,5 9= 9,5 5= 4,15 5= 9,t5 5= 6
A= 2

teo= 14,15 1= 9,1 = 5.t 1= 5,15 = 9,5 = 12,1, = 12,t; = 13,t; 1= 10,t; = 3,t5 o= 3,15 5= 4,15 = 19,15 = 12
.= 6

t,0=12,t,,=9,t; = 4,4, =11t = 14,1, =51, =41, ;= 10,t, ;= 6,t, ;= 9,t; .= 3,1, ;5= 4,1, = O,t; 5= 6
La,=2

te = 15,151 7,8, 3.t 1= 3,tg = 9,85 3= 5,15 = 4 g = 4,15 157 1,15 7= 3,15 467 3,5 157 11,15 = 9,5 5= O
ag;= 12

ty0= 0t 1= 5t = 3t n= Litg o= 2,tg 3= 1,tg = 1,tg o= 4,1 15= 2,15 ;= 0,15 4= 3,15 15= 0.t 5= 4,15 5= 0
ca,=1

t10,0= 0,t101= 0ty 7= 0,45 1= 0,80 2= Lity0 5= Loty 6= Lityg 6= 25t 10= Lty 77 0,110 467 0,15 15= 0,145 1= 3,110 5= 0
a= 12

Hence

Mm> (X)= X2 +13x"+13x°+11x°+6 X3+ 15X +6 X°+ 15 X°+12 X* +16 X3+ 12X°+ 14 X +1

: 105 . 105
Since the roots of 7], are reciprocal of roots of #; , therefore,

5o (X)= X2 +14 X" +12 X0+16 X7+ 12 X%+ 15 X +6 X°+ 15X°+6 X +11 x>+ 13 X*+ 13 X+1
150 (X)= X2 +15 X" +9 X%+ 15 X°+12Xx%+15 X' +8 X+ 15 X°+6 X*+14 X*+14 x*+ 10 X+1

Similarly, we have

> (X)= X?+10 X" +14 x°+14 X°+6 X3 +15 X' +8 X°+ 15X°+12 x*+ 15 X°+9 X*+15 X+ 1.
Hence

2% — 1 = (X2+10x1+14 x°+14 x°+6 X8+ 15 X"+ 8X°+15 X5+ 12x*+15 x°+9 x>+ 15 x+1)
(x2+15 X"+ 9x 0+ 15 X%+12 x®+15 X +8 X°+15 X%+ 6 X*+ 14 x°+ 14 x>+ 10 x +1)
(x2+13x1+13 x4+ 11 x°+6 xB+15 X’ +6 X5+ 15X°+12 X*+16 X°+12 x*+ 14 x+ 1)

(x2+14 X"+ 12x°+16 X°+12 x®+15 X' +6 X®+15 x°+6 x*+ 11 x°+ 13 x>+ 13 x+1)
(XxP+10x1+2 x+13x°+12 X3+ 13 X" +12 X2+ 8X°+6 x>+ 6 x+1)

(X2+6 X+ 6 x°+8 X+ 12X+ 13 x5+ 12X* +13 X3 +2 52+ 10 X+ 1)( X%+ x5+ Xx*+ X3+ X2+ x +1)
(X°+9 x>+ 10X+ 6>C+10 X +9 X+ 1) (X°+7 x>+ 12X + 4 x3+12X°+7 x+1) (X*+33+x+x+1)
(x*+11x3+15 x*+5 x+1)(x*+5x3+15x+11x+1) (x®+x+1)(x— 1)
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