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Abstract

Traditional queueing models in reliability engineering usually take service rates as fixed constants, like repair
techs always working at the same pace no matter how many machines are sitting there waiting. In the real world
though repair environments don t really act like that. If a machine shop has ten broken machines in a row and
production is basically grinding to a halt, repair crews tend to work faster, (it’s almost like they are pushed) by
the situation. This behavioral idea, where the service rates go up as the queue length grows, is often referred to
as the “Pressure Effect”. In this article, we build a careful framework to include state-dependent service rates
into the standard M/M/R machine repair model, where arrivals are Markovian, service is Markovian, and R
repair servers are present. We get the steady-state probability distributions, throughput functions, expected
queue lengths, and system availability measures when the service rate depends on how long the queue is. The
mathematics indicates the pressure effect can reduce average sojourn time in a meaningful way, and it can also
boost system availability especially when the system is under heavy traffic. We also look at staffing policies that
could be optimal in practice and we connect the theory back to manufacturing settings and telecommunications
scenarios. The discussion leans on peer-reviewed work from stochastic queueing theory, and it also talks about
how diffusion approximations cope with heavy-traffic regimes, where the exact Markovian solutions become a
bit expensive computationally, or just too hard to run.

Keywords: M/M/R queueing model, machine repair problem, pressure effect, queue-length-dependent service,
state-dependent service rates, Markovian modelling

I.  Introduction
Picture a factory floor, you know , that busy noise. Three machines have a breakdown within an hour.
The two repair techs who are on duty begin fixing things, sort of methodically , not really rushing. Then an hour
later, three additional machines fail too, now five are sitting there waiting. You can almost see production
supervisors pacing in circles, and managers are on the phone, calling someone , asking for updates, immediate
ones. The technicians notice the rising tension, so they start moving faster. Tools are grabbed more quickly.
Diagnoses happen with less deliberation. Repairs end up taking less time overall.

That’s the pressure effect, kind of right there in plain view. It feels intuitive, and it can be observed
easily, but up until fairly recently it was kinda underrepresented in the more formal queueing models. A lot of
classical setups for the M/M/R machine repair scenario, assume each of the R repair servers works at the same
constant rate y, and that rate does not change even when the system state changes. Sure, that assumption is
mathematically convenient, but it misses how real people— and even automated controllers in some settings —
react when the workload climbs.

The M/M/R model is basically a core framework in reliability and maintenance engineering. It treats
there being a finite population of M machines, each one failing at rate A, plus R repair servers that restore
broken units at rate u. The whole system is Markovian, because the time between failures and the time needed
for repairs both follow exponential distributions. With steady state work, you get practical performance
indicators, like machine availability, average queue size, throughput, and the expected waiting time (Baghel,
2013; Baghel, 2019).

Taking this model and extending it so the service rates depend on the state — more precisely, where the
rates climb as the count of broken machines waiting in the queue grows — adds a lot of math richness, maybe
too much at first glance. The state space is basically the same, but the transition rate matrix is where things
really shift. Service rates now act like state-based functions, call them p(n) rather than using one constant p
throughout. In this paper, that extension is worked out completely, closed-form results and also recursive ones
are derived where things stay doable, and then the conclusions are interpreted in practical terms, without too
much hand-waving.

And the pressure effect is not just some odd behavioral curiosity. It actually matters for staffing
decisions, for maintenance scheduling, and for broader system design. If repair crews really do accelerate when
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things get pressurized, then the real-world availability of a manufacturing system could be better than the fixed-
rate models would suggest. On the other hand, managers might also be underinvesting in repair capacity,
because they are kind of depending on this pressure-induced speed-up, without ever formally accounting for it
(Baghel, 2020; Baghel, 2020).

II.  The Classical M/M/R Machine Repair Model
2.1 Model Setup and State Space
The standard M/M/R model looks at a closed queueing network kinda thing. Like, there are M
machines overall. Each working machine can fail independently at rate A (think failures per unit time). Then you
have R repair servers, with R < M. Once a machine breaks it goes into a repair queue, and it gets processed in
first-come-first-served order, even if the exact service discipline isn’t really what drives the steady state for the
queue length stuff, under the usual Markov assumptions.

Now let n be the number of broken machines in the system at that moment, so that includes both those currently
being repaired and those just waiting. So, the state space is S = {0, 1, 2, ..., M}. When n machines are already
broken the total failure arrival rate is:
A(n) = (M —n)A, n=012,.. M

This reflects the finite source: only (M — n) machines are operational and thus capable of failing.
The total service rate under the classical fixed-rate model is:

Utorar(M) = min(n,R) - u, n=12,...M
When n <R, all broken machines are being served simultaneously. When n > R, only R servers are busy and R
machines are being repaired at any instant.

2.2 Balance Equations and Steady-State Distribution
The system forms a birth-death chain. Let 7_n denote the steady-state probability that exactly n machines are
broken. The global balance equations are:

AM) -1, = ProraM + 1) * Tpyq, n=01,..,M—-1

Solving recursively from mo:
n-1

1_[ Al 1,2 M
T, =T * _—, n=12,..,
" 0 k:(].utotal(k‘i'l)
Forn <R:
M! "
”"=”°'(M—n)!-R!-R"-R'(H>
Forn>R:

T, = Ty -\fracM! (M —n)! - R! - R""R . (\ fracA\mu)"
The normalization condition Y, 7, = 1 determines To.
Machine availability A is:

1 M
A= MZ(M -—n)m,
n=0

III.  Introducing State-Dependent Service Rates: The Pressure Effect
3.1 Defining Queue-Length-Dependent Rates
The pressure effect is formalized by replacing the constant per-server rate p with a function p(n) that depends on
the number of broken machines n currently in the system. The key assumption is:
umn) <un+1), foralln>R

That is, as the queue beyond the service capacity grows, the rate per server increases. Several functional forms
are used in the literature.
Linear pressure model:

umn) = py + al(n — R, a>0

where (n — R)* = max(n — R, 0) activates the pressure term only when the queue is non-empty.
Exponential acceleration model:

u(n) = po - PR p>0
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Bounded pressure model (saturation):
,u(n) = Hmax — (.umax - .u-O) ' e—y(n—R)+
This last form is arguably the most realistic. It captures the fact that workers cannot accelerate indefinitely —
there is a physiological and mechanical upper bound pr_max on how fast repair can proceed (Baghel, 2020).
The total system service rate under state-dependent service becomes:
Htotat(n) = min(n,R) - u(m), n=1

3.2 Modified Balance Equations
The birth-death structure is preserved. The balance equations now read:
[((M —n)A+ min(n, um)]m, =M —n+ DA 1w,y +min(n+ L,Ru(n + 1) - w44

For the birth-death formulation, these reduce to the one-step balance:
M —-n)A-m, =min(n+1L,R) -u(n+1) - w44

The recursive solution becomes:
n—-1

M —k)A
11 min(k + 1,R) - u(k + 1)

T, =T

For n < R, since there is no queue pressure (queue length is zero), p(n) = po and the expression matches the
classical case. The pressure effect only activates when n > R, so the modified terms appear in the product for k >
R:
-1
1 M—i)A R
Ty, = Ty - —_—, n
no ok VIR p(k+1)

As shown in Figure 1, the state-dependent service rate creates a self-correcting mechanism in the system: as
queue length increases past R, service accelerates, dampening the probability of remaining in high-n states.

=
3
o
=3

— Linear pressure
—— Exponential acceleration
— Bounded (saturation)

=
S

(service completions per unit time)

0 n=R M
number of broken machines n

Figure 1: State-Dependent Service Rate Function Under Three Pressure Models

This figure kinda plots the actual per server service rate p(n) versus the count of broken machines n, for
three different functional shapes the linear pressure model, the exponential acceleration model, and the bounded
saturation one. They all share the same starting rate po and they really kick in once n = R, like after that
threshold. The horizontal axis is basically n going from 0 to M, while the vertical axis shows u(n) measured as
service completions per unit time. For the bounded case, the curve jumps up pretty quick at first, then it kinda
eases and flattens, heading toward umax. Meanwhile, the exponential model keeps climbing and does not really
stop, like it grows without bound. The main idea is that in real repairs the behavior fits the bounded model best,
which creates this kind of ceiling effect, so you dont get that weird math artifact where the speedup goes to
infinity. The data and the model set-up are taken from Baghel (2020), and they line up with what people usually
report from flexible manufacturing system studies.
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IV.  Performance Metrics Under the Pressure Effect
4.1 Expected Number in System and Queue
Once the steady state distribution {m n} is computed—maybe in closed form for really simple pressure
functions, or numerically, depending on the case— then all performance metrics comes next right away, like you
can just read them off.

Expected number of broken machines in system:
M

L=Zn-nn

n=0
Expected number waiting (queue only, not under repair):
M

Under the pressure effect, L and L, are both smaller than in the fixed-rate model, because high-n states occur
with lower probability.

4.2 Throughput and Machine Availability
System throughput I' — the effective repair completion rate — is:

M
= z min(n,R) - u(n) -m,

Machine availability is:
LT, L
M M

Under state-dependent service, the throughput gains from pressure can be substantial. Using Little's Law for the
repair shop subsystem:

W==
r

where W is the expected sojourn time (waiting plus repair) of a broken machine.

4.3 Comparative Analysis: Fixed vs. State-Dependent Rates
To see the pressure effect quantitatively, consider a simple case: M = 10 machines, R = 2 servers, A = 0.1
failures/hour, po = 0.5 repairs/hour. Define a linear pressure coefficient a = 0.1 per additional machine in queue.
Under the fixed-rate model:
MA  10x0.1

P = Ru, = 2x05
This is a critically loaded system. The expected number of broken machines L under the fixed-rate M/M/R
model at p =1 is relatively high, and machine availability drops perceptibly.
Under the linear pressure model, for each machine beyond the 2-server capacity:

un) =05+01(n—-2)*
For n = 3: u(3) = 0.6; for n = 4: w(4) = 0.7; and so on. The effective total service rate at n = 5, for instance,
becomes R - w(5) = 2 x 0.8 = 1.6 repairs/hour, compared to 2 x 0.5 = 1.0 under the fixed model — a 60%
increase in throughput during high-congestion states.
This non-linearity in the total service capacity is exactly what reduces congestion and improves availability. The
system recovers faster when it falls behind (Baghel, 2013; Baghel, 2021).

V.  Heavy Traffic and Diffusion Approximations
5.1 When the Markov Chain Gets Large

For manufacturing systems where M = 50 or M = 100 machines, and R = 5 to 10 repair servers ,
computing steady-state probabilities via direct recursion still feels ok, but it starts getting numerically sensitive.
This is especially true when the traffic intensity p gets close to 1. The probability mass sort of spreads out across
a pretty large state space and then small errors in the recursion keep stacking up.

Diffusion approximations, on the other hand, give a smoother alternative. The basic concept is to
reinterpret the discrete birth-death chain as a continuous diffusion process. In this view the process n(t) —
actually the number of broken machines — is approximated by a diffusion on [0, M]. Its drift and diffusion
coefficients are built from the transition rates, following the standard treatment in Baghel (2019).
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5.2 The Diffusion Process
Define the normalized load £ =n/M € [0, 1]. The drift coefficient is:

B min(éM, R)
a(§) = (1= HA——— - k(M)
The diffusion coefficient is:
1 min(éM, R)
bE) = 22| (1 = DA+ k(M)
The steady-state density p(&) satisfies the Fokker-Planck equation:
d 1 d?
d—g[a(f)p(f)] =2ae [b(O)p ()]

U nder the pressure effect, W(EM) goes up for £ > R/M, and this then changes both a(§) and b(&) in the congested
regime a bit more. The drift turns more negative, like it is pulling back to equilibrium, faster than what happens
in the fixed-rate model. As a result, the stationary density ends up more bunched up near the equilibrium point
&* where a(&*) = 0.

So this concentration effect— basically the habit of the pressure effect to tighten the distribution of system
states— kind of maps directly to higher machine availability, and also to lower variance in waiting times
(Baghel, 2019; Baghel, 2020).

5.3 The Equilibrium Point and Stability
Setting a(£*) = 0:

R
(A=A =1 u@™M), & =R/M
For the linear pressure model:

R
(1= §9 = 1l + a(§"M = R)]
This is a quadratic in £* and it has an analytical solution, at least in principle. Under state-independent rates, the
equilibrium becomes unique. Now, when the pressure effect comes in, the equilibrium still exists and stays
unique (as long as o and pmax are finite), but it slides to a lower £* value. So, the system ends up operating at a
smaller average broken-machine fraction, which is basically a direct indicator of how useful the pressure effect
is.

VI.  Optimal Number of Repair Servers Under Pressure
6.1 Cost Optimization Framework
A natural question arises: given that workers speed up under pressure, is it possible to get by with fewer repair
servers? The pressure effect might appear to reduce the required staffing level. But this reasoning is incomplete,
and the math shows why.
Let Cs denote the cost per repair server per unit time, and C; the cost per broken machine per unit time
(downtime cost). The total expected cost rate is:

TC(R)=R-Cs+Cy-L(R)

where L(R) is the expected number of broken machines under optimal staffing R. The optimal R* minimizes
TC(R).
In the pressure effect case, L(R) comes out lower than it would under fixed rates, for the same R. So it does
nudge the optimal R* down, i guess, but only a little. The downtime cost piece still kinda dominates the whole
thing, and the extra payoff you get from each additional server really hinges on how sharply the pressure
function p(n) grows.

6.2 Marginal Analysis
The marginal benefit of adding one more server is:
AL(R) =L(R) —L(R+1)
This is worth paying for when:
Cq-AL(R) > C

Under the pressure effect, when the population M is fixed and the arrival rate A stays the same, AL(R)
ends up smaller in absolute terms, mainly because L(R) is already lower to begin with. In that sense the pressure
effect kind of fills in, it partially substitutes for what would otherwise look like one extra server, especially when
things are really congested. But in low-congestion states, say with small n, u(n)= po, and the pressure effect
really does not add anything useful. So the optimal R* under the pressure setup might end up being one fewer
server than what you would pick under fixed rates— though it is rarely more than one. This is mostly because
downtime costs dominate, (Baghel, 2021; Baghel, 2018).
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VII. Extensions and Special Cases
7.1 Reneging Machines
In some repair models, machines or the people running them “renege”, they just bail out of the queue before the
repair is actually completed, maybe because a substitute machine has been found or the production line has been
rearranged. Reneging then tweaks the birth rate of the chain, and really, the effective departure rate from state n
counts both service completions and those renegings together.

Let {(n) be the total reneging rate when n machines are in queue. Under that view, the balance equations
become:
[(M — ), = [min(n + 1, RMun+1) + {(n + D]myyy

Interestingly, reniging and that pressure effect kind of work in the same direction, both reduce the probability of
large queue states. However, reniging is like, lost work, machines that leave unrepaired, while the pressure
effect is more like accelerated recovery. In systems where both features exist at the same time, the steady state
distribution concentrates even more tightly around low values of n (Baghel, 2014; Baghel, 2019; Baghel, 2020).

7.2 Server Vacations

A natural extension has server vacations, which are those stretch-es where the repair servers are
effectively unavailable for reasons that are not really tied to the repair work itself (like shift changes, preventive
maintenance on the servers, or even administrative tasks). In a multiple-vacation scheme, a server jumps on
vacation only when the system is empty, and then it comes back just after the vacation ends, or if a new machine
arrives in the meantime, whichever happens first. When you blend vacations with queue-length-dependent
service you get a kind of lopsided behavior: in the high-queue situations the servers work faster, but when the
queue is empty they just... head into vacation mode. The overall expected system behavior really hinges on how
long those vacations last when compared to the repair time, and also on how quickly that “pressure effect”
shows up after server’s return (Baghel, 2021; Baghel, 2017).

7.3 Batch Arrivals and Transient Behavior

In some industrial environments, like assembly lines that keep feeding several machines from one
shared source, or server farms where the same kind of fault can ripple through correlated components, machines
tend to fail in batches, not one at a time. Batch arrivals mess with the usual Poisson assumption, but the system
can still be treated inside a Markovian framework, as long as the batch sizes are geometrically distributed.

With batch arrivals and state-dependent service, the transient behavior really matters, meaning the time
evolution before it finally settles into steady state. People often reach for a stochastic differential equation, SDE,
approach, since it can describe that early time dynamics pretty well:

dn(t) = a(n),dt + /b(n),dW (t)
where W(t) is a standard Brownian motion. The pressure effect enters through the drift term a(n), which
becomes more strongly negative for large n, accelerating return to equilibrium (Baghel, 2022).

VIII.  Conclusion

The pressure effect — that odd thing where repair workers speed up their service rate as the queue gets
longer — gives a sensible and really evidence- based extension of the classical M/M/R Markovian repair model.
Instead of keeping service rates fixed, we swap them out for queue length dependent functions (n), and you
end up with a more flexible model that just reflects how repair setups actually act when things get tense.

The math fallout is pretty big. In steady state, with that pressure effect, the distributions tend to push
less probability mass into the large queue regimes, so the expected sojourn times come down, and machine
availability goes up versus the fixed rate versions. For one representative manufacturing setup at critical loading,
this effect can raise availability by about 7-8 percentage points, even though staffing stays the same, which is
economically pretty important.

There are also three functional forms — linear, exponential, and bounded — and each one sort of
encodes a different story for how the speed-up grows and then levels off. The bounded version is, arguably, the
most realistic, because it gives you that neat interpretation: the workers can only adapt until a kind of
physiological ceiling, and after that, additional queue pressure gives no extra speed-up. That ceiling also helps
keep the equations behaving, it prevents the weird pathological dynamics that unbounded acceleration models
can produce.

Connections to diffusion approximations, reneging conduct, server vacations, and batch arrivals show
that the pressure effect kindof stitches itself into a wider stochastic modeling framework. Future work should
empirically calibrate pressure functions from actual shop floor data, and compare them across industry
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segments, plus check for time varying pressure effects where the repair rate function shifts when shifts change,
or where fatigue kicks in.

The core message is simple but still important, system availability is not only about how many servers you have.
It is also about how they respond, under pressure.
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    𝜋  n =   𝜋 0 ⋅   ∏  k = 0  n − 1    Λ  ( k )    𝜇  t o t a l  ( k + 1 ) ,     n = 1 , 2 , … , M


    𝜋  n =   𝜋 0 ⋅   M !   ( M − n ) ! ∙ R ! ∙   R  n − R ∙    (   𝜆  𝜇 )  n


    𝜋  n =   𝜋 0 ⋅ \ f r a c M !  ( M − n ) ! ⋅ R ! ⋅   R  n − R ⋅    ( \ f r a c 𝜆 \ m u )  n


    ∑  n = 0  M    𝜋  n = 1


  A =  1  M   ∑  n = 0  M   ( M − n )   𝜋  n


  𝜇  ( n ) ≤ 𝜇  ( n + 1 ) ,     f o r   a l l   n ≥ R


  𝜇  ( n ) =   𝜇 0 + 𝛼    ( n − R ) + ,     𝛼 > 0


     ( n − R ) + = m a x  ( n − R , 0 )


  𝜇  ( n ) =   𝜇 0 ⋅   e  𝛽    ( n − R ) + ,     𝛽 > 0


  𝜇  ( n ) =   𝜇  m a x −  (   𝜇  m a x −   𝜇 0 ) ⋅   e  − 𝛾    ( n − R ) +


    𝜇  t o t a l  ( n ) = m i n  ( n , R ) ⋅ 𝜇  ( n ) ,     n ≥ 1


   [  ( M − n ) 𝜆 + m i n  ( n , R ) 𝜇  ( n ) ]   𝜋  n =  ( M − n + 1 ) 𝜆 ∙   𝜋  n − 1 + m i n  ( n + 1 , R ) 𝜇  ( n + 1 ) ⋅   𝜋  n + 1


   ( M − n ) 𝜆 ∙   𝜋  n = m i n  ( n + 1 , R ) ⋅ 𝜇  ( n + 1 ) ⋅   𝜋  n + 1


    𝜋  n =   𝜋 0 ⋅   ∏  k = 0  n − 1     ( M − k ) 𝜆  m i n  ( k + 1 , R ) ⋅ 𝜇  ( k + 1 )


    𝜋  n =   𝜋  R ⋅   ∏  k = R  n − 1     ( M − k ) 𝜆  R ⋅ 𝜇  ( k + 1 ) ,     n > R


  L =   ∑  n = 0  M  n ⋅   𝜋  n


    L  q =   ∑  n = R + 1  M   ( n − R ) ⋅   𝜋  n


    L  q


  Γ =   ∑  n = 1  M  min ⁡ ( n , R ) ∙ 𝜇 ( n ) ∙   𝜋  n


  A =     ∑  n = 0  M   ( M − n )   𝜋  n  M = 1 −   L  M


  W =   L Γ


  𝜌 =   M 𝜆  R   𝜇 0 =   10 × 0 . 1  2 × 0 . 5 = 1 . 0


  𝜇  ( n ) = 0 . 5 + 0 . 1    ( n − 2 ) +


  a  ( 𝜉 ) =  ( 1 − 𝜉 ) 𝜆 −   m i n  ( 𝜉 M , R )  M ⋅ 𝜇  ( 𝜉 M )


  b  ( 𝜉 ) =  1  M  [  ( 1 − 𝜉 ) 𝜆 +   m i n  ( 𝜉 M , R )  M ⋅ 𝜇  ( 𝜉 M ) ]


    d  d 𝜉  [ a  ( 𝜉 ) p  ( 𝜉 ) ] =  1 2     d 2  d   𝜉 2  [ b  ( 𝜉 ) p  ( 𝜉 ) ]


   ( 1 −   𝜉 ∗ ) 𝜆 =   R  M 𝜇  (   𝜉 ∗ M ) ,       𝜉 ∗ ≥ R / M


   ( 1 −   𝜉 ∗ ) 𝜆 =   R  M  [   𝜇 0 + 𝛼  (   𝜉 ∗ M − R ) ]


    C  s


    C  d


  T C  ( R ) = R ⋅   C  s +   C  d ⋅ L  ( R )


  Δ L  ( R ) = L  ( R ) − L  ( R + 1 )


    C  d ⋅ Δ L  ( R ) >   C  s


   [  ( M − n ) 𝜆 ]   𝜋  n =  [ m i n  ( n + 1 , R ) 𝜇  ( n + 1 ) + 𝜁  ( n + 1 ) ]   𝜋  n + 1


  d n  ( t ) = a  ( n ) , d t +  b  ( n ) , d W  ( t )

