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ABSTRACT: The vector space of all matrices of the same order on a set of real numbers with a non-negative
metric defined on it satisfying certain axioms, we call it a JS metric space. This space can be regarded as the
infinite union of matrices possessing a special property that there exist infinite structures having the same
(virtual) point-centroid. In this paper we introduce the notion of cocentroidal matrices to a given matrix (Root
Matrix) in JS metric space wherein the metric is the Euclidean metric measuring the distance between two
matrices to be the distance between their centroids. We describe mathematical routines that we envisaged and
then theoretically verified for its applicability in a system that is under rotational motion about a point-centroid,
and various cases in physics. We have sounded the same concept by considering necessary graphs drawn on the
basis of mathematical equations as an additional feature of this article. Isogonality of different cocentroidal
structures is the conceptual origin of one of the main concepts, necessitating the notion of convergence in terms
of determinant values of a system of cocentroidal matrices.

KEYWORDS: JS metric space, Centroid of a matrix, Cocentroidal matrices, Isomorphic sets, isogonality,
Equivalence relation.

NOTATIONS - G*(A) — A set of Cocentroidal matrices to a given root matrix A.

l. INTRODUCTION
It is known that to any structure or lamina the notion of centroid is very important. It is a point in the given
structure which is understood to accumulate the mass of the whole body/ lamina and it is the only point which
can hold the body in lifted position parallel to a horizontal direction. It is known that the gravitational force/
pulling force towards the centre of the globe is hypothetically understood to be flowing out from that point. If
the point or the direction or both change then the system loses a grip on the balance.
In this paper the first part introduces the centroid of a triangular structure in R>- the real Euclidean space and
then allows extension to an n-dimensional space. This triangular structure has a vectorial presentation in the
form of a square matrix.
Then we define the space, JS metric space, with axioms and some salient characteristics. The central point of
one of the basic notion of the paper lies in the fact that develops a systematic procedure of finding one infinite
set of three non-linear points lying on the same plane which correspond to the same centroid as that one of the
original structure. The outcome is system of cocentroidal matrices. The importance and beauty of the structure is
in derivation of the path for all the vertex points of the original structure. For a square matrix A = (&j)n xn With
all real entries and p(A) = n i.e. possessing n linearly independent column vectors, and the centroid G, its
corresponding system is an infinite set of square matrices of the same space and possess the same centroid G;
this we shall refer to a system of cocentroidal matrices to a given root matrix A. This structure is denoted as
G*(A).
The second part in the continuation conveys the notion of isogonality of the different Cocentroid system,
establish equi-valence relation in isogonal cocentroidal systems.
The last part in the paper introduces a new intuitive concept, well envisaged, a convergent system of
cocentroidal matrices. The convergence system of matrices is the convergence of associated real sequence of
absolute values of their determinant values taken in the same correspondence of sequences of matrices.
Some important properties are also high-lighted and the figures, so far as clearly drawn, help explain the
principal part of the notion.

1.1 JS Metric Space:
We consider a non-empty set S of all mxn matrices. Let each column vector of a matrix in S stands for a vertex
of structure in a given space. Let A= [4,,1 Az ----.- A, ] represent n column vectors of an mxn matrix.
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We have, in our previous paper [4], defined the virtual centroid and its meaningful notion to the given matrix A
asthe n-tuple (g1, 92, ... ... .. gn) With each
g =Tt foreach k=1tom

we denote the centroid as G* = (g, g2 - -- Immxi
Let A, B, and C be the member matrices of S with their corresponding centroidsGy, G5, and G3with the same
conventional sense mentioned above. Where Gi = (911 921 > -+ ---- Im1): G> = (912 922 » -+ -+ .. Gm2), @nd

G3 = (913 923---- Gm3)

We define the metric between two member matrices; say A, and B.

Let d: SxS— R™ U {0} be defined as d (A, B) = /(911 — g12)% + (921 — 922)% +  + (Gm1 — Gm2 )?
With following axioms;

1) d(A,B)=0

(2) d(A, B) =d(B, A)

(3) If A=Bthend( A B)=0**

4) d(A, C) <d(A, B)+d(B, C)

Then the entities like (S, d) shall be known as JS metric space over the field over non-negative real numbers.
[** It indicates that in this, so defined JS space it happens so that if AB yet we may have d(A, B) = 0]

Special Note: This is rather the point that conveys the message that in JS metric space there exists sets of
infinite matrices that they have the same centroid and all of them lies on the same structure (a plane in R®)
Matrices having these properties on the JS metric space are called Cocentroid matrices.

1.2 Introduction to a system of cocentroidal matrices to a given root matrix A:
We introduce the notion of an infinite set of cocentroidal matrices and its associated properties to a given root

matrix. Let A=[4; A, .. .. A,lix, Where each A; stands for a column vector to a n X n matrix;
5T
With 4; =| : | for a fixed i=1to n.

la | .

As defined above the virtual centroid and its meaningful notion, to the given matrix A as the n-tuple
91,92, .- ... .., go) With each
gi =XiZi 7K foreach k=1ton (1.1)

We denote the centroidas G* =(g1 , 92, -+ -+ -» Gn) 1.2)
The set of all matrices having the same centroid G* is defined as a set of cocentroidal matrices and is denoted
as G*(A).
The mathematical derivation of construction of G*(A) for the given matrix A is briefly explained as follows in
sequential order.

1.2.1 Spotting the Centroid:
We consider a case in R3.

a; a; az a, a as

Let A = <b1 b, b3> which corresponds to three Vectors OP =|bi| , 00 =Ibzl, and OR = [b3l in R3.
. ¢ C3 o cy c3

We assume that these vectors are linearly independent; i.e. det. A #0

As defined, Centroid of the system given by A is G = (Z% ) Z% 23#) forj=1,2,3

Now, we consider the following figure with vertices P (ay, by ¢1), Q (82, b, €,), and R (as, bs, ¢3)
and centroid G* = (23i , Z% Z%) =(91.92 . 93)
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Fig. 1 Spotting the Centroid.

1.2.2 A System of Points:

Consider the point ‘Q’ as the fixed point and find the equation of the line be .

We consider a variable point R;=(a;, b;, ¢;) € OR . QR ={(a;, b;, ;)| (a;,b;,¢)=Q+k QR }
with R;# Q (for k #0) and R;# R (for k # 1), i.e. ki € (—0,0) U (0,1) U (1, ).

Ple;, b, ;)

b

= . £ .
Qlaz, bz c2) R Rifa;, b;, c;)

Fig. 2 system of Points

1.2.3 Corresponding Vertices and the Centroid:
Let for each k; € (—o0,0) U (0,1) U (1,) the new position of the vertex P, = (a; B, y; ) be such that the
centroid of the triangle P;QR; is the point G* (g1, g2 , 93)
L, =3g1-a- a;, B, =392-b2- by, vi=3g3-C2- ¢
Thus we have, for each k; € (—, 0) U (0,1) U (1, %), an infinite set of values of the point
P, (a;, B, v; )-i.e. For the fixed point Q and the centroid G*(g; g, gs) We get, for each
ki € (—,0) U (0,1) U (1, ) corresponding point R;(as;, bs;, c3;) on the line OR and the locus of the point

P= P;(ay;, by;, ¢1;) moving along a certain curve * [4] such that
_ ajjta2+as; _ by;+b2+b3; _ cqiHc2+es;
17 R rI3T T

P;
(a1 by, c11)

P
(a1i b1i, €19

6 wr - :
R Qaz.bz.c2) R, R(as. b3, cz) R, )
(a3i. bag, c3p) (a3i. bsi. c30) (asi. bai. cag)

Fig . 3 Locus of point P moving along a certain curve.

[*The locus of the point P for different k; € (—o0,0) U (0,1) U (1,0) is a curve. In the section to follow we
have attempted deriving the locus of the point P and its algebraic form also.]
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1.2.4 Three Infinite Systems:

The most important point at this junction is that this procedure helps derive a system in which exactly one vertex
of the given three vertices remains fixed and other two vertices move on their own path in such a way that any
point one on each path and the one fixed point constitute a system which claims the right for the same centroid.
In the same way by keeping the points P and R fixed, we get the locus of point R and the point Q. Thus we get
three infinite sets corresponding to the points P, Q, and R such that each time the centroid G*(g; , 9> , g3)
remains unchanged. This justifies the phrase ‘Cocentroidal matrices’.

This conveys the message that different systems or structures in the same space correspond to some fixed point.
Such matrix system counter-fitting a structure [especially a triangular one in R®] represents cocentroidal
matrices denoted as G*(A) and its corresponding cocentroid vector is denoted as 0G".

In each case we get a new matrix such that the corresponding column vectors represent the triangle having the
same centroid G*(g1, g2 , g3)- The systems of all such triangles represent an infinite set of cocentroidal matrices

denoted as G*(4) and its corresponding cocentroid vector is denoted as 0G*.

We have, at this stage two important derivations which can be mathematically established.

(1) The first conclusion derived and established is that if P;, Q;, and R; are different points each one on the
corresponding locus of the point P, Q, and R then also the centroid remains the same as that of the root matrix
A. It is important to note that the points P;, Q;, and R; correspond to the same value of k; where k; € (—o0,0) U
(0,1) U (1,)

Pi( ay;, by, ¢15)

P(a1. b1 c1)

R;
(a3, b3, c31)

Qi
(a2i. bai. c29)

Fig. 4 Same Centroid for different points on corresponding locus of P, Q, and R

(2) The next important derivation on the same line is that if for the same value of k; if we take different points on
the lines QR, RP, and PQ then also the resulting triangle yields the same centroid as that of the original root
matrix A. The following figure ensures the fact.

Pi( au, by, c1)

s
N

Qaz. by, c2) . b, IS
(a3, b3, c39)

Q
(22i: bai. €20
Fig. 5 Same centroid for different points on lines QR, RP, and PQ
[Numerical illustration is given in the Annexure — 1]
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1.3 Associated Properties:

There are some interesting mathematical properties associated to the root matrix and the set of Cocentroidal
matrices G*(A4). We mention them here without the proof; a few of them are proved in annexure to this paper.

1. If the mass is assumed to be uniformly distributed on the entire surface of the plane then any triangular
member structure of G*(A) , irrespective of size or area, have the same centroid which is liable to experience
the gravitational force.

2. Column vectors as well as row vectors of all cocentroidal matrices are linearly independent.

3. (Determinant property): Let|A| =M where M is a real value. If any A, is a member matrix of the set G*(4)
for some real value K3, then we can prove that |A;| = K;. M This can be proved by applying basic properties of
the determinant. We conclude that determinant values corresponding to cocentroidal matrices are closely
associated with the different values of K [4].

4. All the cocentroidal matrices of the same class [1] have their norm ||A]|, the same constant.

5. (Eigen Value Property) A matrix is said to be of class-2 denoted as CJ2 (3x3, L (A) = K) if the sum of all
elements of each row of the matrix remains the same real constant; say k. [This is known as libra value of the
matrix which is denoted by the notation L(A) = k] [1]. In this case all the components of the centroid are
constant and each, for a root matrix of order mxn, equals k/n.

ie.G"=(91 925 - o» Gm)=(n, k/n, .......... k/n)

*An important property that we have established is regarding Eigen values that for a square matrix of order nxn,
one of the Eigen values is k [3].

. ISOGONAL SETS OF COCENTROIDAL MATRICES AND EQUIVALENCE
RELATION
In this section we are going to discuss about the notion of isogonality between different sets of cocentroidal
matrices or structures. This will be very useful to define convergence of all such structures which we shall
discuss in the section- 3.

2.1 Isogonality of Cocentroidal Matrices:

Two or more system of cocentroidal matrices are said to be isogonal to each other if their corresponding
cocentroidal vectors are parallel to each other.

Let G; and G, be the two centroids corresponding to the two different root matrices A and B € M,,,,. Let their
corresponding cocentroidal systems be G*(A) and G*(B). These two systems G*(4) and G*(B) are said to be
isogonal to each other.

0G,=K 0G, for K>0.0G, and 0G, are collinear and in the same direction [5]. (2.1)
We denote thisas G*(4) = G*(B). i.e G*(A) isisogonal to G*(B). (2.2)

The matrices A and B are the matrices that corresponds to two different sets of vectors (OP1 , 0Q,,0R; ) and
(or,, 0Q,,0Ry).

2.2 Theorem: We prove that Isogonality is an Equivalence Relation over the sets of isogonal cocentroidal
structures.

Proof: As required, we have three properties to establish; they are as follows.

(a) Isogonality is Reflexive.

It is clear that a system G*(A) is self reflexive. i.e. In the relation (2.1); we put K = 1 and it is possible if and
only if A =B.

(b) Isogonality is Symmetric.

ie. G'(4) = G*(B) then G*(B) % G*(4)  [For 0G; =K 0Gj, K> 0then 0G, = 0G; |
(c) Isogonality is Transitive.

For the three root matrices A, B, and C if

G*(A) = G*(B) and G*(B) = G*(C) then G*(4) = G*(C).

For TG£ =K1 O—Gl) K1 >0and TG§ = K2 O—Gg K2 > 0 then we can write

0G; =K2 0G, = K2(K10G,) = K3 (0G,) where K3 = K1.K2

This establishes transitivity.

The above properties establish that isogonality is an equivalence relation.

This property induces classes of cocentroidal matrices.
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Important Note:

At this stage it is important to note that the set G*(A4) corresponding to the root matrix A is a subset of the set of
the points of the plane uniquely determined by the three non-linear points P(a;, by, ¢1), Q(ay, by, ¢;), and
R(az, bs, c3).

i.e G*(A) c {(x,y,2) | (x,y,z) € L} where L is the plane determined by P, Q, and R

I1l. A CONVERGENT SYSTEM OF COCENTROIDAL MATRICES.
We consider a set of a system of isogonal matrices which corresponds to a system of all n x n matrices A4, 4,,
Agy oo Ay, e Let us denote this by G*(4;).
For each matrix 4;, i ¢ N (Considering it as a root matrix), there is an uniquely associated system of cocentroidal
matrices. We denote this by G*(4;), VieN
Let G;(g1i, g2 g3:) be the centroid of i system G*(4,), for all i.
Let O(a, B,y)e R3 be any arbitrary point. Also let O (o, B, v) €U% 1(G (4; ))
The system U™, (G* (4,)) of cocentroidal matrices is said to be convergent sequence if all G;(g1;, g2i, gs:) are
on the same line passing through the fixed point O(a, B,v).
d(o, G;) = OG; < OG;,1=d(0, G;41), for all i = 1 to n.The distance of centroid G; from the fixed point
O(a, B,y) forms a strictly monotonic increasing sequence.

3.1 Hlustration: We take an illustration to understand the notion.
LetP=P(2,3,-1),0=0(2,1,-3),and R=R(5,4,2) . Let 0= 0(1,-2,1).
Equation of OP = {(1+ K,—2 + 5K, 1 — 2K)| K € R}

Equation of 00 = {(1 + K,—2 + 3K, 1 —4K)| K € R}

Equation of OR = {(1 + 4K, —2 + 6K, 1+ K)| K € R}

The three points P, Q, and R are non- linear.

Equation of plane passing through P, Q, and R is 2x + 3y — 3z = 16.

We consider some values for K e R* U{0} and find set of points P;,Q;, and R;.
ForK=2, P, =(3,8,-3), Q; =(3,4,—7), R, =(9,10, 3)
ForK=1, PZ:(23 -1),0,=(2,1,-3),R,=(5,4,2)

o= 7,1, 1 0) 0= 2.1} o= (31)

Corresponding to the points P;, Q, and R, the root matrix, we write, as A;.

3 3 9
A =|8 4 10] and let its centroid G; = (5, % _?7)
-3 =7 3

In the same way corresponding to the points (P,, Q,, R;) and (P;, Q3, R3) the root matrices 4, and A; with
their centroids are as follows.

[ 2 2 5
A, =3 1 4] and let its centroid G, = (3, g _?2)
:;1 3—3 2
> 5 3
|t -1 . . _ 1 1
A3=|7 — 1]and let its centroid G; = (2, o g)
0o -1 2
- 2
For each A; and centroid G, ,i=1, 2, 3. We have a set of cocentroidal matrices denoted as G* (4,).

[The method of finding the set of cocentroidal matrices has been discussed in the introduction part 1.2]
Now, finally to establish convergence we find the distance OG;, OG,, and OGs. [The points are listed above]

d(0, G) =0G; = |16+ 2=+ =+ =2+257 = 10.687

d(0, G,) =0G, = /4+— =l /25 ~ 5.3432
d(0, Gs)=0G; = /1+49+§ /2356 2.6718

= |0G,| > |0G,| > |0Gs] ......
i.e |0G;| >10G;4+1]| ,VieNandeach|OG;|>0
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This shows that as K — O (Point O) the real sequence of terms such that

1.G4, G,, Gs..... are on the same line passing through the point O.

i.e the points Gy, G,, Gs..... are colinear.

2.ForallieN, |0G;| > |0G;,4]

i.e we have a strictly monotonic decreasing real sequence of positive real values which is bounded below.

It is a Cauchy sequence. The very fact establishes the convergence.

The above properties, by the definition of convergent matrices, establish the convergence of cocentroidal
matrices.

Convergent Sequence of Cocentroidal Matrices

. A1

3 [ A2
P&

o [ A4
. s

0—]

1]

3—]

a—

5|

6—]

8 6 a ‘2 0

0z
1

10
8
T T ¢

r 2

oYy OX
Fig. 6 Convergent sequence of cocentroidal matrices.

V. CONCLUSION

The theoretical work and the corresponding examples cited above are related to a system in three dimensions but
the same conditions can be extended to some polyhedrons and their related cases in higher dimensions also. The
virtual concept of centroids and a system of cocentroidal matrices is not just confined to some space or some
matricinal 3 x 3 structures but it is an entry to a wide and fully expandable system in a space. As found in the
case of three dimensional cases the concept stands in its own merit simplifying the notion of moments of inertia
and its applications in some physical cases. The concept leaves the same point open for further development in
multi dimensional cases.

Vision

It has remained our next target to explore two new important concepts; one is on Pythagorean system of
cocentroidal matrices and the next is on the theme that ‘Each point the space corresponds to a cocentroidal
system and vice versa’. These are the prime concepts which lead to compactness of the JS Metric space. These
concepts whirling around the central notion of cocentroidal system makes the concept and related research open-
ended for the innovative minded researchers to pursue its cognizant stuff.
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Annexure 1:

As discussed in the introductory part, we carry out the procedure of finding a set of cocentroidal matrices,
keeping one fix vertex, locating a set of points on the base line of the triangle passing through it and then
finding the new set of vertices in accordance with the centroid of the given root matrix. We can repeat the same
algorithm on each of the remaining vertices of the given triangle. The stage wise routine is discussed below.

As a result we get three infinite sets of triangles such that their centroids are the same.
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2 2 5 2 2

For the root matrix A = [ 3 1 4]Which corresponds to the vectors oP=[3]|,00 :I 1 l and OR =
-1 -3 2 -1 -3

5 8 =2

AZL and the centroid G = (3, 3 ?)

Equation of the line QR is {(2, 1, -3) + k (3, 3, 5), k € R}, we take k € (—o0,0) U (0,1) U (1, ).

Keeping Q (2, 1, -3) as a fixed point and a find variable point R by assigning different values of k in the above
equation line QR.

For each position of R, we find the current position of the point P so that the position of the point G — the
centroid, remains constant.

k=-2, R =R (-4, -5, -13), P=P (11, 12, 14)

k=-1, R=R(-1,-2,-8), P=P(8,909)

k=32 R=R(35,25,-05), P=P(35,45, 15)

We get infinite set of matrices

11 2 -4 8 2 -1 35 2 3.5
A=l 12 1 -5A=9 1 -=2|,A3=|45 1 2.5 |, etc
-14 -3 -13 9 -3 -8 1.5 -3 =05

All these matrices have the same centroid as that of the root matrix A.

It is important to note that we have the point Q as a fixed point and for each position of the point R;, we have a
point P;, moving on a specific curve so that the triangle P;QR; has the same centroid G.

The locus of point P gives the different triangles shown as follows.

Locus of P set

0oz

Fig. 7 Cocentroidal Matrices for locus of P set

We repeat the above procedure for all the remaining points and each time get a system of cocentroidal matrices,
Keeping R as a fixed Point, We get Locus of Q
For the different values of K= -2, -1, 0.5, 1.5, 2, 2.5, we get infinite set of matrices

11 -7 5 8 —4 5 35 05 5
Ar=l6 -2 4|,A=|5 -1 4|,A3=|35 05 4| etc........ which has same centroid G as that
8 -—-12 2 5 -9 2 05 —45 2

of the Root matrix has.

Locus of Q set

Fig. 8 Cocentroidal Matrices for locus of Q set.
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And finally we keep the point P as a fixed Point, We get Locus of R
For the different values of K= -2, -1, 0.5, 1.5, 2, 2.5, we get infinite set of matrices

2 2 5 2 2 5 2 2 5
Ar=l3 7 -2[,A2=|3 5 0/|,As=|3 2 3|, etc........ which has same centroid G as that of
-1 3 —4 -1 1 -2 -1 -2 1

the Root matrix has

Locus of R set

~v OX
Fig. 9 Cocentroidal Matrices for locus of R set.
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