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Abstract: This paper has focuses on a specific class of Finsler spaces known as generalized birecurrent Finsler
space. By introducing a new geometric structure, we investigate the properties of these spaces and establish
several theorems. Our results generalize previous work on birecurrent Finsler spaces and provide a deeper
understanding of their geometry. In this paper, we introduced an extension of the generalized U —birecurrent
Finsler spaces. i.e., we define a Finsler space E, which the curvature tensor U}kh satisfies the extension for
generalized birecurrence property in sense of Cartan. Further, we get the relations among different curvature
tensors in the main space.
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. Introduction and Preliminaries
The Finsler geometry considers as generalization of Riemannian geometry, our research draws inspiration from
several prominent studies in the field. The generalized birecurrent spaces for different curvature tensors in sense
of Cartan and Berwald discussed by [2, 3, 6, 7, 9, 10, 12, 13, 14]. The extension for generalized BK — recurrent
Finsler space has been introduced by [8].
The recurrence and birecurrence property for the curvature tensor }kh in sense of Cartan and Berwald studied
by [15, 19, 20]. Also, the generalized U,, —recurrent space and generalized B,,U —recurrent space have been
introduced by [17, 18].
Let F, be an n -dimensional Finsler space equipped with the metric function F(x,y) satisfying the request
conditions [4, 5, 11, 21]. The vectors y; and y' defined by
(11) v =gy’ .
The metric tensor g;; and its associative g are connected by
a2 gy =5f={y LT
In view of (1.1) and (1.2), we have
(1.3) a)8/y; =y, b) 6 y/ =y and ¢) 8/ gir = Gjrr-
The h —covariant derivative of the metric tensor g;;, associate metric tensor g%, the vectors y ¢ and y; vanish
identically, i. e.

(14) a) gk =0, b) gj =0, 0) ¥l =0 and d) yjx=0.
The tensor K]-ikh called Cartan's fourth curvature tensor is positively homogeneous of degree zero in y' and
defined by [16]

Kb =0,T 45 + (0,Tj1)GE+ T onTi — R/K.
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The associate tensor K;j,, K —Ricci tensor K, , curvature scalar K and deviation tensor K]-i of the curvature
tensor K/, are given by

(15) @) Kfn = = K e » b) Kfii = Kjie ¢) Kig ¥ = Kj,
d) Kig* =K , e) Kin ¥/ = Hiy , &) Kigjn = Kens

and f) Hjikh = kah + ys(aj Kén),

where @) H ik -

The tensor R}kh called Cartan's third curvature tensor is positively homogeneous of degree zero in y* and
defined by [1, 16]
Rjien = Onljit + (0Tj)GE + Gl (G — GRIGY ) + Tyl — h/ke
This tensor satisfies the following
(1.6) a)Ri,y/ =Hp,, b) Rijkn = GrjRikn » C) Rien = — Rl
d) Rixn = Kjen + Cim Hith and €) Rjx = Kje + Cjrn Hyir -
where R; .y, Is the associative tensor of Rin

The curvature tensor Ukh that homogeneous of degree —1 in y* and symmetric in its last two indices is defined
by

Ujik = ]Lkh ( 51 Ginr 5" Gleny)

And satisfies the followmg

1.7) 2 iikh = ]'ihk ' b) Ujikhyh = jihkyh = Ujik ; c) Ujikhyj =0,
dyUu kh = Ujy and e) Uj, = Gj, .

The U™ —recurrent space, U™ —birecurrent space and generalized Uy, —recurrent space are characterized by [18 -
20]

i i i

Uikni = YUjn Uien # 0,
i i

Uit = @mUjien

(1.8) U]lkh” = WU} + (819jn — 19k
where A; and y; are non — zero covariant tensors field of first order. Il is called h - covariant derivative with
respect to x*. Taking the h - covariant derivative for (1.8) with respect to x™, using (1.4a), we get

U]lkhlllm = Al|mU1'ikh + Alujikhlm + W (BkGjn = Sngji)
Using (1.8) in above equation, we get

U,lkhmm = AllmUjikh + Al{/lmUjikh + #1(51i9jh - 5filgjk) + Uym (51icgjh - 5rilgjk)}
or
(1.9) U]lkhlllm = WimUfen + Vim (819 n — 619 j10) Ufen # 0,
where wy, = Ay, + 4id, and vy, = A, + 4, are non — zero covariant tensor fields of second order. A
Finsler space F, which the curvature tensor Ukh satisfies the condition (1.9) is called a generalized U~
Birecurrent space and denote it briefly by GUj, — BRE,.

1. The Extension of Generalized U, - Birecurrent Finsler Space
In this section, we discuss a new extension for a generalized Uy, — birecurrent Finsler space. The extension for a
generalized Uy, — recurrent Finsler space is written as
. . . 1 . .
(3.1) U]lkh,l L Ujep, + 1 (8kgjn — 8hgji) + 2 WUkgjn — Urngji)
A Finsler space F, which the curvature tensor Ukh satisfies the condition (3.1) is called the generalization
generalized Uj—recurrent space and denote it briefly by G2"*U,, — RE,.
Taking h covariant derivative for (3.1) with respect to x™, using (1.4a), we get
]km”m (/11|m) ikn T AZ(U}'Lthn) + #1|m(51lcgjh - a;lgjk)
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L .
+2 Wimjn = Unpm8jid)-
Using (3. 1) in above equation, we get
. . . 1 .
Uienipm = (Am)Ufin + 22 Ujin + tim (859jn — 819jxc) + 2 Wikgin — Urgj)
1 .
i (8kgjn — Shgji) + 2 Wkimdjn = Unm8jic)
or
. . . ) . .
(3.2) U,lkm”m = WimUjin + Vim (69 jn — Ongji) + ;lz(Uzigjh —Uhgj)
. .
+2 Wkimdjn = Unimjio)-
where Winm = (/‘{llm + /‘{lﬂm) and Vim = (Allim + Illlm)

Definition 3.1. A Finsler space F, which the curvature tensor Ukh satisfies the condition (3.2) is called a
generalization generalized U, —Birecurrent space and the tensor will be called a generalization
generalized h -birecurrent tensor. These space and tensor denote them briefly by G2"?U, — BRF, and
G?"2h — BR, respectively.
Transvecting the condition (3.2) by y" , using (1.4c), (1.3b), (1.1) and (1.7b), we get
. 1 . .
(3.3) U]lk|l|m WlmUk + Vzm(5ky1 ylgjk) + ZAI(UIlcyj - Uy yhgjk)
+;(Uk|my1' —Upim " 9ji) -
Contracting the indices i and k in (3.3) and using (1.7¢), (1.3a) and (1.1), we get
1
(34) G]:“|I|m WlmGj’;* + (Tl - 1)171ij + le(uzyj - Ugyhgjr)
1
+Z(U;|myj - Uf1;|myhgjr)-
Contracting the indices i and k£ in (3.2) and using (1.7d), (1.2) and (1.3c), we get
1 1
(3.5)  Ujnjym = wimUjn + vip(n — D gjp + Z/lm(Ugjh — Upj) + 7 Wimdjn = Unjm),
where Ul=U and Uhgﬁ = Uy;. Thus, we conclude

Theorem 3.1. In G**U,, — BRF,, the torsion tensor }k , tensor G, and U — Ricci tensor Uj, are given by
(3.3), (3.4) and (3.5), respectively.
Let us consider a Finsler space F, which h(v) — curvature tensor U’ /iin, Satisfies the following condition
. . . 1 .
(3.6) U]lkhu MUfen + i (8kgjn — 6hgji) + 2 (KeGjn — Kngjio) Ufien # 0 .
Taking the h —covariant derivative for (3.6) with respect to x™, using (1.4a), we get
. 1 .
,km”m = (Aym)Ujn + 1(U kh|m) + tm(BLgin — 6Lgj) + Z(Klihngjh — Knim3j)-
Using (3.6) in above equation, we get
. . . . 1 .
U;km”m (/11|m)Ujlkh + LA Ujien + tm (kg jn — 1951) + 7 (Kiegjn — Kngji)]
. . 1 .
+iim (8kGjn = 6nGji) + 7 KiymGjn — KnjmJ k)
Using (1.5e) and (1.4a) in above equation, we get
U]Lkm”m (A + 1) Ufn + Aabtin, + 1) (BkeGjn — G191
1 i i 1, i
+Z/1l(Kthk - kah) +3 Kiniejm — Kjkenpm) -

Using (1.5a) in above equation, we get

) ) ) 1 ) 1
(3.7 U}lkm”m WinUfen + Vim (8k9n — 619j1) — > AiKjin = 5 Kjknjm »
where wy, = 4, + L4,  and v, = Ay + -
From (3.7), we get

. . . 1 .
(3.8) Ukh|l|m +3 K]kh|m Wim Ujie, + Vim (8k9n — 6h9ji) — E’llKijh .
Thus, we conclude
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Theorem 3.2. In GZ"dU|h — BRE, , the relationship between the curvature tensor Ukh and Cartan’s fourth
curvature tensor K, is given by (3.8).
Using (1.5f) in (3.7), we get
i i i i 1
Ujlkh|l|m = WlmUjlkh + Uzm(5llcgjh - 5ﬁgjk) 3N [ ink — Y (0 KSkh)] ]kh|m :
Above equation can be written
. 1 . . . 1 . .
3.9 Ujknym +3 K]kh|m WimUjien = 5 AiHjen + Wi (8kgjn — Shgji) + SAY* (0;Ksyn) -
Thus, we conclude

Corollary 3.1. In G*"4 Ui — BRE,, the relationship among the curvature tensor U}kh, Cartan’s fourth
curvature tensor K ikn and Berwald’s curvature tensor H}kh are given by (3.9).
Contracting i and h in the conditions (3.8) and (3.9), using (1.7d), (1.5b), (1.3c), (1.2) and (1.5g), we get
1
(3.10) Ujkyym +5 K]k|m = Wi Upe + (1 = ) VimGjk = 5 AmKjc
and
(3.11) Ujkpyym +5 K]k|m Wi U — /1 mHjx + (L —n)vpngjx — %lm v (0;Kst)-
Now, by using (1 6e) in (3.10), we get
1
(3.12) Upkpyym += K]k|m = Wy U — /1 mBjie + (L =)V Gjic + 5 A G Hier -
Thus, we conclude

Theorem 3.3. In GZ”dU|h — BRE,, we have the identities (3.10), (3. 11) and (3.12).

Let us consider a Finsler space F, which h(v) — curvature tensor Uy, satisfies the following condition
(3.13) Uy, = LU + 1 (8kgjn — 6h951) + Z(ngjh - Rhgjk) . Upn %0,

Taking the h — covariant derivative for the condition (3.13) with respect to x™, using (1.4a) and (3.13), then

using (1. 6b) and (1.6c¢ ) respectively, we get

: . . L 1
B u ,km”m = Wi Ufen + Vim (8490 — 8h9j1) — >MRjkn =5 Riknjm »

where Wi = }lllm + Al/‘lm and Vim = ll,um + Hym -
From (3. 14), we get

) ) ) 1 )
(3.15) U ka”m +5 R iknim = WimUjin + Vin (8kGjn — OhGjic) — EAIR;kh :
Thus, we conclude

Theorem 3.4. In G*"*U}, — BRF, , the relationship between the curvature tensor Ukh and Cartan’s third
curvature tensor R}'kh is given by (3.15).

V. Conclusions
The introduction of generalized U —birecurrent Finsler spaces has significantly enriched the field of
Finsler geometry. This paper introduced the extension for generalized U —birecurrence property in sense of
Cartan. i.e. we studied the generalization generalized U —birecurrent Finsler space. Also, we obtained certain
identities belong to G*"¢U};, — BRE,.

V. Recommendations for Future Research

) Explore the physical applications of generalized U —birecurrent Finsler spaces.

. Investigate the relationship between generalized U —birecurrent Finsler spaces and other geometric
structures, such as conformal Finsler geometry.

. Develop numerical methods for studying the properties of the generalization generalized

U —birecurrent Finsler space.
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