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I. Introduction

Nonlinear functional integral equations which contains various type of integral and functional
equations that are considered in nonlinear analysis [1, 2]. They developing with the help of several tools of
finding and applications are describing of real world problems in functional analysis for examples quadratic
integral equation are applicable in theory of physics, electrochemistry, economic, kinetic theory of gases,
transportation theory, and traffic theory and other fields [1-3, 4-12]. Nonlinear functional quadratic integral
equations have been discussed in literature extensively, for long time see Dhage [17-20,23] and. D. O. Regan
[3].Numerous many research papers and monographs devoted to differential and integral equations of fractional
order [9,10,13-15]. The fixed point theory is useful for proving the existence of solutions of the problem
governed by nonlinear integral equations [5-7.].
In this paper we study the existence of solution and locally attractive solutions of the following nonlinear
functional quadratic type integral equations of fractional order.

Statement of the problem

Let = € [0.1] and & be denote the real line on E, the set of nonnegative real numbers. Consider the following
nonlinear functional fractional quadratic integral equation (NFQIE)

(£ & x(B, ). x(B, () J‘{t

x(® = ale) + 7, (£.x(a®)) + @

(1.1)

forall t € B, where vit,x) =R, xE—=RK fR,xR—=EK,

)5t (tyx (1, () ). 2 (v, () D) ds

glt.x) = g:R, x R—= R and function 8.7, u: R, = R,
By the solution of NFQIE (1.1) we mean the function x € BLC(R,,RJ that satisfies NFQIE (1.1) on .. where

x EIBC{E+ R}the space of continuous real valued functions is defined on®+.

In this paper we prove that locally attractive of solution as well as positivity and monotonic results functional
NFQIE (1.1) by using fixed point theorem of B.C. Dhage [2]. We need some preliminary definition and
auxiliary results.

I1. Preliminaries
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Let the ¥ = BC(R,.R) be Banach algebra with norm .. lland let 2 be subset of X. Let a mapping £4: X — X be
an operator equation in X namely,
x(t) = (Ax)(t) teR, 2.1)

Below we give different characterization of the solution of the operator (2.1) on E, we need following
definitions of the sequel.

Definition2.1 [15]. We say that the solution (2.1) are locally attractive if there exists an closed ball E,(0}.in the

space IB"-:{E+ R} such that for arbitrary solution * = x(t) and ¥y =y of equation (5.2.1) belonging to

B, (0) N ¢, we have that lim,_, _(x(t) — y(£)) = 0. 2.2)

Definition2.2 [15]: Let & be Banach space, A mapping &: & — X is called Lipschtiz if there is a constant & = 0
such that ll&x — Ayl = allx —yll forall .y € X, if @ < 1 then & is called a contraction & with contraction
constant .

Definitation2.3 [16] (Dugundji and Granss): An operator £ on Banach Space X into itself is called compact if
for any bounded subset 5 of H. A{F) is relatively compact subset of & .If & is continuous and compact then it
is called completely continuous on .

Let X be a Banach space with norm Il Il and let &: X — X, be a nonlinear operator .Then & is called,

a) Compact if &({F) is relatively compact subset of .
b) Totally bounded if &(F) is totally bounded subset of X for any bounded subset 3 of X.
c) Completely continuous if it is continuous and totally bounded operator onZ.

It is clearly that every compact operator is totally bounded but they converse need not true.

We seek the solution of NFQIE (1.1) in the space BC(R,, RJof continuous and bounded real —valued functions
defined on K, Define a standard superemum norm | | and multiplication «.” in BC{R, . Rlby

Ixll = sup{lx(¢}|:t e B, }. (2.3)

Cey) () = x(D)y(e).t e R, (2.4)

Clearly EC(R,.R) becomes a Banch space with respect to the above norm and the multiplication in it. By
L*(R,.R) we denote the space of Lebesguge integrable function on K, with the norm |l. |l ;1 defined by,

lxll 2 = £ 1x ()] d¢ 2.5)

Denote by L*(a. B)be the space of Lebesguge integrable function on the interval (.5} which is equipped with
standard norm.
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Definition2.4: [9] The Riemann Liouville fractional integral order e € (0.1} of the function f € L*[0.T] is
defined by the formula,

1) = L ff 1@

Tie) “C (p-gii-=

ds ,te[0,7]

2.6)

(a0 (g—git-=

17£(t) =FLJ“ 2 s [(a) 4

Where enote the Euler gamma function.

It may be shown that the fractional operator I* transformed the space L*(E&,.R} into itself and has some other
properties (see [9, 10, 13, and 14]).

Theorem 2.1 (Arzela-Ascoli theorem) [2]: Every uniformly bounded and equi-continuous sequence ify} of
function in (R, Rlthen it has a convergent subsequence.

Theorem?2.2 [2]: A metric space X is compact iff every sequence in & has convergent subsequence.

The existence result will be based on hybrid fixed point theorem in Banach Algebra E due to Dhage [17] is
well-known in the literature on fixed point theory. The details appears in Dhage and their references there in
[18, 19].

Theorem2.3 (Dhage[20]): Let ¥ be a non-empty, closed convex and bounded subset of a Banach algebra X and

let & C: X — X and B:5 — X be three operators satisfying,

a) & and T are Lipschitzian with Lipscthiz constant ¢ ;and ¢ respectively,

b) B is completely continuous, and

c) x=AxEBx +TCx €5 foreachx e 5

Then the operator equation £xEx + Cx = x has a solution whenever alM + 5 <1 where

M = B(S)Il = sup{llB(x)ll : x & 5}
I1I. Existence Result
Definition3.1 [2]: A mapping glt.x) = R, x B =R, Is said to be caratheodory,
i) The map £ = g (£, 2]} is measurable for eachx.y E K and
ii) The map x — g{t .x) is continuous almost everywhere for each t € K, .
Again a caratheodory function g is called L*- caratheodoryif
iii) for each real number ” = 0 there exist a function h, & lL{R+ R} such that
lgt.x)l £ h,(t)ae. t € R, forall x € Rwith x| =r
Finally a Caratheodory function ft; € EL{RJ, R} such that

lglt.x. ¥} < hit) a.e. t e R forallx.y e R
We need the following hypothesis by solving equation (1.1)

H;) The function &, p.77: B, = K are continuous.
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Hj) fex)=f:R,xR—R F= sup |If(e.x)l
The function is continuous and bounded with bound (txleR. xR there

exist and bounded function {: R, — E with bound L satisfying IF (e, x) — fle. v} < n(Edx — vl forall t € R,
and x.¥ € K and vanish £ = ©2,

H.) Kt x)=K:R,. xE-R K= sup |f(t 2}l
The function is continuous and bounded with bound itxieR. xR

thee exist and bounded function n: B, — K with bound N satisfying |K(t,x)} — K(t, y)| = nlt)lx — vl for all
t € B, and x.¥ € [ and vanish £ = @2,
H,) The function lv(t.s)| =h:R, x R— R satisfy caratheodory condition and there exist a function

he MR, % B} such that,
] 3 r
W)l < @) eR xR 0 Tim [Tk ()ds =0,

V = suplvit s}l . . VR, - R,
and Moreover, teR, then the wuniform continuous . Defined formula

AF) = [F_falsd E lim () = 0
vle) = 'r“‘ (t—gii-e 45 poundedon * and Vanish that is to= v(t) )

Hc) The function g isEC —caratheodory B, % Ex K,

Remark3.1:Note that if the hypothesis {H;) and (H5} holds. Then there exist constant £ = 0 and K; = 0 such
that

1 % h(s)
= sup ) ), Goi=
Now we are redy to prove the existence theorem.

K,

5

IV. Main result
Theoremd.1: suppose that the hypothesis(H,} — (H;holds. Furthermore if L{K, + K.} + N < 1 K, and K- are
defined remark (3.1.1).Then NFQIE(3.1.1) has solution in the space BC(R, R). Moreover,solution of the
equation (3.1.1) are ;locally attractive on E.
Proof: By the solution of the NFQIE (1.1) we mean the continuous function x € B, — [& that satisfies NFQIE
(1.1) onE,.
Let ¥ = BC(E, R) be a Banach algebra of all continuous and bounded real valued function on B+ Define & of
E by,
lxll = suplx(&)]
reR. 4.1)

We shall obtain solution of NFQIE (1.1) under some suitable conditions on the functions involved in (1.1)

Consider the closed ball By [0] in X centeredat origin O and of radius r where
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r=F+GlK,+K,]=0

Let s define three operators, &: K — H BE:5 — K and C:E = X by,

Ax(t) = (t x{ﬁ‘{t] }) te R, (4.4)
Ex(t) = rllm ;I:I:I'TI - g (s,x{n{s]}) ds teR, (4.5)

Cx(t) =K (t,xl[.u {t]}) teR, (4.6)

Then these equation can be transformed in to operator equation as

AxBx + Cx=x(t), x5 teR, 4.7)

We shall show that the operator & E and [T are satisfy all conditions of theorem 2.1. This will be achieved in
the series of following steps.

Step I: We show that & and T is Lipchitz on .
Let x.¥ & XK be arbitrary, then by the hypothesis (H;} we get,
lax(®) —ay@l = |r (e.x(6®)) - £ (& y(6®))|

= i(0]=(8®) - y(e®)|

< Llx(2) —y(0)]

= ¢glllx — ¥l

forall x,y X g

— L A
, where isa - function by alr) = Hy+r St This shows that is a - Lipschitz

operator on X into itself. Similarly

Iex(e) — Cy @l = |K (& x(u(e) — F (& y @D
< n()|x(u®) - y@)|
= Nlx(®) — y(8)I
= gclllx —yl) .

I x,v eX . ) === C . .
forall .3 , where P isa - function byq:l c(r) S 0. This shows that ~isa - Lipschitz

operator on Z,
Step II: To show that B is completely continuous on .
Let {x,} be a sequence in § converging to point x.Then by lebsguge dominated converges theorem for all

t € K,. We obtain,

ltm Bx,(t) = ltm {Fltﬂ _ﬁ:% 5‘( {?’.":s]}) n’s}
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= lim —_I"r = lmzl;g (s,x{n{s]}) ds

H—c:n-["-l:" o 'f 3"‘ = n

< lim o it 9 (5.2(19)) s
=Bx{t) vteR,.
This shows that Bx, converges monotonically to Ex point wise onR,. Further since Bx, = B(S), Bxis an
equicontinuous sequence in &. We have that Bx () — Ex uniformly, whence B is continuous operator in 5.
Next we to show that the sequence Ex, is an equicontinuous sequence of the function & Let t;.t: € K, with
£, == £;, we obtain,
ﬁf;: [:::—Tf:: g (5, x{-rll (s) }) ds

|Exn{t5] - EIH{fLJI = N tr vty
T riae [f-yl-:g {541{??{5]}) das

< 5 1 2 o (5.5 (n9) ds — 55 5 2 g (5.2(09))
£ | g (5, x(n () ) s r— 5 (sx(n(6)) ]
trg k' e (o2 @) ds - 5 1 72 g (s x(r)) ]
< i e 2 g (.29 )| s +

g (s:x(n(=)))] ds

+ == o DG — 0 — (6, — 921 g (5.2(n())) | ds

1 pta |elessl]

Mlal “01 (t,—g)t-=

_I.-'rlwrn.sl Lnrlslh{s]ds_l_ _I.-rh |eles | h(s)ds

—zll-= g "t (g-g)i-=

[lal

e = [Thole, — 9lICe, — )21 his)ds

B O R W I L L FOD
) -9 “TTwl, Gg-9—="

[l'lur".-r lwle, s, — )% — (&, — 53 %]l ds

— 0 as &, >t ¥neEN.

This shows that the convergence is uniform by using the property of uniform convergence that is uniform
convergence imply continuity.

Hence B is continuous on &.

Step III: Next than we prove the set B{5) is uniformly bounded in 3,

Let x € 3 be any point. Then we have,
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Bx(0)] < |51y 22 g (5. x(n(5))) ]

LTI

= [lg) "0 (f—g)t-=

vl&lr®
= Me+0

forall te R, ||IE "_%

Now we will show that B(5) is equicontinuous set in X.

Let &,.t- € B, withf; = ¢., and x € § we obtain,

L_lrrz 16 1] (.'5 x{?il{-ﬂ})

[lgd =0 (p—g)i— r—mt-=9

_ L f vl (s,x{??(s]})ds

Tla 20 (p—gi-zd

|Bx(t,) —Bx(,)| =

t { ] t [ |

= r[t:ufﬂz[: ;213 =9(5 x(n(s) }) ds — [‘[r:l nz[:L_:.f 24 (s*x{??m}) ﬂIEl
{t,.8] o[, =)

+ |[‘[r:l Drz [: ;lts =4 (S’x{”{“']}) ds_ﬁ Drl[r:-rslu'f—ng(5*"{”{5]}) Iﬂz5|

+High s (a0) ds - 56 2im 0 (5509) as]

rzb o el .5
_l"(a]J. 4 — ]ft; :]Iléi‘(s,x{??(s:]})lds

+— rz lu[rz"gl_l |g {s,x{ﬂ{ﬂ])ld.‘;

Tial =t (t;—git-=

+== Iy (e, DN, — 90 = (& - 97 g (5. x(n()) )| as

Tlal

his)ds

Tlwlt,, s} — v(t,, s} 1 % (s
‘r(a]f G-ote OS] G oare

+ ﬁf;lv(t: — s)I(e, — )42 his)ds

{Ilhll Tlv{t!,s]—v(tl,slld Il = lw(t s) ;
), -9 @), o9

||r'||_|- lo (e, )G, — )10 — (¢, — )21l ds

[‘[l

— 0 as £ = ¢,

Therefore by Arzela-Ascoli theorem that B is completely continuous on operator 5.
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Step IV: we show that hypothesis (€} of theorem (2.3) is satisfied,

Let x € £ be a fixed element such that x = AxBEy + Cx,. ¥y €5 = x € & then,
we have

x(t) = Ax(E)By(t) + Cxl(t), teR, Vry €5

lx(2)] < lax(@ 1By @) + ICx(2) ]

< |f (e.x(6@)| 5 s 22 5 (5:2(0)) | + [k (2.1 (@)

< [|r (e.x(6®)) - £ee. n]|] ;l"_s;f' g (s.x(n(s)))| ds

["n"

+ |K (t,x{,u{t]}) - K{t,n]|

< [|f (e 2(6®)) - Fe. 0| x =17 lele2l () xll ds

[lg) <0 (p—g)i-=

+ |:{ (t,x{,u {t]}) — K(t.0) |

< [Flx = [y 22 h()ds + [K]
< [Flx == f; 22 h()ds + (K]
vllklr?
< [FIZE 4 (1]

On taking supremum over t € K

virlT=

M 4+ 1) + (K]

=l = [F]

Which implies that x € 5 and so, hypothesis (¢} of theorem (2.3) is satisfied.
Step V: we show that hypothesis (&} of theorem (2.3) is satisfied,

Let Mepa(r) + ¢pclr) =v. forr =0
Now the operator B is bounded by Step III and continuous step V. Therefore, the number

M = sup {l|Bxll : x € 5} exists in view of compactness of E(5)

r || - s
o vllklT

and ™ ~ rig+1 . Therefore, by equation (4.1)

Lyr

Lar
= = T, = U.
Ky+r 1 K+t for

Ma, G +aoplr) = M

For r = 0. Thus all the conditions of theorem (2.3) are satisfied. Hence apply it to operator equation (4.7) and
conclude that the NFQIE (1.1) has a solution onE,. This is complete proof.

Step VI: Now to show that locally attractivity on E. . then we have
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]
I

glz x(nlsl}) g+t x(piel} ) 1'|1.'!

{[;frr(ﬂlrl' l—_l'I1

|x (£} — _‘J-‘{t] | = _{[;ft }'(Eltl_' _|'“

L)
[f=xyl—@E

< [ e x| 22 e x(r) s ¢ [ e )|
+]If (e.5(6®))]| 5k o5 9 (s:v(1)) ds + [k (£.y(u®))|

< 2[F] L Pt g (s.y(n(s)) ds + 206]

glrs_}l:r;'s"lds+ rt}f_u't"

vlRlT®

[F]/— g 2 -
=2lFlg_St2lel vieR,

vilnlre oK e e R

[a + 1) e &%

lim v () = . H, e =0 ) r=20 v() < ARllT®
Sincet—= hypothe51s ( 7) and for there is real number such that = rig+y for all

£ = T. then for inequalities it follows that
lx(t) — y{t)| <€ forall t = T this is complete proof.
It follows that all condition are satisfied. Thus by theorem above problem has locally attractive solution on B,

V. Conclusion:

In this paper we have studied the solutions for the nonlinear functional integral equation of fractional
order. We need the additionally assumptions on positivity on the nonlinearities involved integral equations of
fractional order to require characterization of attractivity of the given solutions. Finally we conclude that this
paper we mention to represent of attractivity results using some arguments with appropriate modification and
some results in the directions of Dhages theorem.
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