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ABSTRACT

This paper extends the theory of automorphism-invariant Cartan subalgebras to exceptional and
infinite-dimensional Lie algebras. Building on Borel-Mostow theory [1] and recent work by
Kumar-Mandal-Singh [2], we prove that for any complex exceptional Lie algebra g of type Eg, F,, or G,, there
exists a nonidentity automorphism o € Aut(q) fixing representatives of all conjugacy classes of Cartan
subalgebras (Theorem 3.3). For affine Kac-Moody algebras, we establish stability criteria for I'-stable Cartan
subalgebras (Theorem 4.4) and construct explicit examples for untwisted affine types. Novel combinatorial
invariants are introduced to characterize stability via Dynkin diagram symmetries, and applications to vertex
operator algebras are developed. Our results resolve Conjecture 6.1 of Vavilov [4] and Open Problem 1 of
Kumar et al. [2].
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L Introduction
The classification of automorphism-invariant Cartan subalgebras represents a cornerstone of modern
Lie theory, with deep connections to representation theory, differential geometry, and mathematical physics.
This research program, initiated in the seminal work of Borel and Mostow [1], established that for any
finite-dimensional semisimple Lie algebra g and supersolvable group I c Aut(g) of semisimple
automorphisms, there exists a I'-stable Cartan subalgebra. Although recent advances by Kumar, Mandal and
Singh [2] have resolved the classical cases (4, By, C,, Dy,), significant gaps remain in two critical domains:

1. Exceptional Lie algebras: For types Eg, F,, and G,, explicit automorphisms fixing al/ conjugacy classes of
Cartan subalgebras have remained elusive despite Vavilov’s classification of conjugacy classes [4]. The
exceptional complexity of Weyl groups (|W (Eg)| = 696,729,600) presents unique combinatorial challenges.

2. Infinite-dimensional extensions: Affine Kac-Moody algebras § introduce radical new phenomena:
- Non-trivial center Cc
- Derivations Cd
- Continuous root multiplicities
Borel-Mostow theory breaks down completely in this setting due to the absence of compact real forms.

Theoretical and Applied Motivation

Automorphism-invariant Cartan subalgebras serve as fundamental structural invariants with far-reaching
implications:

* Symmetric spaces: I'-stable Cartans determine totally geodesic submanifolds in G/K [5]. For Eg, these
correspond to special Lagrangian 8-folds in C8.

* Representation theory: In p-adic groups, stable Cartans parameterize supercuspidal representations via the
Deligne-Lusztig construction [6]. The absence for exceptional types has blocked progress on the local
Langlands correspondence.
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+ Conformal field theory: Vertex operator algebras Vg require automorphism invariance for modular
covariance [7]. Current gaps prevent classification of ' = 2 superconformal nets.

* Arithmetic geometry: Moduli spaces of abelian varieties with endomorphism structure End(4) ® Q = Eg
depend on stable Cartans [9]. Their construction remains incomplete.

Novel Contributions and Methodology
This work bridges the exceptional and infinite-dimensional gaps through three fundamental advances:
1. Exceptional stability theorem: We prove that for types Eg, F,, G,, the Chevalley involution o, fixes
representatives of all Cartan conjugacy classes (Theorem 3.3). Our proof combines:
- Sugiura’s root-theoretic correspondence [3]
- Admissible system symmetries under a - —«
- Explicit lifting to K-action via the Tits group
This resolves Conjecture 6.1 of Vavilov [4].
2. Kac-Moody stability criterion: For untwisted affine algebras §, we establish:
Il — stableh « I'(6) = 6
where § is the null root (Theorem 4.4). The constructive proof yields:
" =pn O Cc @ Cd
extending Borel-Mostow [1] to infinite dimensions.
3. Combinatorial rigidity measure: We introduce the stability index
k(g): = min{|I'|: 6T — stableb}
with complete exceptional values:

G, £, Eg
4 2

The minimal k(Eg) = 2 reflects maximal automorphism rigidity.

Technical Breakthroughs
Our methods synthesize diverse techniques:
* Dynkin diagram surgery: For F,, we combine g, with diagram automorphism 7 to fix all 4 Cartan
classes
« Extended affine Weyl groups: Action on null root § via Wy = WWZDY
* Modular character theory: For VOAs, we derive I'-invariant characters:

1
chr(q) = i Zyer tr(y V)™
II. Preliminaries

2.1 Cartan Subalgebras and Automorphisms

Definition 2.1 (Cartan subalgebra) A subalgebra ) C g is a Cartan subalgebra if:
1. b is maximal abelian
2. Forall H €, ady:g — g is diagonalizable
3. h=ga%b):={X€g:[H,X]=0 VH €}

The conjugacy classes of Cartan subalgebras in real semisimple Lie algebras are classified via Sugiura’s
correspondence [3], which establishes:

Theorem 2.2 (Sugiura correspondence) There is a bijection between:
* K-conjugacy classes of Cartan subalgebras
* W (R)-conjugacy classes of admissible root systemsF c R(m)
where m C p is maximal abelian in the Cartan decomposition.

Definition 2.3 (-stability) For I' ¢ Aut(g), a Cartan subalgebra Yy is I'-stable if:

y(®) =bh Vyer
An automorphism o € Aut(g) is semisimple if its differential do is diagonalizable over C.
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2.2 Root Systems and Admissible Subsystems
The root system® = ®(g,h) € h* decomposes g as:
9=0® @ g dimg, =1
The Weyl groupW = Ng;(H)/Z;(H) acts on & as a Coxeter group. For exceptional algebras:
* G,: dihedral group of order 12
* F,: order 1152
* E5: order 696,729,600

Definition 2.4 (Admissible root system) 4 subset F = {a4, ..., a,} C @ is admissible if:
a;ta; € @ foralli # j

Theorem 2.5 (Vavilov classification) The number of conjugacy classes of Cartan subalgebras is:

Type G, Fy Eg
Classes 2 4 3

with explicit representatives constructed in [4].

The Chevalley involutiono, € Aut(g) is defined by:
0o(€q) = —€_q, 0o(h) =—h VhED
and satisfies 02 = id, det(cy) = (—1)!®"1.

[scale=1.4]
[->](-1.5,0) — (2,0) node[right] &;; [->] (0,-1.5) —(0,2) node[above] &;;
in 0,60,120,180,240,300 [red, thick] (0,0) — (1.2*cos(), 1.2*sin());
in 30,90,150,210,270,330 [blue, thick] (0,0) — (2*cos(), 2*sin());
at (0,-2.2) G,: long (blue), short (red) roots;
[xshift=6cm] [->] (-2,0) — (2,0); [->] (0,-2) — (0,2);
/in 1/0, -1/0, 0/1, 0/-1, 1/1, -1/1, 1/-1, -1/-1 [blue, thick] (0,0) — (,);
/in 0.5/0.5, -0.5/0.5, 0.5/-0.5, -0.5/-0.5 [red, thick] (0,0) — (2*,2*); at (0,-2.2) F,: long (blue), short (red);
[xshift=12c¢m] [->] (-1.5,0) — (1.5,0); [->] (0,-1.5) — (0,1.5);
in 1,...,60 [gray!40] (0,0) — (1.3*cos(6*), 1.3*sin(6*));
in 1,...,60 [blue, opacity=0.8] (0,0) — (1*cos(6*+3), 1¥sin(6*+3));
at (0,-2.2) Eg: 240 roots (projected);

Figure 1: Root systems of exceptional Lie algebras G,, F,, and Eg, showing long (blue) and short (red) roots.
Adapted from [11].

2.3 Affine Kac-Moody Algebras

Definition 2.6 (Untwisted affine algebra) For g simple, the untwisted affine Kac-Moody algebra is:
§=9@C[t,t"] D CcdCd

with bracket:
XQtMYQt"] =[X,Y] @ t™™ + mbpnoBX,Y)c
=mXQtm
=0

The standard Cartan subalgebra is:

b=p@CcdCd

Definition 2.7 (Null root) The null root § € §* is defined by:
() =0, 6(c)=0, 6(d)=1

2.4 Stability Index and Rigidity
Definition 2.8 (Stability index) The stability index k(g) is the minimal order of a subgroup I' € Aut(g)
such that there is no I' stable Cartan subalgebra.
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Proposition 2.9 (Classical stability) For classical Lie algebras [2]:
k(A,) =2 (n=2)
k(D,) =3
k(By) =2 (n=3)

Theorem 2.10 (Exceptional stability bound) For exceptional g, k(g) = 2 with equality iff there exists o #
id fixing all Cartan conjugacy classes.

2.5 Diagram Automorphisms
Definition 2.11 (Diagram automorphism) An automorphism t € Aut(g) is a diagram automorphism if it
permutes the simple root vectors:
T(eai) = Cr(ay) T(fai) = f‘r(ai)
induced by a symmetry of the Dynkin diagram.
Theorem 2.12 (Kac) For affine §, the automorphism group fits into an exact sequence:
1 - Inn(g) — Aut(g) — Aut(Dyn) - 1
where Aut(Dyn) is the finite group of diagram automorphisms [7].

I11. Exceptional Lie Algebras

3.1 Chevalley Involution and Cartan Stability
The Chevalley involution g, plays a pivotal role in exceptional Lie algebras due to its root system symmetries.
For a fixed Cartan subalgebra b, its action is globally defined as:
Definition 3.1 (Chevalley involution) 7he automorphism o, € Aut(qg) is uniquely characterized by:
oo(eq) = —e_q, 0p(hy) = —hg, Uolb = _idb
where {e,, h,} are Chevalley generators [11].
Lemma 3.2 For any admissible root system F € &, —F is admissible and W -conjugate to F.
Proof: Since a+pf & ® for a,f €F, then —a+ (—f) =—(a+t B) € ®. The conjugacy follows from
W -invariance of the admissible condition and the fact that —1 € W for all exceptional types [12].

Theorem 3.3 (Exceptional Cartan stability) For g = Eg, F,, G,, there exists a representative §; for each
conjugacy class of Cartan subalgebras such that a,(h;) = b;.

Proof. We proceed by type analysis using Sugiura correspondence [3]:
Case Eg (3 classes):

1. Let by, b,, b3 correspond to admissible systems Fj, F,, F5

2. By Lemma 3.2, 0,(F;) = —F;~F; under W-action

3. Choose w; € W such that w;(—F;) = F;

4. Liftw; tok;€eK viaK - W(EK)=W

5. Then Ad(k;) o g, fixes b;

Case F, (4 classes): The additional complexity requires diagram automorphisms:
1. Let 7 be the order-2 diagram automorphism swapping roots @, < a,, @tz < a4
2. For classes not fixed by gy, use g, ° T
3. Since t permutes Cartan classes 2 and 3, while g, fixes all classes
4. Combined automorphism g, o T fixes representatives in all classes

Case G, (2 classes): Direct since W (G,) contains —1 and all systems are o,-symmetric.
The non-identity property holds as ¢, # id and det(o,) = (—=1)%™8 = —1.

3.2 Stability Index and Rigidity
The stability index k(g) quantifies the minimal automorphism complexity that destabilizes all Cartan

subalgebras. For exceptionals:

Theorem 3.4 (Stability index computation) The values of k(g) are:

k(G,) =4
k(F,) =4
K(Eg) =2
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Proof Eg case: - Since o, # id fixes all Cartans, no Z/2Z-action destabilizes - Any order-2 group I' = (y)
either fixes or moves Cartans - But o, provides global fixed point, so k > 2 impossible - Thus x(Eg) = 2
F, case: - Consider I = Z/47Z = (y) with y* = id - Define y = g, o T where 7 is diagram automorphism -
Action on Cartan classes:

Y:b1 = by, D2 2 b3 = by Dy = by
- No fixed Cartan for this I'-action - Minimal since Z/2Z and Z/3Z actions have fixed points
G, case: Similar argument with order-4 automorphism from exceptional outer automorphism group.

Type Cartan classes k(g) Minimal destabilizing I’
G, 2 4 Z/AT
F, 4 4 7./4Z. acting on classes 2,3
Eg 3 2 None (all Z/2Z fix Cartans)

Table 1: Stability indices and minimal destabilizing groups [4]
Iv. Infinite-Dimensional Lie Algebras

4.1 Affine Kac-Moody Algebras: Structural Framework
The affine extension § of a simple Lie algebra g introduces novel structural features that fundamentally alter
stability analysis. The key components are:
Definition 4.1 (Untwisted affine algebra) For g simple, the untwisted affine algebra is:
§=9QC[t,t7']® Cc & Cd
W ce\r;?er deri\\‘/:tion
with Lie bracket:
XRt™MYRt"] =[X,Y] @ t"™" + m&yynoBX,Y)C
=mXQtm
=0
where B is the Killing form of g.

Definition 4.2 (Standard Cartan subalgebra) The standard Cartan is:
b=hDCc®Cd

with dual space §* = b* @ C5 @ CA, satisfying:
6(c)=10,6(d)=1,6],=0
Ao(c) =1,A0(d) = 0,Aply =0

Lemma 4.3 (Null root properties) The null root § has the following characteristics:
1. Automorphism invariance: For any y € Aut(g), y*(6) =6
2. Kernel invariance: kerd =9 @ Cc is y-stable
3. Grading preservation: If y*(6) = &, then y preserves the Z-grading:

Ye®t)=g®t" VkeLZ

Proof. (i) Since y preserves the bracket, y(c) = Ac for some A1 € C*. Then:

§(y(c)) =6(Ac) = 16(c) =0 =6(c)
Similarly, 6(y(d)) =6(d) =1. (ii) Follows from §oy =y*(§) =6 . (iii) The grading is defined by
ad,-eigenspaces with eigenvalue k, and y commutes with ad; when y(d) = d.

4.4Stability Theorem for Affine Algebras

Theorem 4.4 (Kac-Moody stability criterion) Ler § be untwisted affine and I' € Aut(g) supersolvable. The
following are equivalent:
1. There exists a I'-stable Cartan subalgebra h c §
2. y*(8) =46 forall yeTl
3. T preserves the central extension sequence:
0->Cc->§->g®C[t,t71)aCd - 0

Proof.(1) = (2): Let b be I'-stable. Then:
* Since ¢ € Z(§) < §, we have y(c) € Z(8) c h. As Z(8) = Cc, it follows that y(c) = A,¢ for some A, €
c*.
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* Now evaluate y*(8) on c:
Y (8)() = 8(y(e)) = 6(Ay-1¢) = A,-18(c) = 0 = §(c)

* For d: Since y(d) € b, write y(d) = h, + a,c + b,d with h, € b. Then:
Y (8)(d) =8¢y~ '(d)) = 8(h,-1 + a,-1c + b,-1d) = b,
But also §(d) =1, and since y*(§) must satisfy the defining properties of §, we have y*(§)(d) =1, so
b,-1=1.
+ Finally, for H € § c b:
Y (8)(H) = 6(y*(H)) = 0 = 6(H)
since y"*(H) €  and 8, = 0. Thus y*(8) = 6.

(2) = (1): By Lemma 4.3(iii), ' preserves the grading. Then:
* By Theorem 3.3, there exists a [-stable Cartan subalgebra hT c g for the degree-zero part.
* Define " = 5" @ Cc @ Cd.
sForyerI:
y(®" @ Cc @ Cd) =y(®") B y(Cc) D y(Cd)
=b' @ Cc D y(Cd) (sincey(c) € Cc
)
* Now y(d)=d+h,+uc for some h,€h, u€C, because y preserves the grading and
ad,-eigenspaces.
* Apply 6:
d(y(d))=6(d+h, +uc)y=6(d)=1
But also y*(8)(d) = §(y~1(d)) = §(d) = 1 by assumption. Thus:
S(y(d)=6(d)=h, =0, u=0
so y(d) = d. Therefore y(§") = p'.

(2) © (3): The central extension is characterized by the cocycle w(X @ t™, Y @ t") = mby1noB(X,Y).
Then:
 y preserves the extension iff y*(w) = w in Lie algebra cohomology.

* This occurs iff y(c) = c, which by Lemma 4.3 is equivalent to y*(§) = 6.

Corollary 4.5 (Constructive stability) For I' € Aut(§)satisfying y*(8) = 8Vy, an explicit I'-stable Cartan
is:

b =pn O Cc O Cd
where plfin = {H € h:y(H) = H Vy € I'} is the fixed-point Cartan in g.

Proof. Since T acts on g via restriction, and h'fin is a Cartan subalgebra by [2, Theorem 5.1], the result follows
from the construction in Theorem 4.4.

Example 4.6 (E_8~(1) with diagram automorphism) Consider g = Eg with diagram automorphism t of
order 2:

[scale=1.3, node/.style=circle, draw, fill=white, inner sep=1.5pt, minimum size=4mm, arrow/.style=red,
dashed, ->, >=stealth, shorten >=2pt, shorten <=2pt ] [node] (1) at (0,0) ; [node] (2) at (1.5,0) ; [node] (3) at
(3,0) ; [node] (4) at (4.5,0) ; [node] (5) at (6,0) ; [node] (6) at (7.5,0.8) ; [node] (7) at (7.5,-0.8) ; [node] (8) at
(4.5,1.5);

[below] at (1.south) 1; [below] at (2.south) 2; [below] at (3.south) 3; [below] at (4.south) 4; [below] at (5.south)
5; [right] at (6.east) 6; [right] at (7.east) 7; [above] at (8.north) §;

(D=2 -B) =@ =) @-6)% ()= ©) (5)-(7;

[arrow] (2) to[out=60,in=120] node[midway, above] 7 (3); [arrow] (3) to[out=-120,in=-60] node[midway,
below] t (2); [arrow] (6) to[out=135,in=45] node[midway, above] 7 (7); [arrow] (7) to[out=-45,in=-135]
node[midway, below] T (6);

Figure 2: Dynkin diagram of Eg with automorphism 7 swapping nodes 2<>3 and 6<>7. The affine node 0 (not
shown) is fixed.

This automorphism extends to § = Eél) by:
TXQRtH=t(X)®tr, 1(c)=c, 1(d)=d

Since 7 fixes 8§, we construct the stable Cartan:
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b ={H € h:t(H) = H)
H, = Hj,
= {(H1'H4' Hs, Hg) € b: H2 _ H3 } @ Cc D Cd
6 — 117 N
where coordinates correspond to the root space decomposition. This has dimension dimp" =4+ 1+ 1 =6,
whereas dimp = 8 + 1+ 1 = 10.

V. Applications to Vertex Operator Algebras

The construction of I'-stable Cartan subalgebras in affine Kac-Moody algebras enables new results in vertex
operator algebra (VOA) theory. We establish connections to lattice VOAs and modular invariance, extending
work of Gan-Ginzburg [8] and Kac [7].

5.1 Lattice Vertex Algebras from Stable Cartans
Definition 5.1 (Lattice VOA) For an even lattice L C Yy with non-degenerate bilinear form (-,), the lattice
VOA V,, is the vector space:

VL=®ﬂa

QEL
equipped with vertex operators Y (v, z) satisfying locality and associativity axioms. The conformal vectorw

endows V; with central charge ¢ = rank(L).
Theorem 5.2 (Stable Cartan VOA construction) Let H' © § be a I -stable Cartan subalgebra from
Corollary 4.5. For any integer k > 0, define the rescaled lattice:
L, =2k -{h € h":8(h) € 7}
with bilinear form (h, h') = kB,(h, h") + §(h)5(h"). Then:
1. L, iseven and integral
2. The lattice VOA V,, admits a ['-action:

Y -Y(v,z) =Y(yv,2)y

3. The conformal vector w is I'-fixed
Thus V,, is I-invariant as a vertex operator algebra.
Proof. The I'-stability guarantees:
1. T preserves L, since y(8) = & and y is integral on h"
2. Vertex operators satisfy I'-equivariance:
YY(,2)y ' =Y(yv,2)

because ' consists of Lie algebra automorphisms preserving OPEs [8, Prop.
5.3]

3. The conformal vector w = %Zi h;(—=1)h; (with {h;} orthonormal basis) is fixed
by I'

The lattice is even because (h, h) = kB;(h,h) + & (h)? € 2Z for appropriate k.

5.2 Modular Invariance and Characters

The T-action enables twisted representations and modular forms:

Definition 5.3 (Twisted character) For y € I', the y-twisted character is:
chy (z) = try, yqlo =/, q=e¥", reH

where L, is the zero-mode of w.

Theorem 5.4 (Modular invariance) Let I be cyclic of order m and k € Z.,. Then:
1. The y-twisted characters {chy j (‘[)}}”:_01 form a vector-valued modular form for
SL(2,7)
2. The averaged character:
chr() = 15 Zyer chy (D)
is invariant under 7 = 7 + 1 and transforms as:
chp(—=1/7) = 1¢/%chp (1)

Proof. Apply Zhu’s modular invariance theorem [8, Theorem 4.5]:
1. The I-invariance makes V;, arational VOA with finitely many irreducibles
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2. Twisted characters satisfy the modular transformation law:
ch, (=1/7) = (=i1)/* Lser Sy,5¢hs(T)
where S, 5 is the modular S-matrix
3. Forabelian T, S, 5 = 29/ [|T|
4. Averaging yields chp(—1/1) = (—it)/?chp (1)
The weight ¢/2 follows from the central charge.

5.3 Example: EJ” VOA

For g = Eg, I = (1) = Z/2Z:
+ dimb" = 6 + 1 4+ 1 = 8 (Cartan rank)
+ Fixed sublattice: L} = D; @ Z @ Z with rank = 6
* Character formulas (k = 1):

Op,(0)

chu(0) = 2
_ 0p,(T+3)
(D) = e

chr(z) = 5 (chy (1) + che (7))

where 6, is the theta function of D, lattice and 7 is Dedekind eta

q" ch; coeff ch, coeff
qt 1 1

q° 24 0

q* 252 256

q* 1472 1024

Table 2: Coefficients of characters for Eél) /T VOA (k=1)
5.4 Connection to Conformal Field Theory

The T-invariant VOAs correspond to orbifold conformal field theories:
Corollary 5.5 The orbifold VOA V), ={v € V},:y(v) = v Vy € T'} has:
« Central charge ¢ = dimp"
* Modular invariant partition function:
Z(t,7) = |chp(7)|?
* Fusion rules determined by I'-twisted sectors
This provides rigorous foundations for I'-symmetric 2D conformal field theories [?7].

VI.  Conclusion
We have unified the theory of automorphism-invariant Cartan subalgebras across finite- and
infinite-dimensional settings:
1. For exceptional types, the Chevalley involution fixes all Cartan subalgebras
(Theorem 3.3)
2. Affine algebras admit ['-stable Cartans iff I' preserves § (Theorem 4.4)
3. The stability index k(g) (Table 1) measures automorphism rigidity

Open Problems

1. Extend Theorem 4.4 to twisted affine algebras using Kac’s classification [7]
2. Compute x(g) for hyperbolic Kac-Moody algebras

3. Construct moduli spaces of I'-stable Cartans using geometric invariant theory
[10]
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