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ABSTRACT: Over the past two decades the development of fixed point theory in metric spaces has attracted
considerable attention due to numerous applications in areas such as variation and linear inequalities,
optimization and approximation theory. Therefore, different Authors proved many fixed points results for self
mapping defined on complete G-Metric space. The objectives of this study are to prove fixed point results for
mapping satisfying expansion conditions.
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l. INTRODUCTION

Now a days, the study of metric spaces is considers fascinating and highly useful because of its
increasing role in mathematics and applied sciences.

In the past two decades metric spaces have gained much attention due to the advancement of metric
fixed point theory. Fixed point theorem plays a major role in many applications, such as variation and linear
inequalities, optimization and applications in the field of approximation theory. Thus the study of the fixed point
theory has been researched extensively.

During the sixties, the notion of 2 -metric spaces was introduced by [2] as a generalization of usual
notion of metric spaces (X, D). But other authors proved that there is no relation between these two functions.
For instance [3] showed that 2 -metric spaces needs not be a continuous function on its variable, where as the
ordinary metric is. These considerations led [1] in 1992 to introduce a new class of generalized metric spaces
called D-metric space as a generalization of ordinary metric spaces(X, D). However Z. Mustafa and B. Sims
have demonstrated [4] that most of the claims concerning the fundamental topological structure of D-metric
space are incorrect. Alternatively, they have introduced [6] more appropriate notion of generalized metric space
which called G-metric space.

1. PRELIMINARY NOTES:
Definition 2.1[6]-Let X be a nonempty set and let G: X x X x X — R* be a function satisfying
(Gl G(x,y,z)=0ifx=y=2z
(G2) 0 < G(x,x,y);Vx,ye X withx #y
(G3)G(x,x,vy) < G(x,y,z),forall x,y,z e Xwith z # y
(G4) G(x,y,2z) = G(x,2,¥) = G(y,z,x) (Symmetry in all three variables)
(G5) G(x,y,2) < G(x,a,a) + G(a,y,z)forall x,y,z € X(rectangle inequality)
Then the function is called a generalized metric space or, more specifically a G- Metric on X and the pair
(X, G)is G -Metric space.
Clearly these properties are satisfied when G (x, y, z)is the perimeter of the triangle with vertices at x, y, z inR?,
Moreover taking a in the interior of the triangle shows that (G5)is the best possible.
If (X, D) is an ordinary metric space then (X, D)can define G-metrics on X by:

(Es) Ds(d)(x,y,2) = d(x,y) + d(y,2) = d(x,2)
(Em) Din(d)(x,y,2) = max{d(x,y) + d(y,z) +d(x,2)}

Proposition 2.2[6]: Letis (X,G)a G metric space. Then for any x, y, z and a € X it follows that:
o G(x,y,z)=0=>x=y=12z
o G(x,y,2)<G(x,x,y)+G(x,x,2)
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e G(xyy) <2G(y,xx)
o G(x,vy,z)<G(x,a,z)G(a,y,z)
o G(x,y,z) < %{G(x,y, a)G(x,a,z)G(a,y,z)}
Proposition 2.3: Let (X, G)is a G-metric space. Then for any x, y, zand a €X it follows
G(x,y,z) <2[G(x,x,y) + G(y,y,a) + G(z,2z,a)]

Proof- G(x,y,z) < G(x,a,a)+ G(a,y,z)
G(x,v,z) <G(x,a,a) G(y,z,a)
G(x,y,z) <G(x,x,a) + G(y,a,a) + G(a, z,a)
G(x,y,z) <G(x,a,a) + G(y,a,a) + G(z,a,a)
G(x,vy,z) <2G(x,x,a) + 2G(y,y,a) + 2G(z,z,a)
G(x,y,z) <2[G(x,x,a) + G(y,y,a) + G(z,z,a)

Proposition 2.4[6]: Every G-Metric space (X, G) will define a metric space (X, d¢),ds(x,¥) = G(x,y,y) +
Gy, x,x),forall x,y,ze X

Definition 2.5[6]: Let (X, G) be a G-Metric space. Then for x,e X,r > 0 the G-ball with centre x, and a radius r
is Bg(xg,7) = {ye X: G(x0,y,y) <71}

Proposition 2.6[6]: Let (X, G) be a G-metric space. Then for any x,e€ X and,we r > 0 have
G(x0,v,2) <17 = x,y € Bs(xy,7),y € Bg(xg,7)Then there exist a§ > 0 such that B;(y, ) <

B¢ (x0,1)

Proof-(1) Follows directly from (G3), while (2) follows from (G5) with . § = r — G(x,y,y)
It follows from (2) the above proposition that the family of all G-balls B = {B;(x,r):x € X,r > 0} . Is the
base of a topology (G) on X , the G-Metric topology.

Definition 2.7 [6]: Let (X, G)be a metric space. The sequence (x,,) € X is G-convergent to x if it converges to
the G-Metric topology, 7(G).

Definition 2.8 [6]: Let be a G-metric space. Then for a sequence (x,) € X and a point x € X the following are
equivalent:

o (xn)

. G(xn,xn, ,x) - 0,asn > o

e G(xpx,x)>0,asn—> o

. G(xn,xml ,x) - 0,asn,m—>

Proposition 2.9[6]: Let (X, G)(X', G"),be two G-metric spaces. Then a function f: X — X'is G-continuous at a
point x € X iff it is s sequentially continuous at x ; that is, whenever (x,,)
is G-convergent to x we have (f (x,)) is G-convergent to f(x).

Proposition 2.10[6]: Let (X, G) be a G-metric space. Then the function G (x, v, z)is jointly continuous in all
three of its variables.

Definition 2.11 [6]: Let (X, G) be a G-metric space. Then the sequence (x,,) € X is said to be G-Cauchy
sequence if for every €> 0, there exist n, € Nsuch that G (x, x,, ,xn,) <€ foralln,m > n,.

Definition 2.12 [6]: A G-metric space (X, G)is said to be a G-complete if every G-Cauchy sequence in (X, G) is
G-convergent in (X, G), and called uncomplete G-metric space , if it is not complete.

In [5] the fixed point theory of contractive mapping satisfied variety of contractive type condition on complete
G-metric space (X, G) has been discussed. In this study we introduce the existence of fixed points of expansion
mappings in complete G-metric space.
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Lemma2.13- Let (X, G) is a G-Metric space. If sequence (x,) in X converges to x and (y,)convergestoy ,
then lim,,_, o, G(xn,yn,, yn) =G(x,y,5)
Proof- Since lim x_=x , lim y_=y.For €> 0 there exist for every
e n=n; = G6G(x,x x,) <§
o n2n, 3600 <;
Let n, = max{n,,n,} then for every by n = nyrectangular inequality we have
G(xn,yn,, yn) < G(xn,x,x) + G(x, Yn, yn)

Now by proposition (2.2)

o G(xnYn, ) S G2, %) + G, y,3) + G, v, ¥) + G(yn, 7,)
o G(TnInym) <SHCEYY) +SHS
. G(xn,yn,, yn) <G(x,y,y)+e (D)
Again G(x,y,y) < G(x, xn_,xn) + G(xn _y,y)
By preposition (2.2)
o G(6y,y) <26(xx,%,) + G(XyYn, Yn) + G(vn, ¥, ¥)

e Gy y)<2 (§) + G (X Jn) + 5
o G(x,¥,Y) <G(xXpYnVn)+E ...(2)
by (1) & (2)|G(xn,yn,yn) - G(xv Y, }’)| <€
or lim G(x,ynyn) = G(x,y,y)for alln = n,

111 MAIN RESULTS

Theorem3.1- Let Fand T be self maps of complete G-metric space with
(@ F(X) cT(X)
(b) G(Fx,Fy,Fy) = aG(Ty,Ty,Tx) + S min {G(Tx, Fy,Fy),G(Tx,Fy,Ty)}
Forallx,y e X andalsoa >1,>2,a+>1
(c) Either F or T is continuous.
(d) Pair (F, T)is semi compatible.
Then F, T have a unique common fixed point in X .

Proof-Let xye X be an arbitrary point. Since F(X) < T(X) then there exist a point x;such that Fx; = Txy =
Yo.Inductively we can define a sequence Fx,.1 = Tx, = Yp.
Now using (b) with x = x,,, ¥ = X141
G(Fxn' Fxn+1'Fxn+1)
= al[(Txpy1, Txng1, TXy) + B min{G(Txy, Fxpyq, Fxny1) G(Txy, FxXpgq, TXp41)
G(Yn-1, Y Yn) Z @G (Yn1, Ynr1, Yu) + B min{G (Y, Yo, Yn) Gn Yo Ynt1)
GYn-1,Yn ) Z a6 Vnt1, Y1, Yn)

1
G(Yn+1: Yn+1 yn) < ; G(yn—l' ynryn)

1

Let— = k then GV Ynir V) SkG(Y,_1,y,,y,) (1)
Similarly it can be found that

G(Vn-1, Y Yn) Sk ZG(yn_z,yn_l,yn_l)
By (1) we can write GOV Vi1 Yn) < K GOz, Yn—1,Yn-1)
inductively we have
G(yn+1’yn+1’yn) < k' 6o, Y1, Yn)

Now we will prove that sequence {y, } is Cauchy sequence
By using (G5) of definition (2.1), for n > m

G Y Yn) < G Yma1, Yma1) + GVt Yoo Yn)
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< GOmy Ym+1Ym+1) T CVma1s Yma2 Yma2) +
G (Ym+2) Y Yn)

< G(yvam+1vym+1) + G(ym+1JYm+2'ym+2) + ot G(yn—lryn'Yn)
+ GV Yo Yn)
< k™G (o, y1, Y1) K™ G (Yo, y1,y1) + -+ KT G (Yo, 1, Y1)
sincem < nletm =n+ pthen
G Vi Yo Yn) < k™G Yo, y1, y1) K™ G (yo, y1,71) + - + K™P71G (v, y1, ¥1)
<k™A+k+k®+ -+ kP60, V1, V1)

1-kP
S k™ (G560 yuy1)
1
< k™60 yuy1)

Since &« > 1 or k < 1 then limiting n — oo, G(ym, Vo yn) — 0, therefore{y,, } is Cauchy sequence. Since
(X, G)is complete then

lim(y,,) = Tz or its all subsequences also converges to z.Then it can be written lim( Fx,,1) =

z& lim (Tx,) = z.

Case 1Fis continuous map. Sincelim T'x,, = lim Fx,, = z, then
limFFx, = Fz& limFTx, = Fz
Since (F, T) is semi compatible. Since limTx,, = zthenlim T Fx,, = Fz
Now using (b) with x = x,,,y = Fxp,
G(Fxp, FFXp11, FFXy44)
> af{(TFxy,, TFxp41, Txy) + B min{G(Tx,, FFx,, FFx,),G(Tx,, FFx,, TFx,)}
Limitingn - o G(z,Fz,Fz) = aG(Fz,Fz,z) + B min {G(z,Fz,Fz),G(z,Fz, Fz)}
G(z,Fz,Fz) = (¢ + B)G(Fz,Fz,z)
G(Fz,Fz,z)(a +8—-1)<0
since(@+ B —1)>00r (a+p)>1
G(Fz,Fz,z) <0orFz=1z
Now by using (b) with x = x & y =z
G(Fx,,Fz,Fz) 2 aG(Tz,Tz,z) + B min {G(Tx,,Fz,Fz),G(Tx,, Fz,Tz)}
Limiting n - oo
G(z,2z,z) 2 aG(Tz,Tz,z) + f min {G(z,2,2),G(z,2,Tz)}
0> aG(Tz, Tz, z)
sincea >0 =~ G(Tz,Tz,z2) <0=>Tz=z
“Fz=Tz=2z
Therefore z is common fixed pointof T & F
T

Case 2-T is continuous map. Since lim Tx,, = lim Fx, = z,thenlimTTx,, =Tz & lim TFx, =Tz
Since (F, T) is semi compatible. Since lim Fx,, = z then lim FTx,, = z.
By using (b) with x = x,,,y = Tx,
G(Fx,, FTx,, FTx,) = aG(TTx,, TTxy,, Tx,) + B min {G(Tx,, FTx,, FTx,), G(Tx,, FTx,, TTx,)}
Limiting n —» oo

G(z,Tz,Tz) = aG(Tz,Tz,z) + fmin{G(z,Tz,Tz),G(2, Tz Tz)}

G(z,Tz,Tz) = (a + B)G(2,TzTz)

G(z,Tz,Tz)(a+B—-1)<0
since(a+pf—1)>0
& G(z2,Tz,Tz) <00rTz=12z
Again using (b) with x = x_,y =12

G(Fx,, Fz,Fz) > a[G(Tz,Tz,Tx,) + f min{G(Tx,, Fz,Fz),G(Tx,, Fz,Fz)}

Limiting n — oo
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G(z,FzFz) = aG(z,z z) + Bmin{G(z, Fz,Fz),G(z, Fzz)}
G(z,Fz,Fz) = Bmin{G(z,Fz Fz),G(Fz, 2z, z)
Since By proposition (2.2)

G(z,Fz,Fz) < 2G(z,z Fz)or
G(z,2 Fz) 2% G(z,Fz Fz) then

G(z,Fz,Fz) 2 B min{G(z Fz, FZ),%G(Z, Fz,Fz)}

G(z,Fz,Fz) = éG(Z,FZ,FZ)
2G(z,Fz,Fz) = BG(z,Fz,Fz)
G(z,Fz,Fz)(B—2)<0
Since $ > 2~ G(z,Fz,Fz) =0=>Fz=2z
“Fz=Tz=2z
Uniqueness —Let u be another fixed point of F & T then Fu =Tu =u
By using (b) with x =z , y =u
G(Fz,Fu,Fu) = aG(Tu,Tu,Tz) + B min{G(Tz, Fu, Fu), G(Tz, Fu, Tu)
G(z,u,u) = aG(u,u,z) + f min{G(z,u,u),G(z,u,u)}
G(z,u,u) = aG(z,u,u) + B G(z,u,u)
Gzuu)(a+p—-1)<0
since(a+f—-1)>0o0ra+p>1
Gluu,z)<0=>u=z
Therefore z is unique common fixed pointof F & T .

Theorem3.2- Let Fand T be self maps of complete G-metric space with
(@ FX)cTX
(b) G(Fx,Ty,Ty) = aG(Ty, Ty, Fy)+ B G(Fx,Tx,Tx) +y min {G(Tx, Fy, Fy), G(Tx, Fy,Ty)}
Foralla>10<f<l,a+p>1andforally >1la+y>2
(c) Either F or T is continuous.
(d) Pair (F, T)is semi compatible..
Then F& T have a unique common fixed point in X.
Proof-Let be an x, € X arbitrary point. Since F(X) c T(X),then there exist a point x{such that Fx; = Txy =
Yo-Inductively we can define a sequenceFx,, .1 = Tx,, = y,.
Now using (b) with x = x,,, ¥ = X141
G(Fxn, FXpy1, FXpniq)
= a[G(Txny1, Txny1, Fxng1) + BG(Fxy, Txp, Txy)
+ vy min{G(Txp, Fxpy1, Fxny1) G(Txp, Fxnyq, Txngq)
G(yn—l’yn’ yn) = aG(yn+1’yn+1'yn) + ﬁ G(yn—l’yn’yn) +
¥ min G (Yo, Y, Yn) G Ons Yoo Yn+1)
G(Vn-1 YY) 2 @G (Yn+1, Yn+1, Yn) + BCWn—1, Y, Yn)
G(Yn—l'yn' Yn)(l - ﬂ) = aG(yn+1'yn+1'yn)
G(Yn+1 Yn1,Yn) < % G(Yn-1, Y, Yn)
%<1 ora+f>1
Let % = k then

G(Vn+1 Yn+1 Yn) Sk G(Yn-1, Y0, ¥n) - (1)
Similarly it can be found that
G(Yn-1,YnYn) <k Gz(yn—zryn—lryn—l)
By (1) CWnyrr Vi1 V) SK G2V 1 V1)
Inductively we can define

G(Vn+1, Yns1,Yn) S k™ G(Yo, ¥1, Y1) (2)
Now we can show by the manner of theorem (3.1) that sequence {yn} is Cauchy sequence. Since (X, G)is

complete then lim(y,,) = z or its all subsequences also converges to z .Then it can be
written lim Fx, = z,lim Tx, = z,.
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Case 1- F is continuous map.
Since lim( Fx,,) = lim (Tx,) = z, Then
lim(FFx,) =Fz& lim (FTx,) =Fz
Since (F, T ) is semi compatible, lim Tx;,, = z then lim TFx,, = Fz
Now using (b) with x = Fx,, , ¥y = Xp4q.
G(FFxp, FXxpy1, FXnyq)
> a[G(Txpi1, TxXpy1, FXne1) + BG(FFxy, TEx,, TFx,)
+y min{G(TFxy, Fxyy1, FXn1) G(TFxy, FXpiq, TXn41)
Limitingn - o
G(Fz,2,2) 2 aG(z,2,2z) + B G(Fz,Fz,Fz) + ymin {G(Fz,2,2),G(Fz,2,2)}
G(Fz,2,z) 2 yG(z,2z,Fz)
G(Fz,z,z2) (y—1)=0
since y > 1 implies Fz = z
Now using (b) with x = x, & y =z

G(Fx,, Fz,Fz)
> a[G(Tz,Tz,Tz) + BG(Fx,, Txy,, Tx,) + y min{G(Tx,, Fz,Fz) G(Tx,, Fz,Tz)
limitingn — o
G(z,2,z) 2 aG(Tz,Tz,z) + BG(z,2z,z) + y min {G(z,2,2),G(z,2,Tz)
0> aG(Tz Tz 2)
since a > 0 therefore G(Tz,Tz,z) <0=Tz=2S0Tz=Fz =z

Case 2- T is continuous map. Since lim( Fx,,) = lim (Tx,) = z, Then
lim(TTx,) =Tz & lim (TFx,) =Tz

Since (F, T ) is semi compatible. Since lim(Fx,,) = z then lim(FTx,) = Tz.
By using (b) with x = Tx,,,y = Xp41
G(FTxn+1Fxn+1'Fxn+1)
> a[G(Txp41, Txps1, Fxpeq) + BG(FTxy, TTxy,, TTxy)
+vy min{G(TTxn' Fxn+1' Fxn+1) G(TTxn: Fxn+1: Txn+1)
n — oo
G(Tz,z,z) = aG(z,2,2z) + BG(Tz,Tz,Tz) + y min {G(Tz,z,2),G(Tz, z,z)
G(Tz,z,z) 2y G(Tz,z,z)
y—1)G(Tz,22)<0
Sincey —1=0o0ry = 1therefore G(Tz,z,z) < 00r Tz =z
Again using (b) with x = x_,y = z
G(Fxy, Fz,Fz) 2 a|G(Tz, Tz, Fz) + BG(Fx,, Tx,, Tx,) +y min{G(Tx,, Fz,Fz) G(Tx,, Fz,Tz)
limiting n — o
G(z,Fz,Fz) 2 aG(z,z,Fz) + BG(z,2,z) + y min {G(z,Fz,Fz),G(z,Fz,z)
By proposition (2.2) we have G(z,z,Fz = % G(z,Fz,Fz)so
a
G(z,z,Fz > 5 G(z,Fz,Fz) +§ G(z,Fz,Fz)
G(Z,Z,FZ)(aTﬂ,— <0
SinceaTﬂ/ —1>00ra+y>2thenG(z,Fz, Fz) < Oimplies Fz = z
Uniqueness —Let u be another fixed point of F & T then Fu =Tu =u
By using () with x =z , y =u
G(Fz,Fu,Fu) = aG(Tu,Tu, Fu) + fG(Fz,Tz,Tz) + y min {G(Tz, Fu, Fu), G(Tz, Fu, Fu})
G(z,u,u) = aG(u,u,u) + BG(z,2,2z) +ymin {G(z,u,u),G(z,u,u)}
G(z,u,u) =2y G(z,u,u)
-1D6(Euu)<0

sincey—1>0,y>1
G(u,u,z) <0oru=z
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Therefore z is unique common fixed pointof F & T .

X

Example- Let x,y € Xand X = [3,0], F(x) = x?, T(x) = > X = {%} And G(x,y,z) =d(x,y) +
d(y,z) +d(z,x)

lim F(x,) = limx,? = limni2 =0

lim T (x,) = %" = limi =0 ~ limF(x,) =1limT(x,) =0

lim { F(T,)} =lim(Tx,)? = lim (%2 = lim % = 0 and

T(z) =T(0) =0~ 1im{F(Tx,)}=T(2)

So that (F, T)is semi compatible.

Takingx =3,y=0anda > 18 = % ,y = 2, it satisfy greater than condition of (b) and if « > 1,8 = % Y =
5 it satisfy equal to condition of (b) and 0 is the fixed point of F & T.

Theorem3.3- Let E, F, T & H be self of complete G -metric space with

(@ F(X) cT(X)and E(X) c H(X)

(b) G(Fx,Ey,Ey) = aG(Ty,Hy,Ey) + BG(Fx,Tx,Tx) + y min {G(Tx,Ey,Ey),G(Tx,Fy,Hy)}
Foralla,y > 1lL,a+B>1&L+2y >0

(c)Either F or T is continuous

(d) Pair (F, T)is semi compatible.

(e) TE = ET,FE = EF ,TF = FT.

If F2 is an identity map then E, F, T & H have a unique common fixed point in X

Proof- Let x, € X be an arbitrary point. Since ) F(X) c T(X) and E(X) < H(X)then

there exist a point x4, xpsuch that Fx; = Txy = yg & Ex, = Hx; = y;.Inductively we can
define a sequence Fx,,.1 = Tx,, = YV & Expyo = HXpp1 = Ynan-
Now using (b) with x = x,,, ¥ = Xp41
G(Fxn, Exny1, Fxny1) 2 a[G(Txpyq, HXpy1, Expyr) + BG(Fxy, Txp, Txy) +
14 min{G (Txn' Exn+1' Exn+1) G(Txn: Fxn+1: Hxn+1)}
G(yn—l’yn’yn) = aG(yn+1’yn+1’ yn) +
B G(Vn—1, Y, Yn) + ¥ Min G (¥, Yn, ¥n) GVns Yo Yns1)
G V-1, Y ¥n) 2 A6 Wns1, Yns1,Yn) + BC(Yn-1, Yns Yn)
2 aG(Yn+1, Yn+1,Yn) + BG(Yn—1, Yn, ¥n)
G()’n—l:)’n'Yn)(l - .8) = aG(yn+1'yn+1'Yn)
G(Yn+1, Yn+1:Yn) < % G (Yn-1 Y ¥n)
Since % <lora+pf>1

Let . k then
a

N G+t Ynt1,Yn) S K GOn1, Y0 ¥n) - (1)
Similarly GOV Yn-1) < kG(Yn-2,Yn-1,Yn-1)
By (1) G Vna1s Va1 Yn) < k? GVp—2) Yn—1,Yn-1)
Inductively we can define

Gt Va1, Yn) < K" G(Yo, 1, ¥1)--- (2)
By theorem 3.1it can be considered that sequence {yn}is Cauchy sequence.
limFx,,;1 =z &lim Tx,, = z,limEx,,, =z & lim Hx,,,; =z
Case 1-is continuous map. Since lim( Fx,) = z & lim (Tx,) = z then
lim(FFx,) = Fz& lim (FTx,) = Fz
Since (F, T)is semi compatible. Since lim(Tx,,) = z thenlim (TFx,) = Fz
Now using (b) with x = Fx,, , ¥y = Xp41
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G(FFxp, Expy1, EXxnyq)
> a[G(Txpy1, HXpy1, Expy1) + BG(FFxy, TFx,, TFxy,)
+ vy min{G(TFxy, Expy1, Expy1) G(TF X, FXpyq, HXp44)
Limitingn — oo
G(Fz,2,z) =2 aG(z,2,2z) + BG(Fz,Fz,Fz) + y min {G(Fz,z,2),G(Fz,2,2)}
G(Fz,z,z) 2y G(z,2 Fz)
y—1)GFzzz) <0
Sincey > 1 implies Fz =z
Now using (b) with x =z & y = x,
G(FZ' Exn+1'Exn+1) =
alG(Txpi1, Hxny1, Expiq) +BG(Fz,Tz,Tz) +y min{G(Tz, Expiq, Exny1) G(TZ, Fxyyq, HXpi1)}
limn — oo
G(z,2,z) 2aG(z,2,z) +  G(2,Tz,Tz) + ymin{G(Tz,z,2) ,G(Tz,z2)}
0= BG(2,Tz,Tz)+y G(Tz,2z2z)
By proposition (2.2) that G(z,Tz,Tz) = %G(z, z,Tz)

0 Zg G(z,Tz,Tz)+ vy G(Tz,z,2)

+1

G(Tz,z,2) <§+ y) <0

Since§+y >00r> f+2y>0
~G6(Tz,2,2) <0=>Tz=z2
By using () withx = Ez & y = x,41
G(FEz, Expy1, Expyq)
> a[G(Txp41, HXpy1, Expy1) + BG(FEz,TEZ TEZ)
+ ymin{G(TEz, Exp41, Expy1) G(TEZ, Fxpyq, HXp 1)
Since EF = EF & TE = ET also lim n —» o

G(Ez,z,z) 2 aG(z,2,z) + BG(Ez,Ez,Ez) + y min {G(Ez, z,2),G(Ez, z,2})
G(Ez,z,z) 2y G(Ez, z,z)
(y —1G(Ez,z,2) <0
sincey>1ory—1>0
G(Ez,z,z) <00rEz =z
By using (b) with x = x_, y =2
G(Fx,,Ez,Ez) =2 a|G(Tz,Hz,Ez) + BG(Fx,, Txy,, Tx,) + ymin{G(Tx,,Ez,Ez) G(Tx,,Fz, Hz)
Taking lim n — oo
G(z,2z,z) 2 aG(z,Hz,z) + fG(z,2,z) + y min {G(z,2,2),G (2,2, Hz)
0> aG(z,Hz, z)
since @ > 0 therefore G(z,Hz,z) <0 = Hz =z
soTz=Fz=Ez=Hz=2z
Or z is acommon fixed point of all four maps.

Case 2-When T is continuous map. Since lim Fx,, = z & lim Tx,, = z then

limTFx, =Tz & lim TTx, =Tz
Since(F, T) is semi compatible map. Since lim Fx,, = z then lim FTx,, = Tz
By using (b) with x = x, & y = x,41

G(FTxn, Expy1, Expyq)
> a[G(Txps1, Txps1, Expneq) + BG(FTxy, TTxy,, TTxy)
+y min{G(TTxp, Expi1, Exny1) G(TTX 41, FXny1, Tny1)}
lim n - oo
G(Tz,z,z) 2 aG(z,2,2z) + B G(Tz,Tz,Tz) + ymin{G(Tz,z,z) ,G(Tz z z)}
G(Tz,z,z) 2 yG(Tz,z2z)
G(Tz,z,z)(y—1)<0
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Sincey—1>0o0ry>1
G(Tz,2,z) <0=>Tz=1z
By using (b)) withx = Fz &y = x4
G(F?2,EXpy1, EXpit)
> a[G(Txps1, Hxns1,Exns1) + BG(F?z,TFz, TFz)
+ ymin{G(TFz, Exp41, Exps1), G(TFz, Fxpyq, HXpy1)}
limn - oWithFT =TF & F?2 =1
G(z,2z,z) 2 aG(z,z,z) + f G(z,Fz,Fz) + ymin{G(Fz,z2,z) ,G(Fz,z,z)}
0> pBG(z,Fz,Fz)+ y G(Fz,z,z)
Then by proposition (2.2)

0 Zg G(z,2,Fz)+y G(z,2Fz)
G(Z,Z,FZ)(@— 1H)<0

B2 5 0 or B + 2y > 0, therefore G(z,z, Fz) = 0 implies Fz = z.

SmceT
Again by using (b) withx = Ez &y = X541
G(FEz, Exny1, Exnyq)
> a[G(Txp4q, HXpy1, Expyq) + PG(FEz, TEZ, TEZ)
+ ymin{G(TEz, Exp11, Exps1), G(TEZ, Fxyyq, HXpy1)}
since FE = EF ,TE = ET and lim n - o
G(Ez,z,z) =2 aG(z,2,z) + B G(Ez,Ez,Ez) + ymin{G(Ez, z,2) ,G(Ez, z,z)}
G(Ez,z,z) =2 yG(Ez,z,2)
(y —1)G(Fz,z,z) < Osince
y—1>00ry>1
Therefore G(Ez,z,z2) <0=>Ez=2z
Now by (b) with x = x, & y =z

G(Fx,,Ez,Ez) > a|G(Tz,Hz,Ez) + BG(Fxy, Txy, Txy,) +y min{G(Tx,,Ez,Ez) G(Tx,, Fz, Hz)}
Taking lim n — oo
G(z,2z,z) 2 aG(z,Hz,z) + BG(z,2,z) + y min {G(z,2,2),G(z,z Hz)
0> aG(z Hz,z)
sincea >0 «~ Hz=1z
Therefore z is a common fixed point of.E,F,T & H

Uniqueness - Let u be another fixed pointof F & Tthen Eu = Fu =Tu=Hu =u
By using (b) with x = z,y = wu.
G(Fz,Eu,Fu) = aG(Tu, Hu, Eu) + BG(Fz,Tz,Tz) + y min {G(Tz, Eu, Eu), G(Tz, Fu, Hu)}

G(z,u,uw) = aGu,u,u) + L G(z,2,2) + ymin{G(z,u,w) ,G(z,u,w)}

G(z,u,u) = y G(z,u,u)

¥—-—1DG(z,u,u) <0 sincey—1>0ory>1

Gzyzuu) <0=u=z
Therefore z is a uniqgue common fixed point of E ,F,T & H.

Theorem3.4- Let E,F, & T be self maps of complete G-metric space with
@FX)cTX)and E(X) c T(X)
(b)G(Fx,Ey,Ey) = aG(Ty, Ty,Ey) + B G(Fx,Tx, Tx) + y min {G(Tx, Ey, Ey), G(Tx, Fy, Ty)}
Foralla,y >1,0<f<l,a+p8>1&B+2y >0
(c)Either F or T is continuous
(d) Pair (F, T)is semi compatible.
(e) TE = ET,FE = EF ,TF = FT.
If F2 is an identity map then E , F, & T have a unique common fixed point in X.
Proof- theorem can be easily proved by manner of theorem (3.3).
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