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Necessary and Sufficient Conditions for Oscillations of Neutral
Delay Difference Equations with Several Coefficients
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Salem-636 007, Tamil Nadu, India.

ABSTRACT : In this paper, we discuss the oscillatory behavior of all solutions of the first order neutral
delay difference equations with several positive and negative coefficients

A[x(n)+z px(n—1)-> rjx(n—pj)}+2qu(n—ck)—0, nxn_, (*)

J
where I, J and K are initial segments of natural numbers, p;, rj, ox are positive numbers, 7, g are positive

integers and oy is a nonnegative integer for iel, jeJ and keK. We establish a necessary and sufficient
conditions for the oscillation of all solutions of (*) is that its characteristic equation

(n —1)(1+ Spr -3 } g =0

J
has no positive roots

AMS Subject Classifications : 39A10, 39A12.
KEYWORDS : Neutral, delay difference equation, oscillation, positive and negative coefficients.

l. INTRODUCTION

Neutral delay difference equations are difference equations in which the highest order difference of the
unknown function appears with the argument n (present state) as well as one or more retarded arguments (past
histories). Recently some investigations have appeared which are concerned with the oscillation as well as the
nonoscillation behavior of neutral delay difference equations, see, for example [3,7-9] . For further oscillation
results on the oscillatory behavior of solutions of neutral difference equation we refer the readers to the
monographs [1, 2, 4-6].

In this paper, we consider the following first order neutral delay difference equation with several
positive and negative coefficients

A[x(n)+z px(n—1)-> rix(npj)}qukx(nck)—O, nx>n_, (1.1)

J

where A is the forward difference operator defined by ax(n) = x(n+1) - x(n), I, J and K are initial segments of

natural numbers, p;, r;, gy are positive real numbers, t;, p; are positive integers and oy is a nonnegative integer
for iel, jeJ and ke K. In the case where | = ¢ or J = ¢ or both | = ¢ and J = ¢, difference equations of the
following special forms are included respectively:

[ 1
Atx(n)—z rjx(n—pj)J+qux(n—ck):0, (1.2)
[ |
ALx(n)+Z pix(n—ri)J+Zqu(n—ck):0, (1.3)
and
Ax(n)+> qx(n-c,)=0. (1.4)
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Also in the case where K = ¢, the equation (1.1) yields

[ |
ALx(n)+z px(n—1)-> rix(n—pj)J:O

J

and there exist a (nonoscillatory) solution {x(n)} where x(n) = c, ¢ a constant. We therefore assume that k=¢.
Our aim in this paper is to establish a necessary and sufficient condition under which all solutions of

(1.1) (and therefore all solutions of (1.2), (1.3), and (1.4)) oscillate. Indeed, we prove that every solution of (1.1)
oscillates if and only if its characteristic equation

F()) = (kl)[1+ Sopr - } S g " =0 (1.5)

has no positive roots. That is, the oscillatory character of the solutions is determined by the roots of the
characteristic equation.

The problem of asymptotic and oscillatory behavior of solutions of neutral delay difference equations
is of both theoretical and practical interest. The equations of this type appear in networks containing lossless
transmission lines. Such networks, for example, in high speed computers where lossless transmission lines are
used to interconnect switching circuits.

Let us choose a positive integer n* > max {7, pj;, ox}. By a solution of (1.1) on N(ng)={n,, no+1, . .. },
we mean a real sequence {x(n)} which is defined on n > n, — n* and which satisfies (1.1) for neN(n,). As is
customary, a solution {x(n)} of (1.1) on N(n,) is said to be oscillatory if for every positive integer N, > n, there
exists n > N, such that x(n)x(n+1) < 0, otherwise {x(n)} is said to be nonoscillatory.

In the sequel all functional inequalities that we write are assumed to hold eventually, that is for all
sufficiently large n.

In the case where | = ¢ , J # ¢ we can assume without loss of generality that
1={1,2,...,0}, J={1,2,...,B}, K=1,2,...,7},

0<t<1<...<1,, O<p1<p2<,_,<pﬁ,
and 0<o6;<0,<... 0, and tij=p; forielandjel

Since otherwise the terms in the brackets of (1.1) can be abbreviated. Also for our convenience we use the
following notations

I,={iel:t, <p}, I,={iel:t, 2p,},

le{je‘]:p]<tu}, JZ:{jeJ:pJZru},
K,={keK:oc, <1}, K,={keK:c, 21},
K,={keK:o, >p,}, K,={keK:oc, 2p},

and

From the above definition it is clear that
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=10l J=3,03,, K,UK,=K =K, UK,.

1. SOME USEFUL LEMMAS
In this section we establish some useful lemmas which will be used in the proof of our main theorem.
Lemma. 1. Let {x(n)} be a nonoscillatory solution of (1.1). Then it also has a nonoscillatory solution {a(n)}
such that either

o(n) >0, Ao(n) <0, A’w(n) >0, and lim o(n) =lim Ao(n) = 0 (Class - 1)

n— o

or

®(n) >0, Ao(n) >0, A’w(n) >0, and lim o(n) =lim Ao(n) = « (Class - II).
Proof. Without loss of generality, we may assume that {x(n)} is an eventually positive solution of (1.1). Set

z(n) = x(n)+z p.X(n_T.)_Z rx(n-p;)

J

and

o(m=z(m+3Y pz(n-1)->rz(n-p;).

J

We can easily show that {z(n)}and {w(n)} are the solutions of (1.1), and they are eventually strictly monotone
sequences. We have

Az(n)=-Y g x(n-o,) <0, (2.1)

Ao(n)=-Y q,z2(n-o,), (2.2)
and

Azm(n):—z q,Az2(n-05,)>0. (2.3)

From (2.1) it follows that {z(n)} is strictly decreasing and so either

lim z(n) = - (2.4)

n—x

or

limz(n)=LeR. (2.5)

n—w

Assume that (2.4) holds. Then (2.2) leads to

limAo(n) =«

n—o®

which implies that (n) >0 and lim o(n) = « , that is ,{w(n)} belongs to Class II.

n—w

Next, assume that (2.5) holds. Then

—

lim (A{z(n)+z p.z(“—T.)‘z rJz(n—pJ)J

|
BN J
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=lim (—z qkz(n—ok)J =-QL.

n—x

First we will prove that L = 0. For otherwise

Iim[z(n)+z p,z(n-t)-> riZ(n—pj)}_{;m’ if L>0

no o | . o, if L<O

which contradicts (2.5). Thus we have established that Az(n) <0 and 1im z(n) = 0. This implies that z(n) > 0
and from (2.2) we see that Aw(n) < 0. By the definition of «(n) it follows that lim Aw(n) = 0 which together

with Ae(n) <0 imply that o(n) > 0. Clearly, lim ao(n) =0, for otherwise 1im Ao (n) < 0 which contradicts the

n—o®

fact that »(n) > 0. Therefore in this case {w(n)} belongs to class I. This completes the proof.
Lemma 2. If the characteristic equation (1.5) has no positive roots, then

1, <max{p, o }. (2.6)
Proof. Since F(1) = Q > 0, F (+x) = +o0 and (1.5) has no positive roots, it follows that lim F () must be positive

or +eo, Butif p, << and o << _,we have lim F (1) = —. Moreover by our assumption «_ = p, and therefore
L—>0

t, = max{p,,o }implies that (1.5) has no positive root. This is impossible and the proof is complete.

Lemma 3. (a) Let {x(n)}e Class I. Then there exists a solution {w(n)} of (1.1) which belongs to Class I, such
that the set

. ( (1) |
AT(@)={r>1:A0(n)+[1-—|o(n) <0} = ¢.
l L KJ J

(b) Let {x(n)} e Class Il. Then there exists a solution {w(n)} of (1.1) which belongs to Class I, such that

A (o) = {k >1:-Ao(n)+ (A -1)o(n) < 0} = 0.

Proof. (a) Let {x(n)} € Class I. Set

n-o, -1

o(n)=x(n)+> px(n-t)=-> rx(n-p,)+> a, > x(s), 2.7)

J n—N

Where N = max, , {r,.p, o} Itiseasy to see that {o(n)}is a solution of (1.1) which belongs to Class I and

that Aw(n) = -3 q,x(n—N) Or Am(n)+Qx(n-N)=0. Now, Since {x(n)} is positive and decreasing, (2.7)

yields, o(n) < x(n=N)+Px(n-=N)+> q, (N -, )(n-N)<(@+P+QN)x(n-N).

Thus
Q
0=Ao(n)+Qx(n-N)>2Ao(n)+ —w(n)
1+P+QN
( Q )
=Ao(n)+ |1+ ——— -1 |w(n)
L 1+P+QN J
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( 3
\ 1 |
>Ao(n)+l1- lo(n)
Q |
1+
1+P+QNJ
o Q N
which implies that 1+ e A (o) % .
1+P+QN
(b) Let {x(n)}e Class Il. Set
o(n)=-x(M=-> px(n-t)+> rx(n-p)+Y q, > x(s), (2.8)

where n = min,  {r,.p,.,c}. Itis easy to prove that {o(n)}is a solution of (1.1) which belongs to Class Il and

thataw(n) = 3 g, (x-7m) OF -Aw(n)+Q(x-n)=0. Now, since {Xx(n)}is positive and increasing, (2.8) yields.

o(n) < Rx(n-m)+ Y g, (s, - n)x(n-n)
<(R+Y gq,0,)%(n-n)

<(R+Qo )x(n-n).

Thus,
0=-Ao(n)+Qx(n-1n)=>-Ao(n)+ w(n),
R + Qcy
or
( 0 3
—Am(n)+Ll+ —1Jm(n)£0
R + QG?

which implies that 1+ e A (o), thatis, A7 (w) = ¢. The proof of the lemma is complete.

R+Qo,

Lemma 4. (a) Let {x(n)}e Class | for which the set ~*(x) = ¢. If for a given ® > 0 there exists M > 0 such that
x(n) > Mx(n—w), then the number A;>1 which satisfies »,” = m is an upper bound of A" (x).

(b) Let x(n) e Class Il for which the set A~ (x) = ¢. If for given ® > 0 there exits M > 0 such that x(n) <
Mx(n—m), then the number 2o>1 which satisfies . = m is an upper bound of A~ (x).
Proof. (a) Otherwise x,6 e A"(x) which means that Ax(n)+{1—%jx(n)s0; that is, A (2;x(n))<0 and
therefore the sequence {x;x(n)} is decreasing. Thus

ox(n) < 1" x(n - o)
or

x(N) =2 A, “x(n - o) = Mx(n- o),
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which is a contradiction and the proof in case (a) is complete.

(b) Otherwise 2, e A (x).which implies that —ax(n) + (1, -1)x(n) < 0; thatis, A (2,"x(n)) >0 and therefore

0

the sequence {x;"x(n)} is increasing. Thus
A" x(n) 2 A, x(n - o)
or
x(n) > A0x(n— o) = Mx(n - o),
which is a contradiction and the proof in case (b) is complete.

Lemma 5. Assume that =, < max{p,.o }. Then we have the following:

(@) Let {x(n)}< Class I for which A" (x) = ¢. Then the set 1" (x) has an upper bound which is independent of x.
(b) Let {x(n)}e Class Il for which ~~(x) = ¢. Then the set A~ (x) has an upper bound which is independent of x.
Proof. (a) Let {x(n)} e Class I. Set

z(n) = x(n)+ 3 px(n-t)+ X rx(n-p) (2.9)
which also belongs to Class I. Because of the assumption, we consider the following two cases:
Case 1. pg > 1,. Then, taking into account that {x(n)} € Class I, we have

0< x(n)+z pix(n—ri)—z rx(n-p;)

<x(n+t, )+ px(n-t,)-rx(n-p,)
I

<@+ P)x(n- ru)— rux(n - p“).
Thus,

er(n—pH) r
x(n-t )>——— 0Or x(n)>
1+ p 1+P

X[nf(pﬂfta):l.

In this case, by Lemma 5(a), the positive number

xlsexpj ! In[l+PLl (2.10)

LpB -1, r,
is an upper bound of A" (x).

Case 2. o, >« . From (1.1) and (2.9), we have

Az(n)+ 3> g, x(n-c,)=0

K
or

Az(n)+ q_’x(n—csy) < 0.
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T
a

Summing the last inequality from n - r" — } to n—1 where [-] denotes the greatest integer function, we have,
2

( To,-7, ] [o,-2,1 ( )
z|n—| |]>q,]| [x(n-o),
L L 2 JJ L

or

z(n) > q [Gy_rm}x(n [67_1“}\
>q, -o, + .
N )

But also from (2.9) we have

z(n)
1+P

x(n-1 )>

and combining the last two inequalities, we get

q, [o,-x,1( [o, -7,
x(n-rt_)> — | |xtn—c_’+‘ ‘J,
or
q, e, -x, 1 ( To -7,
x(n) > | |anf| \J.
RN CIEE O A
1+P | 2 | L 2 |

We have x(n) > Mx(n—w). As before, the positive number A, where 1 ° = M is an upper bound for A" ().

Thatis,

]
|
| (2.11)
|
J

is an upper bound for A" (x).
(b) Let { x(n)} e Class II. Set

2(n) = =x(n) =3 px(n-t)+ X rx(n-p)) (2.12)

which also belongs to Class Il. Since z(n) > 0, we have

x(N)+Y px(n-1) <Y rx(n-p,)

and, taking into account that { x(n)} is positive and increasing, the last inequality yields
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x(n) <Y rx(n-p,)=Rx(n-p,)
Then, by Lemma 4(b), the positive number

(1 3
hy=exp| —InR |
(P, )

is an upper bound for A~ (x).

Remark. In the cases of equation (1.2), (1.3) and (1.4) the above Lemmas and also the main Theorem are
modified appropriately. For example, in the case of equations (1.3) and (1.4) Class Il is empty and therefore
case (b) does not appear in Lemmas 3, 4, 5 and in the proof the following main theorem. On the other hand the
proofs remain the same by modifying appropriately (2.7), (2.8), (2.9) and (2.12), (3.1) and (3.12).

. MAIN RESULT
Our main result is the following:

Theorem. The necessary and sufficient condition for the oscillation of all solutions of (1.1) is that its
characteristic equation (1.5) has no positive roots.

Proof. The theorem will be proved in the contrapositive form: there is a nonoscillatory solution of (1.1) if and
only if the characteristic equation (1.5) has a positive root. Assume first that (1.5) has a positive root A. Then
(1.1) has the nonoscillatory solution { x(n)} where x(n)=A".

Assume, conversely, that there is a nonoscillatory solution of (1.1) and, for the sake of contradiction,
that the equation (1.5) has no positive root. Then by Lemma 1, it also has a nonoscillatory solution { x(n)}
which belongs to either to Class I or to Class Il. We consider the following cases.

(i) The case { x(n)} e Class I. For this solution {x(n)}, by Lemma 3(a), we can assume without loss of generality
that ~"(x) = ¢. Let 1, e A" (x). Also, by Lemma 5(a), there is a positive number, &, > 1, such that A" () is
bounded above by A,.

Let » e A" (x) and consider the sequence {u(n)} where

u(n) =Tx(n) =x(n)+ Y px(n-t)=> rx(n-p,)

o

1 .
+>a, > x(s)+[1—;jz oS x(s). (3.1)

We can easily show that {u(n)} is a solution of (1.1) and it can be easily seen that {u(n)}< Class I.
Since (1.5) has no positive root and F(0) = F(+) = +oo it follows that

m = min F (1) > 0.
A e (0,0)

That is, for all A e (0, ),

(x-1)[1+z plx‘—Zer”'}quA“* >m 3.2)

J

and replacing A by 3, we get
A
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(% 1}(1+sz Z P'j-%—qukU“Zm
or

}[l#—z pr" j—qux“* <-m. (3.3)

>’|H

(
-

We will show that x(1+ p)e A" (u) where

m
H_
( }
1+l P+R + Q|
| 1_L|
l ")
To this end it sufficies to show that

( )
Au(n)+|1- [u(n) < 0.

L A@+p))

Define ¢(n) = »"x(n). Then

n+l

Ad(n) =2 (Ax(n)+(1—i\x(n)1<0
B GVl
and therefore {¢(n)} is decreasing sequence. From (1.1) and (3.1), we have

1
Au(n)=->aqx(n-o,)-> qu(n—ra)—[l—;}z rix(n-rt.)

Kl ‘]1

1
==Y qx(n-¢)-Y gx(n-c,)-3 Qx(n-r,) —[1—;} R,x(n-rt,). (3.4)

Also from (3.1), we have

u(n)y=xm)+> px(n-t)=-> rx(n-p,)

®

=S rx(n-p)-X a, > x(s) +L Jz Z x(s). (3.5)

s=n-t, s=n-t

Now for & e A" (x) with % > a, and taking into account (3.4), (3.5) and the fact that x(n)=A" ¢ (n), we have,

(
Au(n)+|1-

\u(n)
L 7»(1+u)J

)
[u(n)

sAu(n)+(1+p){1 e y
+u

= Au(n)+{1—%+ uju(n)
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Ky K,

j{ > ar"e(n-0,)- qu%n—c ) —QA(n -1, )_L —%}wa(n—ru)}

1T . , , 71
L —;wm(nw pATG(N—7) =Y 1 0(n-p )= 1,2 '¢(n—p,.>J|J

1 3,

( 1 S (1) -
+L ——+HJ z Y A Te(s) +L1*;JZ Z » Sd)(s)l

J s=n-t,

1

Using the fact that {Q(n)} is decreasing and taking into account the definition of Ky, K, J1, J,, we obtain

Au(n)+|(1— u(n)
L 7»(1+|,1)J

L r . W (1Y)
<A ¢(n—ru)|—2qkk“—Qlk —Ll—;JRlxn

+(l—i+p +(1—£+u\z p.A
P A CP R E
(1 ) o |
_Ll—x+pj§rjx J
[ 1
+ -2y qu“k¢(n—ck)+{1 JZ q, Z A o(s) | (3.6)
|_ Ky S=n-t, J
(1 ( 1
N R M A R IO IO (3.7)
PR e [ JZ Z J
+uz a, Z IO} 3.8)

s=n-t

Summing the inequality ax(n) + [17 i}x(n) < 0 from n—oy to o and taking into account that 1im x(n) = 0, we
A

now

have

[

-x(n-o, )+L 7;1 :GkX(S)SO-

Thus

- qu’”*°“¢(n—ck)+(1 )Z a, Z A T9(s) <0

s=n-o,

and therefore the quantity in (3.6), call it A;, we obtain

n-o,_,

A, [ quk z 270 (s)

s=n-t
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n-c,_;

(1) s
Stl_;ﬁ)(n_r“)z q, Z A

1 s=n-t,

r 1
=2 "0(n-1, )| QA" =Y g |. (3.9)
L “ ]

Similarly, for the quantity inside the brackets in (3.7), call it A,, we have

(N O
AZSLl—;JZ o> A oo(s)

1 s=n-T,

P

<x "o(n-1)Y rj(x“ _y )

[ 1
=2 "o(n-t )| RAT =S A" (3.10)
L J

‘]J

Also in (3.8)

N+,

A

n

i ATo(s) < d(n-1,) =1 "9p(n-1,) .
s=n-t, 1_3\ 1—- —
L XJ L x)

Using the above inequalities (3.9), (3.10), and (3.11), we have

(3.11)

Au(n)+|(l \u(n) <2 "o(n )I(l 1\\(1 3 prt |(Z ra” ey rx"'ﬂ
— < -1 - — + . - . + .
L (1+u)J * [L %JL C o n ]
[ 1
( . R o, N e |
—|qux*+2qu“|+p\1+z piX‘—|erk'+erk'|+R1A“+Q1—l|
K, K, ) ‘ ] (GER I, ) l—*l‘
»
—n T T A
<A 1+PA " +RA"+Q, ——

<A "p(n—t ) -maplien

=0

which implies that 2 (1 + p) e A" (u). Now setx, = x,x, = Tx, =u,x, =Tu,,and in general x_=Tx_,, m=12,..
and observe that for rea (X)=AT(x) = Al+p)e A (U) = AT (%) and after m  steps
AL+p)" e AT (x,), m=1,2,..,which is a contradiction since A, is common upper bound for all A" (x,). This
completes the proof in case (i).
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(if) The case {x(n)} e Class Il. By Lemma 3(b) we can assume that ~ (x) = ¢. Let &, e n”(x). Also by Lemma

5(b), there is a positive number A,>1. Such that A~ (x) is bounded above by A,. Let & ¢ A~ (x) and consider the
sequence {v(n)} defined by

v(n) = —x(n)—z p,x(n _Ta)+z rx(n —pj)

n-p;-1 n-p;-1

+3 a9, > x(5)+ (-1 p, > x(s)+C, (3.12)

S=No s=n,

(1) r ]
where ¢ = kaJ(QS +(k—l)P1)L—x(no)—z px(n, —t,)+ Y rx(n, —pj)J.

We can easily show that {v(n)}is a solution of (1.1) which belongs to Class II.

m = min F(r) > 0.
A e (0,0)

m

As in case (i), We will show that & + u e A~ (x) Where u =

(
2| R+ P +

N ro-1)

It suffices to show that -av(n)+(r+p—-1)v(n)<o. Define the sequence {@(n} by o(n)=A""x(n). Then

Agp(n) = A
obtain

(Ax(n) - (» —1)x(n)) > 0 and therefore {@(n} is increasing sequence. From (1.1) and (3.12), we

—av(n) ==Y g x(n-o,) -3 ax(n-p,) - (A -1 px(n-p,)

==Y ax(n-c,)-Y qx(n-0,)-Qx(n-p,)- (A -1)Px(n-p,). (3.13)

KA

Also, from (3.12), we have

n-p, -1

v(n):—x(n)—z pix(n—ri)—z pix(n—ti)+z rjx(n—pj)+z a, z x(s)

Iy I, J s=n,

n-p,-1

+( =13 p, Y x(s)+C. (3.14)

s-n,

Now for a e ™ (x) with 2 > 2, and taking into account (3.13) and (3.14), and the fact that x(n) = »"¢(n), we
have

—Av(n)+ (A +p —1)v(n)

[ 1
=2 {I Y ar "e-0,)-Y a1 "e(n-0,)- QA "e(n-P)-(A-1)PL " |
|_ Ky K, J

:
+O+pu-D]-e(M-> pr e(n-1,)
L

|
1

J

. |
> prte(n—t)+ > r Ve(n=-p,) |
n ]
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" n-p, -1 n-p, -1 'l
+(A+p-D[Y g, Y Ae(s)+ (-1 p, > ATe(s)+C |}.
K J

3 s=n, 1 s=n,

Using the fact that {¢(n} is increasing and taking into account the definition of K3, K4, 11, 15, we obtain

—Av(n)+ (A +p —1)v(n)

r ( Y
S?\n(p(nfpl)—|z QA QAT (A =DPATT + A+ -1 1= pa Y ra
L 3

K, I,

[ noet 1
+-A"Y g Ten-c )+ (A -DY q, > ATe(s)] (3.15)
L K3 K3 s:nﬂ J
. . nht 1
+(A+p =D -A"Y pr Te(n—1)+ (A -1 p, D rTe(s) | (3.16)
|_ Iy Iy s=n, J
+u> g, Y Ae(s)+ (A+p-1)C. (3.17)

Ky s=n,

Summing the inequality —-ax(n)+ (x -1)x(n) < 0 from n, to n - s, -1and taking into account that x(n) > 0, we
have

n-o, -1

-x(n-0o,)+(r-1) z x(s) < 0.

s=n,

Thus

n-o, -1
S aAr"Te(n-c )+ (-1 g, > r'e(s)<0
K K

1 3 $=N,

and therefore for the quantity in (3.15), call it B;, we have

n-p, -1

B,<(A-DY q, 3 2'¢(s)

Ky s=n-o,

n-p, -1

s(h-Den-p)Y g, > 2°

3 s=n-oy

K

( \
=2"e(n—p) QA =Y g . (3.18)
\ )

3

Similarly, for the quantity inside the brackets in (3.16), call it B,, we have,

n-p,; -1

B,<(x-1Y p, 3 127g(s)

Iy s=n-t;

n-p, -1

< -Don-p)Y p, > 2°

I s=n-g
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Also in (3.17)

) ( n
=2"e(n=p)|PA = pr " | (3.19)
\ 3 )
S e(s)<o(n-p,) Y AT :anfpl)k (3.20)

Using the above inequalities (3.18), (3.19) ,and (3.20), we have

—Av(n)+ (A =1)v(n)

) j [ ( . ) Lo -, )
=L o(n-p,) ()»—1)\—1—\2pI '7‘+2 [ '|+Zr1k J|—|qu7\ “+quk “
L L L I ) 1 Uk K, )

J 3

v ) ) " Q™
=1 pr T+ PR T [+ T+ PAT e = —— ) +(A+p-1)C.
I I, 3 r-1 _|J

1

and, inview of (3.2)

—Av(n)+ (A +p —1)v(n)

. ] ( S Lo ]
x¢(n—p1)\—m+ptzrjx B R J|+(x—u—1)c

] -1 ]

IA

>

Q, ) ca ™ ]

kp’“”'%{”‘*“(R*Pi*x 1J7f”‘+(x+p—1)x(n :
_ ~p,

As lim x(n) = » , it follows that for n sufficiently large

Thus

C -m
-m+(A+p - ——< —
x(n-p,;) 2

:
Qi =0

s |

—Av(n)+ (L +p-1)v(n) < A" x(n-p

1

-m
)‘Ter.(RJrPlJr

>

which implies that » + 1 e A~ (v) and, as in case (i), we are lead to a contradiction.

[1]
[2]
(3]

[4]
(5]

(6]

[7]
(8]

[9]

This proof of the theorem is complete.
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