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ABSTRACT:This paper studies the lowest-order Raviart-Thomas mixed finite element method for a more
general class of second-order elliptic eigenvalue problems, and through analysis, obtains an a priori error
estimate, which is optimal with respect to the mesh sizeh.First, based on the uniqueness of the solution to the
corresponding steady-state problem, we define the fully continuous operator and derive an abstract error
estimate. Then, on this basis, we obtain error estimates for the eigenvalues and eigenfunctions. Finally, we
conduct corresponding numerical experiments, and the results are consistent with the theory.

KEYWORDS: Second-order elliptic eigenvalue,Raviart-Thomas mixed finite element method, a priori error.

Date of Submission: 27-02-2025 Date of acceptance: 16-03-2025

I. INTRODUCTION

The second-order elliptic eigenvalue problem is one of the core issues in mathematical physics and
engineering sciences, with widespread applications in fluid dynamics, electromagnetics, solid mechanics,
qguantum mechanics, and multiphysics coupling, among other fields.Reference[1]a)[1]discusses the mixed finite
element formulation of the second-order elliptic equation and its solution estimates. Reference [1]a)[2]discusses
the posterior error estimation and adaptive algorithms for the Stokes eigenvalue problem. Reference
[1]a)[3]discusses the application of Richardson extrapolation in second-order elliptic eigenvalue problems.
Reference [1]a)[4]uses the local discontinuous Galerkin method to solve the Steklov eigenvalue problem.The
main feature of the Raviart-Thomas mixed finite element method is that it can approximate both the primal and
auxiliary variables simultaneously. It has advantages such as local mass conservation, ease of combination with
other methods, and the ability to handle polygonal meshes. Therefore, the Raviart-Thomas mixed finite element
method has been developed for many problems, such as those in [1]a)[5]. In addition, the Raviart-Thomas
mixed finite element method has also been used to solve various eigenvalue problems, such as the Laplace
eigenvalue problem [1]a)[6]. This paper studies the a priori error estimation for the asymmetric second-order
elliptic eigenvalue problem.

Il. THEORETICAL PREPARATION
Q < R?be a bounded domain with Lipshitz boundarydQ. and letnbe the outward normal todQ, consider
the Dirichlet boundary condition eigenvalue problem
—div(Vu + b)u) + c(x)u = Au, inQ
u=0, on 01,
where b(x)and c(x)are bounded positive functions on Q.
Define the vector-valued function ¢ = Vu + b(x)u,then problem (2.1) can be equivalently written as

2.1)

—divoe + cu = Au, in Q)
{G—Vu—b-u=0, inQ (2.2)
u=0, on Q.

Next, define the spaces

V = H(div, Q), W = [2(Q),G = L*(Q),H = (12(Q))",
then, the weak form for the problem (2.1) can be defined as follows: Find(A, o,u) € C X V. x W, with||ull, =
1,such that

{a(c, P)—-b(P,u) +d(p,u) =0,V eV 2.3)

b(o,v) +e(u,v) = Ar(u,v),Vv € W,
where the bilinear formsa(:,-), b(-,-), d(-,-), e(-,-)andr(:,-)are defined by

a(o, ) =f0"l|1dx, b(P,v) =—fdivl|1-vdx, d(o,v) = —J;lbo'-vdx,
Q Q

e(wv) = [jcuvdx, r(wv)= [juvdx.
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The bilinear forms a(:,-), e(-,-) and r(:,-) are symmetric, and the bilinearforms defined above have the
followingcharacteristics:

la@, W = Wl le@wwl >0, Ir(w,uw)l>0,

la(o, P)| < llollallwlly, (b, v)| < [Wllvliviiw,

ld, Wl < IWllvllully,  le@w )| s llullwlvilw,  r@v)l < llullwllviiw. (2.4)
For the eigenvalue 4, the Rayleigh quotient can be expressed as

a(o,0) +d(o,u) + e(u,u)
A= . (2.5)
r(u, u)
From[1]a)[7], the sequence of eigenvalues corresponding to the eigenvalue problem (2.3) is given by
OS/’ll Sﬂ.z < S/’lk S,}glm/’{k = 0O,

and the associated eigenfunctions

(le ul)r (GZr uZ)v Tty (o-k! uk)!
Theorem 2.1. Let (4,u) be an eigenpair of (2.1), then (4, o, u) satisfies (2.3); if (1, o,u) satisfies (2.3), then
(1,u) is an eigenpair of (2.1), and 6 = Vu.
Proof.From the above derivation, it is known that the first half of the theorem holds, so it is sufficient to prove
the second half of the theorem. Let(4, o, u) satisfy (2.3), and consider the auxiliary problem

{—div(Vﬁ +b)u)+c(x)u=Au, inQ 2.6)
u=0, on 01, ’
let ¢ = Vii + b(x)u, then the mixed variational form of (2.6) is: Find (4, &, ), such that
{a(&,lp)—b(qj,ﬁ)+d(t|1,ﬂ) =0,vyy eV 2.7)
b(o,v) +e(u,v) = Ar(u,v),Vv € W. '
Subtracting equation (2.7) from equation (2.3), we get: Find (¢ — &, u — i), such that
{a(a—ﬁ,llj)—b(l|J,u—ﬂ)+d(l|J,u—ﬁ)=0, Vg eV (2.8)
b(c —o,v)+e(u—1u,v)=0. vveW. ’
Taking ¢ = 6 — @, v=u — & in equation (2.8), we get
{a(o—ﬁ,a—&)—b(o—&,u—ﬁ)+d(o—ﬁ,u—ﬂ)=0, 2.9)
b(c—o,u—u)+e(u—uu—1u) =0, '

adding all terms in equation (2.9) results in
a(c—0,0—-06)+d(oc—oc,u—u)+e(u—u,u—1u)=0. (2.10)
Sinceb, ¢ is a bounded positive function on €, from equation (2.10), we can conclude thate = &, u = u, and
o = Vu is bounded.
The global stability result for problem (3.3) can be obtained from [1]a)[8]as follows.
Lemma2.1. For all (y, v) € V x W, the following inf-sup condition holds

a(o, ) —b(W,u) + d(P,u) + b(o,v) + e(u,v)
sup Z Pl + llvllw.
0%(0,U)EVXW llolly + llullw

In this section, weexplore approximation methods for the eigenvalue problem (2.3) in mixed finite
element method. To define the discrete approximation solution,we first define a shape regular mesh for the
domain Qdenoted by7;, = {x}, where each element x has edge length hg and the diameter h,.. The mesh size is

defined as h = mc%xh,c.This triangulation 7;, satisfies the following conditions:
KETH

(i) Any two triangles share at most one edge or one vertex;
(ii) All triangles have a positive lower bound on their lowest interior angle;
(iii) There exists a constant y* such that for any elementx € T, the following holds

hy
— <y, VK ey Th

P
where p,. denotes the diameter of the largest inscribed circle of elementx;
(iv) For any element k € T;, let the area of element k be ||, we have
C3h? < Cih2 < k| < Ch2 < C4h%,
where C;(i = 1,2,3,4)are constants independent of the mesh size h, and h is a positive real number approaching
zero.

Additionally, the boundary I;, = I;Y U I;2is divided into two parts: I;°represents the interior edges, and
;2 represents the edges on the boundary 9.

Associated with the partition 7;,, we define the finite-dimensional spaces V,and W, of the lowest order
Raviart-Thomas mixed finite element spaces (see[1]a)[8]), where B, (x)denotes the spaces of a polynomial of
degree < m on k.

Define
Vi, = {W € V|, € Py(1)* © (xy, x2)" Py (), Vi € T},
which clearly implies V,, c V.
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Afterward, define
W, ={v eW:v|, € Py(x),Vk € T;,},
likewise, we haveW,, ¢ W, and the connection divV,, = Wis valid.
With the discrete spaces defined above,we are in position to introduce the discretization of
problem(2.3): Find(4,, oy, u) € C X V,, X Wy, with ||u|l, = 1, such that

{a(o-hl ‘IJ) - b(‘l’l uh) + d(‘l’! uh) = 01 le € Vh (2 11)
b(on,v) + e(uy,v) = 4,r(up, v), Vv € W, '
From (2.11), the following Rayleigh quotient expression for 1,also holds

1, = a(op, 0) + d(o,, up) + e(uh:uh). (2.12)

i T(uh; uh)
And from [1]a)[7]the eigenvalue problem (2.11) has eigenvalues
0< A <p < K Ap < < Ayp
and the corresponding eigenfunctions
(Gl,h' ul,h): (O'z,h' uz,h)' ) (Gk,h' uk,h)' " (O'N,hl uN,h)'

where N is the dimension of the mixed finite element spaceV,, X W,,.

Consider the source problem associated with the general second-order elliptic eigenvalue problem (2.3)
and its discrete mixed finite element formulation:
Find (w, ) € V x W, such that

{a(w,w)—b(w,w) +d(p,9) =0, VeV 2.13)
b(w,v) +e(p,v) =r(f,v), Vv eW. ‘
Fin(wy, @) € V, X W, d, such that
{a(wh: 11)) - b(llj' (ph) + d(llj' (ph) = 0' VlIJ € Vh (2 14)
b(wy, v) + e(py,v) =1r(f,v), Vv € W, '
Problem (2.13) has a unique solution (w, @) € V x W, and satisfies the following error estimate (see [1]a)[1])
Iwlly + llollo = llfllo- (2.15)
Assume that the mixed finite element spaces V,, and W, satisfy the inf-sup condition, i.e.
bWy, vp)
_= ”Uh”(),vvh € Wh' (216)

PYrEV, ”lllh ”V
Then, problem (2.14) also has a unique solution (wy, @) € V;, X Wy, and satisfies the following error estimate

W =whlly + llg = @nllo S inf llw—Wlly + inf llg —vll (2.17)
PEeV, VEWR

We assume that the following regularity estimate conditions hold: For any f € L2(Q2), (w, ) € H*(Q)? X
H*#(Q), the following inequality holds
Wl + llellien s Nifllo, (2.18)
wherey = m/w — &, w < 2mbeing the maximum interior angle of Q.
Next, define the linear bounded operators TandS, as well as their discrete versionsT;,, and Sy:

T:G > W Ca, Tg =u,

Th:G - W, CG, Thg = u,

S:G->VcCaq, Sg = o,

S$:G >V, CQg, Spg = oy. (2.19)
As a result, the operator form of the eigenvalue problems (2.3) and (2.11) can be equivalently converted as

ATu = u,S(Au) = o, (2.20)

AnTruy, = up, Sp(Apuy) = oy, (2.21)

In (2.13) and (2.14), take f = Au, then by the definitions of T, S and T-, S+, it is easy to see thatT (Au), S(Au)are
the solutions of (2.13); T, (Au), S, (Au)are the solutions of (2.14).

Thus, solving the eigenvalue problem (2.3) for the eigenpair (4, 6,u) is equivalent to solving the
eigenpair of the operatorTfor (171, u)and 6=S(Au). Similarly,solving the eigenvalue problem (2.11) for the
eigenpair (1, 65, up)is equivalent to solving for the eigenpair of the operatorT;, for (1,2, u,)and 6,=S, (A,uy).
Lemma 2.2.Both T and T;, are self-adjoint operators.

Proof. For Vf € L2(Q), (2.13) can be written in operator form as

(0(S7.9) DB + QR TP) =0, Vip €V 222
b(Sf,v) +e(Tf,v) =r(f,v), Vv eEW. ‘
For Vg € L?(Q), we similarly have.
(a(50.4 = bOTg) + G Tg) =0, &V 2.23)
b(Sg,v) +e(Tg,v) =r(g,v), vveW. ’
Taking ¢ = Sg,v = Tg in (2.22), we get
{a(Sf, Sg9) —b(Sg,Tf) +d(Sg,Tf) =0, (2.24)
b(Sf,Tg) +e(Tf,Tg) =r(f,Tg). '
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Takingy = Sf,v = Tf in (2.23), we get
{a(Sg, Sf) —b(Sf,Tg) +d(Sf,Tg) =0,
b(Sg.Tf) +e(Tg,Tf) =r(g,Tf).
From (2.24), (2.25), and the symmetry of a(:,-),e(:,-), we have
r(f,Tg) = b(Sf,Tg) +e(Tf,Tg)
= a(Sg,Sf) + d(Sf.Tg) + e(Tf,Tg)
= a(Sf,89) +d(Sg,Tf) +e(Tg,Tf)
= b(Sg,Tf) + e(Tg,Tf)
=r(g,Tf). (2.26)
Thus, T is self-adjoint. The self-adjointness forT; can be proven in a similar way.
Theorem 2.2. For the operators T,T;, defined above, whenh — 0, we have ||T — Ty||, = 0.
Proof.It has been proved in Reference [1]a)[1] that
llu —unllo s R*l[ullg+s,
where @ = min{1, u}, « = 1 if Q is convex and a = u for a nonconvex (2, due to regularity result (2.18).
From the regularity estimate (2.18), since||ullo+1 S IIf o, We can obtain that

ITf = Trfllo = Rl lo-
Thus, when h —» 0, we get||T — T,|lo = O.

(2.25)

I1l. APRIORI ERROR ESTIMATION
Assume that A and A;, are the k-th eigenvalues of (2.20) and (2.21), respectively; in this paper, we will

also consider% as the k-th eigenvalue of T. The algebraic multiplicity of this eigenvalue is g, i.e. 1 =4, =

A1 =+ = Agpg-1. LtM (D) = {(o,u) € V X W:||lull, = 1} be the generalized eigenvector space of equation
(2.3) related to A, and M- (1) = {(6.,u) €V, x W :|lu-|l, = 1} be the direct sum of the generalized
eigenvector spaces of equation (2.11) related to 1. 1, converges toA.
Let (A, o, up,) be thek-th eigenpair of (2.11), and (4, o, u) be the k-th eigenpair of (2.3), satisfying
that(1,, oy, up,) approximates (4, o, u). Then the following relationships hold.
Lemma 3.1.Let the multiplicity of A be m, then the following estimate holds
2= Zen] S 1S = Sdlmaay lo - (8™ = Sidlmaasy o + (8™ = Sidlaay v - ICT = Twdlweay Nlo
+ 1S = Slmy v - 1T = Ty lma llo
+ 1T = Tdlwcay o 1T = Tidlaey o, €=1,2, -+, m. (3.1)
Proof.Since the multiplicity of the eigenvalues and the dimension of the eigenspace of a self-adjoint operator
are the same, let {¢;}T* be a standard orthogonal basis of M(4), and {¢;}* be the dual basis. From Theorem 7.3
in [1]a)[7] and the steepness of the self-adjoint operator being a = 1, it follows that
m
27 = 253 54 ) I =T )
i,j=1
according to (3.2), for V£, g € L2(2), we only need to estimate |r((T — T,)f, g)|-
Define the bilinear form
AW, 0), (W, v)) = a(w,§) — b(W, @) + d(, 9) + b(w,v) + e(p,v),

A((Wr, 9), @, ) = a(wy, ) — bW, @) + d(W, @) + b(Wy, v) + e(@p,v).
Then the source problems (2.13) and (2.14) can be rewritten as

+ 1T = T lmy lo 1T = T lmasy o ¢, €=1,2,++,m, (3.2)

A(w, @), W, v) =7(f,v), V(WPv)EVXW (3.3)
A((Wh, (ph)v (lI'v U)) = T(f, U), V(ll], ‘U) € Vh X Wh' (34)
For Vf € L?((), write equations (3.3) and (3.4) in the operator forms
A(SETH, W) =r(f,v),  YWv) EVXW (3.5)
A((Shfl Thf)v (lll' U)) = T(f' U), V(ll], ‘U) € Vh X Whl (36)
writethe dual problems of (3.5) and (3.6) respectively, which are
AW, v), (8", T*9)) =1, 9), VYWPv)EVXW (3.7)
A((W,v), (5,9, Thg)) = 7(v,9), Y (W, 1) € Vy, X W, (3.8)
Subtracting (3.5) and (3.6) gives
~A(((5 = SWf. (T =Tf), (W,v)) = 0. (3.9)
In equation (3.7), take ¢ = (S —S,)f, v = (T — T,,)f, we obtain
r((T=T)f.9) = A(((S = Sf. (T = TW)f), (59, T"9)). (3.10)

Adding equation (3.9) and equation (3.10) gives
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r((T=Twf9) = A((( = Sf. (T = Tf), (S'g — W, T'g = v)), (3.11)
in equation (3.11), take ¢ = S; g, v = T, g, and obtain
r((T=Tf.9) = A((S = Sf, (T = Tw)f), (5 = Sg. (T" = T})g)). (3.12)

according to equation (2.4), forvy € V,, v € W, we have
(T = T f. )| = |A(((S = SwF. (T = TWF), (5" = $i)g, (T" = T)g) )|
<la((s = Sw)f. (8" = Spg)| + [b((S" = Sp)g, (T — T)f)| + |d((S" = Sp)g. (T — Tw)f)|
+[b((S = SWf, (T" = Tg)| + e((T = Tf, (T* = Ty)g)|
SIS =Sfllo - 168" =Sp)gllo + I1(S™ = Sp)gllv - 1T = Twfllo
IS =S fllv - 1T = T gllo + 1T = T fllo - 1T — T gllo- (3.13)
In (3.13), substitute ¢; for f and ¢; for g,we get
|7 (T = Tpi 07| 5 165 = Sl o 1685* = Sl llo
+IS™ =S v - 1T =Ty o
+ 1S =S luy v - 1T = T lmary o
+ (T = Tl o 1T = T lma llos (3.14)
substitute (3.14) into (3.2), and we can obtain (3.1).
Lemma 3.2.Let(1,, 6y, uy,) be a mixed finite element eigenpair that satisfies (2.11), and ||uy|lo = 1. Then, there
exists an eigenpair (4, o, u) of (2.3) such that the following holds
llu —upllo = ICT = T lmeay Nos
1A= Al S 1T = T lweay lo-
Proof.According to Theorem 7.3 and Theorem 7.4in [1]a)[7], the two estimation formulas of Lemma 3.2 hold.
Lemma 3.3. Let (4, o, up,) be a discrete eigenpair that satisfies (2.11), then there exist eigenpairs 1, u, o =
S(Aw) of (2.3) such that

(3.15)

llo —onllo = I(T = Tw)lu@ o +ISx(Aw) — S(AW)ll,. (3.16)
Proof.Since
IS(Aw) — Sp(Apun)llo < ISCAW) — Sp(AWllo + ISk (Aw) — Sp(Anun) llo, (3.17)
therefore, it is only necessary to prove
IS, () = Sp(Apurdllo < I(T = T lmy llo- (3.18)
Take f = Au in (2.14) and write it in the operator form
{ a(S,(Aw), ¥) — b(Y, Ty (Aw)) + d(P, T, (Aw)) = 0,V € V, (3.19)
b(S,(Aw),v) + e(T,(Aw),v) = r(Au, v), Yv € W, '
Write (2.11) in the operator form
{a(Sh(A u )W) —b(P, T (A u))+d(W,T (A u))=0vPEV, (3.20)
b(S,(A-u-),v) +e(T-(A-u-),v) =r(l-u-,v),vv € W,. '
Subtract (3.20) from (3.19) to obtain
{ a(Sp(Au — ), ¢) —b(P, T- (A u — ) +d(P, T (A u, —Au)) =0,V €V, (3.21)
b(S,(A-u, — Aw),v) +e(T- (A u- — Aw),v) =r(A u- — Au,v), Yv € Wy, '
Take ¢ = S;,(Apuy, — ), v = T, (Apuy,, — Au) in (3.21) to get
a(Sh(/l—u— — ), S, u, — Au)) — b(Sh(/l—u— —Aw), T (Au, — Au))
+d(Sh(A u, —Auw), To(A u —Au)) =0, (3.22)

b(Sh(/l u. —Auw), T (A ju — Au)) + e(T Auy — ), T A u — Au))
k = r(/l—u— -, T (A u — Au)),
add the two equations of (3.22) to obtain
a(Sh(/l—u— — ), S, u, — Au)) + d(Sh(/l—u— — ), T (A u, — /lu))
+e(T— Arus — 2w, T- A u — Au)) = r(/l—u— -, T (A u, — /lu)). (3.23)
From (3.23) and (2.4), weget
IS,(2-u — A3 s a(Sp(A u — 2w, S, (A u — )
sr(du — T (A u — )
S 4wy — Aullo - IT- (Ao — Aw)llo,
since ||T — Tyllo = 0 (h — 0), we know thatT}, is uniformly bounded with respect to h. So from the above
formula, we know
IS, (A u — AIE = 1Apup — Aullg. (3.24)
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Thus, it is deduced from Lemma 3.2 that
ISr(Auw) — S (Apup)llo s (T — Th)|M(,1) llo.
the proof is completed.

We know that Lemma 3.3 transforms the error estimation of the mixed finite element eigenfunction o,
into the error estimation of the mixed finite element solution of the corresponding steady - state problem. Next,
we use Theorem 3.1 to discuss the error estimation of the Raviart - Thomas mixed finite element approximation
for the eigenvalue problem.

Theorem 3.1. Let (65, u,) € M, (4) be the direct sum of the generalized eigenspace of (2.11), then there exist
eigenvalues (o, u) of (2.3) such that

lo — onlly + llu — upllo S b (3.25)
LetM (1) € H**2(Q),|lupll4+2 = 1,then the following inequality holds
A — Ayl S h?9, (3.26)

where @ = min{1, u}, @ = 1 if Q is convex, anda = u for a non-convex(}, due to regularity result (2.18).
Proof.According to [1]a)[1]Theorem 4, we have

IS(Aw) — Sp(A)llo = R*IIT (AWl 441, (3.27)
|div(SQu) — sh(,lu))||0 S R T AW || gs2s (3.28)
IT(Aw) = T (A llo = AT (Aw) ll g 41- (3.29)
From (3.27)-(3.29) and M (1) € H**2((2), we get
(S = Swlmay o= h%, (3.30)
Idiv(S — S lmuw llos A%, (3.31)
1T — T lmeay llos h* (3.32)
Substituting (3.27) and (3.32) into (3.16), we get
lo—oplle S h*. (3.33)
In the second equation of (3.21), taking v = div(S, (A,u, — Au)), we get
|div(S,(Apuy — ,1u))||0 S 1Au — Ll S A% (3.34)
Noting that o = S(Aw), 6, = S;, (1,uy), by the triangle inequality and (3.28), (3.34), we obtain
l|div(e — o)l S h*. (3.35)

1
From |lo — o,lly = (llo — o4l|3 + ||div(e — 61,)]|3)z and using Lemma 3.3, along with (3.32), (3.33), and
(3.35), we obtain (3.25).
From[1]a)[1] Theorem 4, we deduce

I(S™ = Si)lmas) oS RS, (3.36)
Idiv(S* = $;) I oS A%, (3.37)
I(T* =T | oS A% (3.38)

Combining Lemma 3.1 and equations (3.30)-(3.32), (3.36)-(3.38), we obtain equation (3.26).

IVV. Numerical experiments
In this section, some numerical experiments will be presented to demonstrate the effectiveness of our

method.Consider the problem (2.1), whereb = (0,0)7,(3,0)7, (1 + (x —1/2)% (x = 1/2)(y — 1/2))T, and

c =0,0,e®"1/20-1/2) ynder the iFEM software package, the effectiveness of solving the general (non-
symmetric) second-order elliptic eigenvalue problem using the lowest-order Raviart-Thomas mixed finite
element method is verified by compiling the code.

We consider the following three test domains: an L-shaped domaing, = (—1,1)2\([0,1) X (—1,0]), a
square domain Qswith vertices at (0,1), (1,0), (0, —1), (—1,0), and a slit structure domain€Qg; = (—1,1)%\{0 <
x < 1,y = 0}. Since the exact eigenvalues are unknown, we select nine sufficiently accurate approximate
values as reference eigenvalues for the numerical tests. These reference eigenvalues are obtained through
adaptive computation to achieve the highest possible accuracy. The numerical results obtained through
calculations are presented in Tables 1, 2, and 3. From Tables 1, 2, and 3, we can observe that the algorithm
achieves optimal convergence rates.

TABLE I. When b = (0,0)andc = 0, the eigenvalue numerical solution results for regions®; , Qg;, Qg

Domain ref h A dof Error rate

14  9.25186639028311 256  0.387857453738780  1.39343561784591
063972384402 /B 9.49208310037427 992  0.147640743647630  1.372061799459300
19 116 9.58268450733096 3904  0.057039336690940  1.35768332876240
132  9.61746661677905 15488  0.022257227242850  1.348597668329300
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1/64 9.63098401956659 61696 0.008739824455310 1.34292091123768
1/128  9.63627841558727 246272  0.003445428434629
Domain ref h M dof Error rate
1/4 7.7428300904913 340 0.628499620708699  0.951393084121251
1/8 8.04631189799779 1320 0.325017813202210  0.976581406758179
1/16  8.20616134712378 5200 0.165168364076219  0.988629380555353
O 83713297112 1/32 8.28809206912915 20640 0.083237642070850  0.994415340660239
1/64  8.32954947186527 82240  0.041780239334729  0.997234871316316
1/128  8.35039951427504 328320  0.020930196924960
Domain ref h M dof Error rate
1/4 10.0292586936151 88 0.15965429252575 1.93708128679546
1/8 9.91129719781299 336 0.04169279672364 1.98484685192227
1/16 9.88013765586817 1312 0.01053325477882 1.99627197125496
Qg 9.86960440108935
1/32  9.87224452825732 5184 0.00264012716797 1.99907240446987
1/64  9.87026485739199 20608 0.00066045630264 1.99976840636148
1/128  9.86976954167265 82176 0.00016514058330
TABLE Il. When b = (3,0)" and ¢ = 0, the eigenvalue numerical solution results for regionsQ; , Qg;, Qs.
Domain ref h M dof Error rate
1/4 11.4571951982342 256 0.432528646485801  1.41827025408868
1/8 11.7278886451348 992 0.161835199585200  1.40330923153320
0, 11.8837238447 1/16  11.8285402744618 3904  0.061183570258201  1.38610366357691
1/32  11.8663152126254 15488  0.023408632094601  1.37105064300429
1/64  11.8806738428923 61696  0.009050001827701  1.35934405499700
1/128  11.8861965208938 246272  0.003527323826201
Domain ref h A dof Error rate
1/4 9.99982641313843 340 0.621503298061569  0.946909894352465
1/8 10.2989296198302 1320  0.322400091369799  0.971656731162318
1/16  10.4569314065271 5200  0.164398304672899  0.985481971516401
Qg1 10.6213297112
1/32  10.5382992020554 20640  0.083030509144599  0.992673128494214
1/64  10.5796030809503 82240  0.041726630249700  0.996322338788220
1/128  10.6004131442915 328320  0.020916566908500
Domain ref h A dof Error rate
1/4  12.01443059907640 88 0.10517380201300 1.93186963647970
1/8 12.09203947289010 336 0.02756492819930 1.97456194677753
1/16  12.11259058310530 1312 0.00701381798410 1.99308107917803
Qg 12.1196044010894
1/32  12.11784251712590 5184 0.00176188396350 1.99823465700823
1/64  12.11916339078960 20608  0.00044101029980 1.99955639128538
1/128  12.11949411460810 82176  0.00011028648130

TABLE IIl. When b = (1 + (x — 1/2),(x — 1/2)(y — 1/2))" and ¢ = e*~/20-1/2), the eigenvalue numerical
solution results for regionsQ, , Qg;, Qs.

Domain ref h A dof Error rate
14  100036912872557 256  1.428826967618100  3.26247596400255
a HLASZIUS2548T 4/ 110836244804135 992 0.48893765460301  136103770249336
116  11.3745535886398 3904  0.057964666234000  1.36756856379865
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1/32 11.4100544053825 15488 0.022463849491301  1.39772618203114
1/64 11.4239926210814 61696 0.008525633792400  1.49037895611129
1/128  11.4294838194234 246272  0.003034435450401
Domain ref h A dof Error rate
1/4 9.39392426719569 340 0.609767020060010  0.91657004681461
1/8 9.6806568268324 1320 0.323034460423271  0.97044003336355
o 10_00239128725 116 9.8388305281997 5200  0.164860759055969  1.00994604254506
1/32 9.9218272342546 20640  0.081864053001070  1.05615897299642
1/64 9.9643219855985 82240 0.039369301657249  1.13944958789309
1/128 9.9858202727748 328320  0.017871014480949
Domain ref h A dof Error rate
1/4 10.88564959754360 88 0.13753435683230  1.94755707626164
1/8 10.78377169075460 336 0.03565645004330 1.95689157841548
1/16  10.75729973057650 1312 0.00918448986520  1.86545821273055
Qg 10.7481152407113
1/32  10.75063579561340 5184 0.00252055490210  1.56478785606960
1/64  10.74896725735790 20608 0.00085201664660  0.97076966004875
1/128  10.74854996839130 82176 0.00043472768000

Error

—E— S-shape eigenvalue error
—Q— L-shape eigenvalue error
—k— SL-shape eigenvalue error
The line with slope 1.95

1072

The mesh size h
Figure I. When b = (0,0)"and ¢ = 0,the error curve of the first eigenvalue in the regions(; , Qg;, Qs.
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Error

—O— S-shape eigenvalue error
" —Q— L-shape eigenvalue error
1074 . —¥— SL-shape eigenvalue error
B il The line with slope 1.95

1072 107
The mesh size h
Figure II. When b = (3,0)"and ¢ = 0,the error curve of the first eigenvalue in the regionsQ, , Qg;, Qs.

Error

—&O&— S-shape eigenvalue error
- —Q— L-shape eigenvalue error
g —¥— SL-shape eigenvalue error
104 E P et The line with slope 1.95

102 107!
The mesh size h
. _ 2 T = e(x-1/2)(y-1/2)
Figure 11l. Whenb = (1 +(x—-1/2)%4x—-1/2)(y — 1/2)) andc=e ,
the error curve of the first eigenvalue in the regionsQ; , Qg;, Qs.

V. CONCLUSION

The second-order elliptic equation has wide applications in real-world problems. This paper presents
the Raviart-Thomas mixed finite element method for solving the asymmetric second-order elliptic eigenvalue
problem. To derive the a priori error estimate, it is necessary to obtain the equivalent mixed variational form of
the eigenvalue problem, then study the complete continuity of the operators T,S,T, and S, and most
importantly, derive the abstract error estimation formula.We conducted numerical experiments on three test
domains €, Qs, Qs and obtained numerical solutions for the eigenvalues. From the error curve and numerical
results in the tables, it can be seen that our method achieves the optimal convergence order for the eigenvalues
and provides the optimal-order error estimate for the eigenvalue functions. This numerical experiment
demonstrates the effectiveness of the algorithm. Therefore, for practical engineering problems, this method has
significant application value.
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