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ABSTRACT : Prime numbers in six arithmetical progressions 9n + % for 1 <k < 9, gedk, 9) = 1, are
considered. As assured by Dirichlet’s Theorem, each of these six arithmetical progressions contains infinite
number of primes in it. Selecting range of 1 to 1 trillion and 12 blocks of increasing sizes 1 — 10", I <n <12, the
spacings between primes of same form are determined in these blocks. The minimum and maximum spacings
between them, the first & last prime starters with such spacings, and the frequencies of such spacings are
obtained. Then, for primes of all forms 9n + k, the digits in units place and tens place are analyzed.
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I INTRODUCTION
Numbers is so fundamental a notion that human understanding, use, study and exploration of mathematics has
begun with these numbers in ancient days. Amongst numbers, the fundamental ones are positive integers. The
multiplicative building blocks of positive integers are prime humbers.A prime number is a positive integer p > 1
having no positive divisors other than 1 and p. From more than two millennia [1], we know that there are
infinitely many primes.
Amongst sequences, the primary ones are arithmetical progressions. An arithmetical progression is a sequence
of form an + b, where a and b are fixed positive integers and n is integer varying from 0 to o.Of course, it
contains infinitely many integers, all of which are those which when divided by a give remainder b. As there are
a remainder 0, 1, 2, . . ., a—1, when division by a is carried out, there are a such arithmetical progression for
each of these values of b. Well-known theorem due to Dirichlet [2] states that if gcd (a, b) =1, thenan + b
contains infinitely many primes in it otherwise not. Extensive study of primes in arithmetical progressions
2n +1,3n+k, 4n + k,5n + k,6n + k,7n + k,8n + k has been done recently [3] — [10].
We choose a = 9, so that there are 6 numbers that are relatively prime to 9, viz., 1, 2, 4, 5, 7, and 8. For each of
these values as k, 9n + k contains infinitely many primes. The density distribution of primes in them is available
[11].

1. MINIMUM SPACING BETWEEN PRIMES OF FORM 9n + k IN BLOCKS OF 10"
We continue with the recent adopted approach of considering blocks of size 10" for analyzing primes in them. It
was possible to choose ranges as high as 10™ due to best choice of algorithms [12]-[18] to generate primes
efficiently within least time using minimum resources. The ease of Java programming language [19] was
harnessed to implement these algorithms on multiple computers simultaneously.
Neglecting specific blocks having no primes, the minimum spacing between primes of forms 9n + kin blocks of
10 powers are determined to be 18, except for 9n + 2 for which only it is 9. For larger block sizes, the minimum
spacing value generally doesn’tincrease; it remains same ahead for blocks of higher powers of 10.
The smallest considered block-size 10 is special here as the minimum block spacing happens to be 18 and it
cannot occur within the blocks of 10 for forms other than 9n + 2.
Since there is only one prime of form 9n + 3, there is no question of computing its spacing with other prime of
this form!
The other values are shown graphically.
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Figure 1: Minimum Block Spacing between Primes of form 9n+k
Except the block-size of 10, the first and the last primes in the 10"sized blocks with minimum spacing in
between them are as follows:

Table 1 : First Starters of Minimum Block Spacings between Primes of form 9n + k in Blocks of 10"

Sr. Blocks of Size First Prime with Respective Minimum Block Spacing
No. (of 10 Power) Form9n+1 | Form9n+2 | Form9n +4 Form9n+5 | Form9n+7 Form 9n + 8
L. 10 Not Found Not Found Not Found Not Found Not Found Not Found
P. 100& 10", 2<n | 19 2 13 5 43 53
<12

Letting 10* as our inspection limit, the last primes in the 10 power blocks with minimum block spacing also get
settled.

Table 2: Last Starters of Minimum Block Spacings between Primes of form 9n + k in Blocks of 10"

Sr. | Blocks of Size | Last Prime with Respective Minimum Block Spacing
No. | (of 10 Power) Form9n+1 Form9n+2 | Form9n+4 Form9n+5 Form9n + 7 Form 9n + 8
L. 10 Not Found Not Found Not Found Not Found Not Found Not Found
R. 100 999,999,993,061 | 2 999,999,999,571 | 999,999,998,141 999,999,998,719 | 999,999,999,269
B. 1,000& 10", 3 | 999,999,993,061 | 2 999,999,999,571 | 999,999,999,599 999,999,998,719 | 999,999,999,269
<n<I12

We compare them graphically.

FirstStarter of Minimum Block Spacing between Primes LastStarter of Minimum Block Spacing between Primes of
of form 9n+kin Blocks of 10 Powers form 9n+kin Blocks of 10 Powers
60 1,000,000,000,000
5 —_——
40 999,999,996,500
30
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Figure 2: First & Last Starters of Minimum Block Spacing’s between Primes of form 9n + k in Blocks of 10",

The next probe was the number of times these minimum block spacing’s occur between primes of all forms

IN+1,9n+2,9n+4,9n+5,9n+ 7 and 9n + 8.
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Table 3: Frequency of Minimum Block Spacings between Primes of form 9n + k

Sr. No. Blocks of Size Number of Times Minimum Block Spacing Occumring for Primes
(of 10 Power) Form 9n~1 Form9n+2 | Form9n+4 Form 9n+5 Form 9n+7 Form 9n+8
1. 10 Not Found NotFound | NotFound Not Found Not Found Not Found
2. 100 519,579,826 1 519,577,729 519,598,836 519567951 519,628,161
3. 1,000 613,109,535 1 613,104,793 613,126,240 613,090,178 613,150,965
4. 10,000 622,462,678 1 622,457,690 622,477,714 622,444,034 622,495,624
5. 100,000 623,399,572 1 623,392,352 623,413,434 623,379,136 623,435,657
6. 1,000,000 623,492,878 1 623,485,910 623,507,109 623,473,116 623,528,991
7. 10,000,000 623,502,264 1 623,495,209 623,516,545 623,482,436 623,538,327
g 100,000,000 623,503,242 1 623,496,152 623517442 623483341 623,535,300
9. 1,000,000,000 623,503,328 1 623,496,251 623,517,527 623,483,439 623,535,388
10. 10,000,000,000 623,503,336 1 623,496,258 623,517,539 623,483,445 623,535,396
11. 100,000,000,000 623,503,337 1 623,496,260 623,517,540 623,483,446 623,535,396
12. 1,000,000,000,000 | 623,503,337 1 623,496,260 623,517,540 623,483,446 623,535,396

There is increase in the number of times the minimum spacing occurs for primes of all forms except for primes
of form 9n + 2. The following analysis has omitted from 9n + 2.
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Figure 3: Deviation in Occurrences of Minimum Block Spacing between Primes of form 9n+k in Blocks of 10
Powers.

It is found that the occurrences of minimum block spacings for primes of form 9n + 5 and 9n + 8 is always more
than those of forms 9n +1,9n + 4 and 9n + 7.

1. MAXIMUM SPACING BETWEEN PRIMES OF FORM 9N + K IN BLOCKS OF 10"
The maximum spacing between primes for form 9n + kin blocks of 10 powers initially increases with increase in
the block size.

Table 4: Maximum Block Spacing between Primes of form 9n + k.

Sr. No. Blocks of Size Maximum Spacing Between Primes
(of 10 Power) Fom9%+1 | Fom 9% +2 | Fom9% +4 | Form%+5 | Form9n+7 Form 9n+8
1. 10 Not Found NotFound | NotFound Not Found Not Found Not Found
2. 100 o0 90 a0 90 o0 90
3 1,000 990 990 990 930 990 930
4. 10,000 2,988 3.330 3,060 3,114 2,970 3114
5 100,000 2,988 3.330 3,060 3,114 3,042 3114
6. 1,000,000 2,988 3.330 3,060 3,114 3,060 3114
7. 10,000,000 2,988 3.330 3,060 3,114 3,060 3114
8 100,000,000 2,988 3.330 3,060 3,114 3,060 3114
9. 1,000,000,000 2,988 3.330 3,060 3,114 3,060 3114
10. 10,000,000,000 2,988 3.330 3,060 3,114 3,060 3114
11. 100,000,000,000 2,988 3.330 3,060 3,114 3,060 3114
12. 1,000,000,000000 | 2,988 3.330 3,060 3,114 3,060 3114
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-6

Figure 4: % Deviation of Maximum Block Spacing in 10"Blocks between Primes of forms 9n+k from Average.

The first prime starters of forms 9n + k having maximum spacings with immediate next prime within various
10" blocks are as follows.

Table 5: First Starters of Maximum Block Spacings between Primes of form 9n + k in Blocks of 10",

Sr. No. | Blocks of Size First Prime with Respective Maximum Block Spacing
(of 10 Power) Form 9n +1 Form Sn+2 Form Sn+4 Form 1 +35 Form 9n+7 Form Sn+8
1. 10 Not Found Not Found Not Found Not Found Not Found Not Found
2. 100 8.101 5,303 4.909 1.103 907 10,601
3. 1.000 1.022,268.007 | 1,350.587.009 | 635.502.001 475,515,001 1.624.552.005 | 290.932.001
4. 10.000 773.859.500.8 | 826.489,712.7 | 654.189.572.7 | 895.515.273.9 | 877.245.900,5 | 682,345.396.1
39 47 67 23 41 69
5. 100,000 773.855.500,8 | 826.485.712,7 | 654.189,572.7 | 895,515,273.9 | 661,512.825.4 | 682,345,356.1
39 47 67 23 49 69
6. 1.000,000 773.855.500.8 | 826.485,712,7 | 654,189.572.7 | 895.515.273.9 | 524.288.597.1 | 682,345.396.1
39 47 67 23 37 69
7. 10,000,000 773,859.500.8 | 826.489,712,7 | 654,189,572.7 | 895,515.273,9 | 524.288.597.1 | 682,345,396.1
39 47 67 23 37 69
8. 100,000,000 773.855.500,8 | 826.485,712,7 | 654.185,572.7 | 895,515,273.9 | 524,288.597.1 | 682,345,356.1
39 47 67 23 37 69
9. 1.000.000,000 773.855.500.8 | 826.485.712.7 | 654.189.572.7 | 895.515.273.9 | 524.288.597.1 | 682.345.396.1
39 47 67 23 37 69
10. 10,000,000,000 773,859.500,8 | 826.489.712,7 | 654.189,572.7 | 895,515,273.9 | 524,288.397.1 | 682,345,396.1
39 47 67 23 37 69
11. 100.000,000,000 773.855.500,8 | 826.489.712.7 | 654.189.572.7 | 895.515.273.9 | 524,288.597.1 | 682,345,396.1
39 47 67 23 37 69
12. 1,000.000,000,000 | 773.859.500.8 | 826.489.712,7 | 654,189.572.7 | 895,515,273.9 | 524,288,597.1 | 682,345,396.1
39 47 67 23 37 69

And the last prime starters of these forms with maximum spacings with immediate next prime within 10" blocks
are also determined.

Table 6: Last Starters of Maximum Block Spacings between Primes of form 9n + k in Blocks of 10",

Sr. No. Blocks of Size Last Prime with Respective Maximum Block Spacing
(of 10 Power) Form 9n+1 Form Sn+2 Form 9n+4 Form 9xn +5 Form Sn+7 Form Sn+8
1. 10 Not Found Not Found Not Found Not Found NotFound Not Found
2. 100 999,999.989.8 | 999,999.984.7 | 999,999,999.3 | 9999999794 | 999,990,083 4 | 999,999 936,7
03 01 01 03 01 01
3. 1,000 959.991.116,0 | 999.971,605,0 | $55.,553,184.0 | 955.846,658,0 | 955,899,386.0 | 955.599.428.0
01 01 01 0% 0% 03
4. 10,000 773,859.500.8 | 826.489.712.7 | 960.700,146.1 | 895.515.273,9 | 877.245.900.5 | 682.345.396.1
39 47 87 23 41 69
5. 100,000 773,855,500,8 | 826,485,712,7 | $60.700,146,1 | 855,515,273,5 | 661,512,825.4 | 682.345,3%6.1
39 47 §7 23 49 69
6. 1,000,000 773,859.500.8 | 826.489.712.7 | 960.700,146.1 | 895.515.273,9 | 524.288.597.1 | 682.345.396.1
39 47 87 23 37 69
7. 10,000,000 773,859,500,8 | 826,485,712.7 | 960.700,146,1 | 895,515,273, | 524,288,597.1 | 682.345.3%6,1
39 47 87 23 37 69
8 100,000,000 773,859.500,8 | 826,489.712,7 | 960,700,146,1 | 895,515,273,9 | 524,288,597.1 | 682,345,396,1
39 47 87 23 37 69
9. 1,000,000,000 773,859,500,8 | 826,485,712.7 | 960.700,146,1 | 895,515,273, | 524,288,597.1 | 682.345.3%6,1
39 47 87 23 37 69
10. 10,000,000,000 773,859.500,8 | 826,489.712,7 | 960,700,146,1 | 895,515,273,9 | 524,288,597.1 | 682,345,396,1
39 47 87 23 37 69
11. 100,000,000,000 773,855,500,8 | 826,485,712,7 | 960.700,146,1 | 855.,515,273,5 | 524,288,597.1 | 682.345,3%96,1
39 47 §7 23 37 69
12. 1.000,000.000.000 773,859.500.8 | 826.489.712.7 | 960.700,146.1 | 895.515.273,9 | 524.288.597.1 | 682.345.396.1
39 47 87 23 37 69
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Their comparative trend is depicted in the graphical representation.

First Starter of Maximum Block Spacing between Primes Last Starter of Maximum Block Spacing between Primes
1,000,000,000,000 of form Yn+k in Blocks of 10 Powers 1,000,000,000,000 _ﬁ form 9n+k in Blocks of 10 Powers
900,000,000000 950,000,000000 ——
$00,000,000,000 4= 900,000,000000 +——— —
700,000,000,000 $50,000,000.000 v
600,000,000000 \\ $00,000,000000 Y
£00,000,000000 750,000,000,000 ‘\
400,000,000000 700,000,000,000 \
300,000,000000 630,000,000000 \
200,000,000000 600,000,000000 \
100,000,000,000 _" $50,000,000000 \\
0 — . 500,000,000000 — : :
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Figure 5: First & Last Starters of Maximum Block Spacings between Primes of form 9n + k in Blocks of 10".
The frequency of occurrence of maximum block spacings primes of these forms is determined.

Table 7: Frequency of Maximum Block Spacings between Primes of form 9n + k.

8. No. Blocksof Size | Number of Times Maximum Block Spacing Occurring for Primes
(of 10 Power) Fom9z2+1 | Fom9r-2 | Form9+4 | Fom9+5 | Fom%+7 | Fom9n+§
1 10 NotFound | NotFound | NotFound | NotFound | NotFound | NotFound
2. 100 55824479 | 55816858 | 55825661 | 55.826205 | 55832785 | 55823342
3. 1,000 10,357 10,269 10,246 10,418 10,184 10,562
4 10,000 1 | 2 | | |
&10% 40212

For all rest 10 power blocks for all prime forms under consideration, except 9n + 4, the maximum block spacing
occurs only once, while for 9n + 4 it continues to occur twice, yielding following pattern for their deviation
from respective averages.

10,000
3,000 \
6,000 \
4,000
\ n+1 On+2 On+4
2,000 q on+3 on+7 o+
2000 R e
Y & & &FFyF S SS
N \.Q Qf‘ Q? > @ oY @«
4,000 L
/ [ \Q BQ« %Q-.
N \‘Q
6,000 /
-8,000
-10,000

Figure 6: Deviation of Number of Occurrences of Maximum Block Spacings from Average.
V. UNITS & TENSPLACE DIGITS IN PRIME PAIR STARTERS OF FORM 9N + K
There are only 6 possible digits in units place for primes. The number of primes of form 9n + ktill 1 trillion with
these different digits in units place are determined.

WWW.ijmsi.org 17|Page



Spacings Between And Units & Tens Place Digits In Primes Till One Trillion In Arithmetical...

Table 8: Number of Primes of form 9n + k with Different Units Place Digits till One Trillion.
Sr. No. Digit in | Number of Primes of form
Units Place | 9n+1 Sn+2 9n+4 On+5 Sn+7 Sn+8

1 1 1,567,004,624 | 1,566,989.672 | 1,566,984 806 | 1,566,997.630 | 1,566,979.403 | 1,567,004 845
2. 2 0 1 0 0 0 0

3. 3 1,566,993 251 | 1,566,998,508 | 1,566,995086 | 1,566,993 706 | 15669963592 | 1,567,002,760
4, 5 0 0 0 1 0 0

5. 7 1,566,991208 | 1,566,989.775 | 1,567,010.785 | 1,567,011481 | 1,567,000,688 | 1,566.993.063
6. 9 1,566,982,953 | 1,567,003.055 | 1,566,998,808 | 1,567,010,747 | 1,566,995.316 | 1,566,983.245

Here form 9n + 3 is not seen but it contains single prime with 3 in units place. Their graphical comparison is
done in which digits 2 and 5 are droppedas they come only once and form 9n + 3 also.

15,000 -
10,000 -
5,000 -
5 m n
-5,000
9n+ n+2 On + 4 9n+5 On +7 n+

-10,000 -

1 in|Units Place

-15,000 - 3 in'Units Place

7 in Units Place

B 9 in Units Place

Figure 7: Deviation of Units Place Digits of Primes of form 9n + k from Average.
Now we consider two digits together; tens and units place.

Table 9: Number of Primes of form 9n + k with Different Tens and Units Places Digits till One Trillion.

5r. No. Dhigit in Tans and | Mumber of Primes ofform

Units Placas In+1 In+1 In+d In In+’ In+8
T [1]! 156699616 | IS67THEIT | [5689iId | I3 6:.3.:};9 JELE LR 156,697 327
7z [ ] I 1] ] ] ]
3 k] 156699858 | 156,69/ 1 | 136,658 911 56, T IH 156,695 993 156, T B
EX 05 ] ] ] T ] ]
5. 07 136698906 | 156,697 564 | 136, 701R%] 156,702 857 156,696 481 156,703 855
8. IR 156652800 | I56,699670 | 156705915 | 1567073383 156,605 588 156,656 211
7. ! 156,703,751 136,696 115 | 156,702 341 136,658,749 156,696 265 136 654 T80
5. 3 156696320 | I56 A0 8T 156 70530 | 156, 69“.6; 156,695 048 156,705 526
g 17 T56.696.128 | 136699859 | 136697015 | 136,700 85 136,698 305 156,697 133
0. £ T36. 700382 | 156,708 I8% | 136, 700301 156,702 B8] 156,705 38 JELNOEY
T 71 156704757 | 56T 138 | [56.657 105 | 1567006389 156,697 131 156,703 676
1T 3 136699975 | ISR A0R44F | [5G, T0I3H [ 15367078 156,700 401 156, 701087 |
T3 77 136,706,828 | 156701250 | 156701237 | 158, 702338 156,695 58 156,700 T21
JE3 19 156, 0100 | 156,693 3% 156 658768 | 156,703,782 136, T AT 156,697 518
|53 31 156,703 82 | 156,700 119 | 136697998 | 156, 69614 156, 701570 156.7 51_633_
T&. 33 T36698250 | 156, 708214 | I36 697860 | 15669629 136,705 647 136,859 45
7 37 136,705,740 | 156693308 | 136706852 | 156,707 09" 136,657,710 1\6.694_1%
153 35 136 858077 136702360 | 156700550 | 1366 85 1:6:.34:)63 136,656 451
&3 a1 136699307 | 158,851 561 136 65737 1367 3.;“6 136,697 18] 136,695 56
0. EL) 136655872 | 156 701800 | 156700009 | 156 703343 136,693 647 136,697 115
IT 7 136655130 | 156,703 63F | 136,855 61) 136,656 811 136, T 480 136,702 038
paa EL] 136707632 | 156 693 55 136 65400 | 1367 3..36 136703759 136,695 437
T, 3T TS8.655 87T | T56.69531% | 15669848 | T56.700397 | T38.700.058
I3 k] .B95, 58 31 | 156,690347 | 156858018 136,703 474 136,700 313
I3 37 136656967 | 15669359 | 136705468 | 158,655.843 136,695 173 136,700 953
T6. 35 136, 700643 | 156696 17F | 156, 702206 | 156,655,170 138,700 441 136,700 28]
P 61 136653579 | 156 955838 | 136659618 | 1367 301 T 136,655 468 136,704 047
IE. (] 138, 701 137 T3 600 115 | [5ABGRTIT | 36653638 136,702 579 136,695 85
pi:] 87 36,7009 | 136700033 | 138700449 | 158,655, \-‘fg 136,655 640 1\6_653_6&
E113 g TRE5 0T | 56 R0 | [56.69945F | T58.850.860 | 156691158 | T56.69754%
T 7T 56700208 | 156695415 | T56.7010%9 | T56.70LI07 | 56698 | T56.696.797
T TT 56,0100 | 56700808 | T58.60705 | IS8040 | TS6.8M 30T | 156, 7T006T
T3 86000 | 56004 | TSE.605 80 | TSEAT858 | 567080 | 5670059
EEY 19 136,608 111 | 156700343 | I36,659/ 5997 | 156,695,060 130,695 50 156,608,185
33 51 138,693 321 13665110 | 156,069,744 | [2h 699302 156 69 191 136,695 093
18 B3 136,699,100 | 156,695,763 | 156,697335F | 136,102 909 5661178 138, 702310
3. 57 136,700,172 | 156,853,711 136700305 | 156,700,318 136, 704658 136,699,640
TE. 5 T6.6%690 | 15670559 | [56.6975%0 | T56 70360 | 15660580 | 150608 1H
£33 o7 TEE0 08 | 156700460 | 560050 | 56800880 | TS6.6M. 708 | TS6.70TTEE
I 13 TRE0 R | Te0isn | e AT | T5880TTTF | 136707038 | 156, 700641
E3N o 156,696,126 | 156, 702331 136, 702266 | 106,10/ 633 138,703 931 130,693 8511
3 o0 136,603 195 | 156,89 818 | I8 UL 04 | [56,708,/2 138,697 Z51 136,696,090
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vz.090 _Deviation of Last Two Digits of Primes of form 12,099 Deviation of Last Two Digits of Primes of form
Br+7 from Inter se Average drn+§ from Inter se Average
14,349 50
1L | 1.
Is I a I aillall. | - I
SRS T (I L 1 Iy |
I III | I I I I A.004
=000
14,399 -14,0049
45000 15,000
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ER L]
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Figure 8: Deviation of Last 2 Digits of Primes of form 9n + k from Inter se Average.

Here also form 9n + 3 is omitted. Quite random behavior is seen, as expected!
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