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ABSTRACT: The main purpose of this paper is to compare two types of convergence of double sequence, whose
elements are in 2 —quasi-normed spaces. Firstly, we have introduced a new function in a quasi-normed space,
which we have entitled the 2 —quasi-norm, and have seen that every quasi-normed space can be equipped with a
2 —quasi—norm. The first results in the comparison of the types of convergence of double sequences are precisely
related to the convergence according to quasi—norm and 2 —quasi—norm. To continue, we are focused on
statistical convergence and that one that is related with ideals, and in the end, we have compared each of those
types of convergence with their repeated ones. During this paper, we have defined a new type of convergence,
which is called or-convergence, that makes possible a one-to-one function between each double sequence with a
usually sequence, with one index and it enables that every double sequence will be bounded, a property that in
general is not satisfied from Pringsheim’s convergent sequences.
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I. INTRODUCTION

The convergence of double sequence and the spaces constructed by them, have been studied from authors
like S. Sarabadan, S. Talebi, A.K. Banerje, R. Mondal, B. Altay and F. Basar et al. in [1], [2], [3], [4], [6] and [7].
They are focused on Pringsheim’s convergence and in statistical convergence that related with ideals in the case
of double sequences in normed space and 2 — quasi — normed space. For the 2 — normed spaces and
2 —quasi—normed spaces have worked many authors, that can be found in C. Park paper in [5].

These studies encourage additional investigation into the comparison of the types of convergence for
double sequences, when a space is already equipped with a 2 —quasi—normed function.

In the first section of this paper, we have constructed a 2 —quasi—norm into a quasi—normed space,
which is generated from quasi—norm and then we have studied the relation between the convergence of double
sequences linked with quasi—norm and 2 —quasi—norm. It is worth noting the Proposition 3.1.4 over a sufficient
condition of convergence in terms of 2 —quasi—norm for double sequences convergent according to quasi—norm.
The relationship between the statistical convergence and the one according to ideals has then been observed,
related with quasi—norm or 2 —quasi—normed convergence.

Also, we have defined a new type of convergence, that we have called or—convergence because, a famous
criterion of convergence, the Pringsheim’ criterion which is given as:

Ve > 0, exists p € N such that vm,n > p we have ||x,,, — x,z|| < € is replaced with the following
condition:

Ve > 0, exists p € N such that (vm = p, and Vn € N) or (Vn = p, and vm € N) we have ||x,,, — x,z|| < €.

For the last condition, we have observed that it guarantees the boundness of the convergent sequence and
exists a one-to-one function between every or—convergent double sequence and a usually sequence, with one
index.

For all these relationships are given some examples constructed in a quasi — normed and
2 —quasi—normed spaces like L1([1,2])as in [9].

2

The second section talks about the relation between the iterated limits and their double corresponding for
each type of convergence mentioned above. Here we are focused on treated the cases when the existence of iterated
limits guarantees double ones. To realize that, we are based in the notion of uniformly convergence according to
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one index, where we have given the definition of iterated statistical limits and that one based on ideals. We also
have given an example which satisfies this property.

I1. NOTATIONS

In this section we are giving some notations of quasi—normed, quasi—2 —normed and 2 —quasi—normed
spaces. Also, we have given some definitions over the well-known types of convergences for the double
sequences.
In [6] is defined the 2 —normed function, which satisfies the following conditions:
Definition 2.1 [6] Let X be a real linear space of dimension greater than 1 and let ||., . || be a real valued function
on X x X satisfying the following four conditions:

1. ||x,y|l = 0 if and only if x and y are linearly dependent in X.

2. |lx,yll =y, x|| forall x,y € X.

3. |lx, ayll = lalllx, y|l, for every real number a.

4. lx,y+z|l < llx, vl + lly, z|l, forall x,y,z € X.
The function ||.,. | is called 2 —norm on X and the pair (X, |.,.]|) is called a linear 2 —normed space.

Also, in [5] is defined the quasi—2 —normed space.
Definition 2.2[5] Let X be a linear space. A quasi—2 —norm is a real valued function on X x X satisfying three
conditions of definition 2.1 (1, 2, and 3) and the condition:
4. Thereisaconstant K = 1 such that ||x + y, z|| < K||x, z|| + K||y, z|| forall x,y,z € X.
The pair (X, ||.,.|) is called quasi— 2 —normed space if ||.,. || isaquasi—2 —normed on X. The smallest possible
K is called the modulus of concavity of ||.,. ||
Definition 2.3 [8]
Let X be a linear space. A function ||. ||: X — R™is said to be quasi — norm on X if the following conditions hold:
M x| =0 x=0
(i) for every xeX and for every VA € R, ||Ax]|| = |A] - ||x]|
(iii) for every x,ye X , llx + vyl < K(llx|l + |lyll) where K =1 is a constant independent from
variables x and y.
The smallest possible K, such that the above conditions hold, is called the modulus of concavity of quasi—norm
Il 1.

If the linear space X is equipped with a quasi — norm ||. ||, then (X, ||. ||) is called quasi—normed space.

Le X be a quasi—normed space of dimension greater than 1.
Let us construct the function ||.,.|: X x X - R™*, such that:
0 x and y are linearly dependent
llx, yll =
Nyl elsewhere
This function satisfies the following conditions:
1. For all x,y € X, ||lx,y|l = |y, x|| because if x, y are linearly dependent, then y, x are also linearly
dependent. From this, ||x, yll = ||y, x||.
2. Forall x,y € X, forevery a € R,
I, ayll = llxllleyll = llxllalllyll = la|llx, ¥l
or zero when they are linearly dependent.
If x and y are linearly dependent then exists a constant k such that y = kx. Since ay = akx is linearly dependent

with x, we write||x, ay|| = ||x, akx]|| = |a|||x, kx|| = 0.
This means that for all x,y € X and for every @ € R, we have that
llx, ayll = lalllx, yll.

3. Forall x,y,z € X, exists K= 1 such that
llx +y,z|l < Kl|x,z|| + K|y, z||,
If x + y and z are linearly dependent, then
llx +y,zll = 0 < Kllx, || + K|y, zI|.
In all other cases,
llx + v, zIl = llx + yllllzll < Klx|l + [lyIDllzll = Kdlxlzll + izl = Kllx, zIl + K|y, z]|.
So, the conditions 1, 2, 3 and 4 of quasi—2 —norm function hold.
The function ||., . || defined as above we called 2 —quasi—norm in X.
We have obtained that:
Proposition 2.4 LeX be a quasi—normed space of dimension greater than 1. The quasi—norm on X generates a
2 —quasi—nhormon X.
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This means that every quasi —normed space (X,||.||) of dimension greater than 1 will equiped with a
quasi—2 —norm (like 2 —quasi—norm defined as above).

Let (X, ||. 1) be a quasi—normed space of dimension greater than 1. Also, this space can be equiped with
a 2 —quasi—norm as above.
The convergence of a double sequence was firstly introduced by Mohammad Mursaleen.

A double sequencex = (xj,k)j‘keN of real numbers is said to be convergent in the Pringsheim’s sense if for every

€ > 0, there exists a positive integer n, = ny(€) such that for all j, k = n, implies that |xj_k — l| <e&.

Assume (x,,,) is a real numbers double sequence that is p —convergent (p —convergent is the short for
Pringsheim convergent). The functor p — limx,, ,, yielding a real number & which is defined as follows:
Definition 2.5 [6] Let us consider a real number € > 0. Then there exists a natural number n(¢) such that for
every natural numbers m, n such that m,n > n(¢) holds |x,, , — a| < &.

We say that (x,, ) is convergent in the first coordinate if and only if:
Definition 2.6 [6] Let us consider an element m € N. Then curry’(x,, ,, m) is convergent.

We say that x,, ,, is convergent in the second coordinate if and only if:
Definition 2.7 [6] Let us consider an element n € N. Then curry (x,, ,, n) is convergent.

The limit in the first coordinate of x,,, ,, yielding a function from N into R is defined by:
Definition 2.8 [6] Let us consider an element m € N. Then a(m) = lim curry’(x,, », m).

The limit in the second coordinate of x,, ,, yielding a function from N into R is defined by:
Definition 2.9 [6] Let us consider an element n € N. Then a(n) = lim curry (x, »,, n).

Assume that the lim in the first coordinate of x,, ,, is convergent. The first coordinate major iterated lim of x,, ,,
yielding a real number is defined by:

Definition 2.10 [6]Let € > 0 be a real number. Then there existsa natural number M such that for every natural
number m such that m > M holds |(the lim in the first coordinate of x,,, ,)(m) — a| <e.

Assume that the lim in the second coordinate of x,, , is convergent. The second coordinate major iterated lim of
Xm,n Yielding a real number is defined by:

Definition 2.11 [6] Let € > 0 be a real number. Then there exists a natural number N such that for every natural
number n such that n > N holds |(the lim in the second coordinate of x,, ,)(n) —a| <.

The limits of definition 2.10 and 2.11 are called iterated limits.

Let x,,, , be a function from N x N into R. We say that x,,, ,, is uniformly convergent in the first coordinate if and
only if:

Definition 2.12 [6] (i) x,,, »x is convergent in the first coordinate, and

(ii) for every € > 0, there exists a natural number M such that for every natural number m such that m > M for
every natural number m, |x;, ,, — (the lim in the first coordinate of x,, ,)(n)| < e.

We say that x,, ,, is uniformly convergent in the second coordinate if and only if:

Definition 2.13 [6] (i) x,,, , is convergent in the second coordinate, and

(ii) for every € > 0, there exists a natural number N such that for every natural number n such thatn > N for
every natural number N, |x, ,, — (the lim in the second coordinate of x,, ,)(m)| < €.

Similarly, we define above concepts for double sequences in a quasi—normed and 2 —quasi—normed spaces.

Definition 2.14 [6, 7] Let (x,,,) be a double sequence and let a; = sup{x,,,:m,n = j} for each j. The
Pringsheim limit superior of (x,, ) is defined as follows:
i) If a; = +oo for each j, then lim sup x,, , = +oo.
i) If a; < +oo for some j, then lim sup xp, , = inf{a;}.
J

DOI: 10.35629/4767-12034049 WWW.ijmsi.org 42 | Page



The comparison of some types of convergences of double sequences..

In the same way as limit superior, is defined also the Pringsheim limit inferior of x,, ,,.
If x = x,, , and y = y,,, , are double sequences, then ([7])

i) liminf xp, , <lim supx,,

i) lim x,, , = s ifand only if lim inf x,, ,, = lim supx;,, = s

iii) lim sup(—xm,n) =—lim inf xpp

iv) lim sup (xm,n + ym,n) <limsup X, + lim sup yp,

v)lim inf(xm,n + ym,n) =liminf x,,, + liminf yy, ,.

Recall that a sequence (x,,),en Of elements of X (where X is a normed space) is said to be statistically convergent
tol € X ([1]), if the set A(e) = {n € N:||x,, — l|| = €} has natural density zero for eache > 0. In other words, for

eache > 0, lim %card({k <n|x, =1l =€} =0.

n—oo

Let A © N x N be a set of pairs of positive integers and let A(m, n) be the of numbers of (j, k) in A such that
j <mand k < n. Then the two—dimensional concept of natural density can be defined as follows:
Definition 2.15 [1] The lower asymptotic density of aset A € N x N is defined as

d,(A) = limi A(m,n)

L =

If the sequence (%) has a limit in Pringsheim’s sense, then we say that A € N X N has a double natural
n,meN

density and is defined as d,(4) = lim 22,

mmn—oco Mmn
Let Y be an arbitrary set
Definition 2.16 [1] A family 7 € P(Y) of subsets nonempty set Y is said to be ideal in Y if:
Vped
ii)A,B € Jimpliesthat AUB €7
iii)A€J,B < Aimpliesthat B € J.
7 is called a nontrivial ideal if X & J.
Definition 2.17 [1] Let Y # ¢. A nonempty family F of subsets of Y is said to be a filter in Y provided:
VpEF
ii)A,B € Fimpliesthat ANB € F
iii)A€F,Ac Bimpliesthat B € F.
Definition 2.18 [1] A nontrivial ideal 7 in Y is called admissible if {x} € 7 foreach x € Y.
Definition 2.19 [1] A nontrivial ideal 7 in N x N is called strongly admissible if {i} x N and N x {i} belong to 7
foreachi € N.
It is evident that a strongly admissible ideal is admissible also.
Let 7 € P(N) be a nontrivial ideal in N. The sequence (x,),ey in X is said to be 7 —convergent to x € X, if for
each € > 0 the set A(e) = {n € N: ||x, — x|| = €} belongs to J

Definition 2.20 [1] A sequence (x,) nen IN @ 2 —normed space (X, ||.,.||) is said to be convergent to x in X if
lim||x,, — x,z|| = 0 forevery z € X.

n—oo

This can be written by the formula

(Vz € X)(Ve > 0)(3ny € N)(Vn = ny), llx, —x,z|l < €

. Il x
We write it as x,, — x.

Similarly, we define the sequence convergence in a 2 —quasi—normed space.

Definition 2.21 [1] A double sequence x = (x; ) ken Of all elements of X (where X is a metric space) is said to
be 7 —convergent to [ € X if for every € > 0 we have A(¢) € 7, where A(e) = {(m,n) € N X N: p(xpp, 1) = €}
and we write itasJ — lim x,,, = L

n,m—oo

Similarly, we define the sequence 7 —convergence in a 2 —quasi—normed space.

Definition 2.22 [1] A double sequence x = (x;x);ken Of all elements of X (where X is a 2 —quasi—normed
space) is said to be 7 —convergent to [ € X if for every z € X and € > 0 we have A(¢) € 7, where A(g) =
{(m,n) e NXN:||x, — L,z|| = e}and we write itas T — lim x,,, = L.

n,m-oo
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1. MAIN RESULTS
111.1 Comparison of types of convergence

Now let us study the comparison of different types of convergence.
Let (X, ||. 1) be a quasi—normed space of dimension greater than 1 and ||.,. || the 2 —quasi—norm generates by
the quasi—norm ||. ||.
Definition 3.1.1 A double sequence x = (X, n)mnen IS Said to be convergent in the Pringsheim’s sense if for
each & > 0 there exists a positive integer n, = n,(e) such that for all m,n > n,, implies that ||x,,, — x|| < e.
We can easily see that:
If a double sequence x = (X, n)mnen CONVerges to x in a 2 —quasi —normed space (X, ||.,.||), then it is
convergent to x in the Pringsheim’s sense for the quasi—normed space (X, |.,. ||). To prove this let us take, z € X
such that ||z|| = 1, and from the definition of a double sequence, convergent in a 2 —quasi—normed space the
above definition holds.
Thus we have verified that:
Proposition 3.1.2 The convergence in 2 —quasi—normed space implies the convergence in quasi-normed space.

In general, the convergence of a double sequence in a quasi-normed space does not implies the convergence in a
2 —quasi—normed space X.

2
Example 3.1.3 Let Ll([l 2]) be the quasi—normed space of functions such that (fl2 JIfldx) < +oo and let

frn(x) = i be a double sequence in 11[1 2]. The following equations hold:

Vn Ol = (J7 Y TFnldx)” = (ffx%dx)z () = [ - =B o
So, for fi,(x) ”;”%>f(x) =0,Vx€[12].

Also, for g, ,(x) = x2™,
1 1 2
— 1 mn+1 2
||l (Zm" mn)z <f /mendx> _ (Zmn ) < X 2> (2)
2

mn+1|1

”fm,m Imn ”1 = ||fm,n
2

1 2 mn (11 _zmnl)z 2
— (ZW B 1) 1 (Zmn+1 _ 1)2 — 2 (2 B ZW) (ZW B 1)
= G 1> (=) (4 2)

From (2) we see that exists the functions g,,,(x) for m and n sufficiently large numbers, such that
|finn = finnll: —— o0, and this implies that that ||fm,n normed
Em,n—mo

generated by the quasi—norm of L1([1,2]).
2

The following proposition holds:
Proposition 3.1.4 If a double sequence (x;;,)mnenCONVerges to x, in a quasi—normed space (X, ||.]|) and

lim ||%,,, — x,y|| =0 for every y €Y, where Y is dense in X, then (Xpn)mnen CONVErge to x in
n—-oo
2 —quasi—normed space (X, ||.,.||) generated by the quasi—norm.

Proof
For every z € X, (V) nen Such that lim VYV, = Z. That means:
n-

(ve > 0)(@ny € N)(Vn = ng), ||yn z|| < = (Where K is the modulus of concaV|ty of quasi—norm)
Also, ml}lrlloo Xmn = x ifand only if (Ve > 0)(Eln1 E N)(Vvm,n = n,), ||xm_n x|| <= \/ﬁ
Takeay, € Y forn' = ngy and we see:
”xm.n - x,z” = ”xmm - x"”Z” = ”xm.n - x””_)’n’ +z+yyll
< K||xmn = x||lynr = zll + K| ximn = x|[ 1y
= Kl|xmn = x[|Ilynr = 2ll + K[|t = %, v
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For y, € Y we have: lim ||xm,n - X, ynf” = 0iff (An, € N)(Vm,n = n,), ||xm‘n - X, ynr” < %
m,n—oo

If we take p = max{n,, n,} we obtain that:
||xm,n — x,z|| < K||xmyn - x||||ynr —z|l + K||xm‘n - x,ynrn” <K

& &
V2K V2K
This means that lim ||x,,,, — x,z|| = 0, for every z € X. This completes the proof.

mn—oo

+K§< g, for every m,n = p.

Corollary 3.1.5 The Pringsheim’s convergence of a double sequence in a quasi—normed subspace Y of X is
equivalent with the convergence in 2 —quasi—norm generated by quasi-norm of X if Y is dense in X.

The double sequence (x;,; ,)mnen iN & quasi—normed space is called statistically convergent in x € X, if
the set A(e) = {(m,n) € N x N: ||x,, , — x|| > &} has natural density zero for each & > 0. In other words, for
each

&> O,ml‘rilrlzmﬁcard{k <m,l<n: ||xm‘n — x|| > s} =0.

The following proposition holds:

Proposition 3.1.6 Every double sequence (X, ,)mnen that converges to x in a quasi —normed space is
statistically convergent to x.

Proof If (X, n)mnen CONVErges to x in a quasi—normed space then we have:

Ve > 0,3p € N such that for every m,n > p, ||xn, — x|| < & Letus have {k < m,l < n: ||x,,, — x|| = €}.
We can see that:

If m,n <p,then cardA(e) = mn;

If m>pandn < p,then cardA(e) = mn;

If m <pandn = p,then cardA(e) = mn.

If m,n >p,thencardA(e) =mn—(m—-p+1)(n—p+1).

So,
1, ifm<porn<p
cardA(g) B
mn  |mn—-(m-p+Dn-p+1)
, if mn=p.
mn
~ cardA(g) o mn—-—(m-p+1D(n—-p+1)
lim ——= lim ,
m,n—-oo mn m,n—o mn
because, if m,n — oo then m,n > p for every p € N.
Thus
~ cardA(e) ] m—-p+1n—-p+1)
lim ———= lim 1- =0
mmn—oo mn m,n—oo mn

This completes the proof.

Now, let us give an example of double sequence that is statistically convergent to x, but it is not
convergent to x according to quasi—norm on X.
Example 3.1.7 Let (X, ) mnen b€ the double sequence that is given by the following table
1 0 0

where 1 is denote an element x € X such that ||x||=1 and 0 is denote the element 0 of X space.

The double sequence (X, »)mnen IS Statistically convergent to 0, because for every e > 0 can see that:
card{k <m,l<n: ||xmn|| > e} = min(m, n).

So,
cardA(s) min(m,n)
lim ——== lim ——.
m,n—-oo mn mn—-o mn
This implies that
min(m,n) m 1 n
<———<—=——>00r —=——0.
mn mn nn-oo mn m m—o
Thus,
~ cardA(¢g)
im ————=0,
m,n—oo mn
And
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(mn) 2 0.
On the other hand, the double sequence (x, ,) does not converge to 0 according to quasi-norm of X, because for
all p € N,3m,n > p such that ||x,, || = 1.

In the same way with theorem 3.10 in [2], we can proof the following proposition.

Proposition 3.1.8 Let (X, ||.,.]]) be a 2 —quasi—normed space. A double sequence (X, »)mnen iS Statistically

. . . (L1l
convergent to x € X if and only if there exists a subset A = {(m,n) € N X N: d,(4,,,) = 1} and x,, , — x for
(m,n) € A.

Put J; = {A c N x N:d,(A) = 0}. Then J, is an admissible ideal in N x N and J,, —convergence becomes
statistical convergence (Remark 3.3 [1])
Definition 3.1.9 [1] A double sequence x = (Xjx)jken iN @ 2 —normed space (X,].,.]|) is said to be
J, —convergentto I € X if for all € > 0 and nonzero z € X, the set A(e) = {(j, k): ||x;x — L, z|| = &} € 7,. Inthis
case we can write itas 7, — l]l:TI:l Xjx = L.

We can easily see that 7, is an admissible ideal in N x N, from definition of d,(A4) and the cardinality properties,
Jq, —convergence becomes statistical convergence, because of the definition of this type of convergence and the
fact that d,(4) = 0 for every A € J,.

So, the remark 3.3 [1] is also valid in a 2 —quasi—normed space (X, ||.,. |-

If 7 is the ideal 7, ={4A c Nx N:3m(4) € N|i,j = m(A4),implies that (i,j) ¢ Nx N — A}, then J, —
convergence coincide with 2 — quasi—normed convergence (similar as Remark 3.4 of [1]).

If x = (xjx)jken iS T, —convergent then (x; x); ken does not need to be 2 — norm convergent (and also 2 —quasi
—normed convergent).

Example 3.1.10 In [1] is an example of J, —convergent double sequence, that is not 2 —normed convergent. It is
a special case of 2 —quasi—normed convergent.

Let give another definition of double sequence in a 2 —quasi—normed space.

Definition 3.1.11 The double sequence (x,,,) is called convergent to x € X if for every y € X and for every
€>0,existsp € Nsuchthatform = porn = p, X, — % ¥l <e.

In this case, we can write or — lim x,,, = x.

m,n—-oo
Itis clear that, or — lim x,,, = x implies the convergence in Pringsheim sense. Also, we can write the double
m,n—oo
sequence (x,,,) in a table and we can find a usual sequence y,, that converges to x.
x11 x12 ---x1n."
X21 X22  Xon

X11, X12,X22,X21, ...,xlp,xgp, ...,pr,xp_p_l; ...Xp1;
2 — 1 i isi i
Forall n > p?,y, = x;; where i > p or j > p,and|ly, — x|| < &, this implies that y, i

We can see easily that:
Furthermore, an or —convergent double sequence is bounded. Also exists an one-to-one function between each
or —convergent double sequence with a usually sequence.

111.2 Comparison of limits and their iterated limits

Let us see the comparison of these types of limits and their iterated limits, lim (limx,,,) and lim ( lim xmn).
m—oo n—oo n—oo \m—-oo

The following proposition holds:
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Proposition 3.2.1 If the double sequence (X;,,,)mnen IS Pringsheim convergent to x in the quasi—2 —normed
( 2 — quasi —normed) space X and for every m € N exists limx,,,, then exists the iterated limits,
n—-oo

lim (limxmn) = X.

m—00 \n—o00

Proof The double limit, lim x,,, = x if and only if for every z € X, for each % > 0, exists p € N such that for
m,n—co

everym,n = p, |lxpm, — x,z|| < % (‘where K is modulus of concavity of quasi—norm).
For all m € N, let us denote y,, = limx,,,. This means that for every z € X, for each % > 0, exists p; € N such
n—oo

that for every n = py, |Xmn — Y, 2ll < % Now we can write the following inequalities:

& &
19 = .20 < Kt = i 21+ Wun = 2:21) < K (54 575) < &

for all m,n = max{p,p,}.
So, for every m = max{p,p,}, llym — x, zl| < ¢, and this means that lim y,, = x.

m-—oo

This completes the proof.
Corollary 3.22 If the double sequence (x,,) is Pringsheim’s convergent to x in a
quasi —2 — normed (2 — quasi — normed) space X and exist the iterated limits, lim (limx,,,) and

m—00 Nn—oo

lim ( lim xmn), then the following equality folds:

n—00 \m-—oo
x = lim x,, = lim (limxmn) = lim (lim xmn).
m,n—oo m—oo \n—oo n—-oo \m-o

The proof is immediate from the above proposition.

Let us suppose that the double sequence (x;,)mnen IS Statistically convergent to x € X. So,
lim %2tmn) _ 0, where d,(Apy) = card{(i,j);i <m,j<n ||xl-]- - x,z|| > e}, forallze€e Xand s> 0.

mmn—-oco Mn
For every n € N, let us denote d(4,) = card{i € N;i <m,j = n:||x;; — x,z|| = €}.
We can easily see that

dy(Amn) = z": d(Ay)-

So, for every n € N, exist a,, = lim M, then 0 < lim 24 < a,. This implies that
m—oo mn m—-oo Mn
(. d(Ay) .
0 lim| lim < lima, = 0.
n—-o \ m-oo MN n—-oo

Definition 3.2.3 The iterated statistical limit (s) lim (limxmn) is called the iterated Pringsheim limit

m—-00 \n—-oo

lim (lim d(A")).

m—o \n—-o MmMn

The following proposition holds:
Proposition 3.2.4 If the double sequence (x,,,)mnen IS Statistically convergent to x in a quasi—2 —normed

(2 —quasi—normed) spaceX and for every m € N exist lim %;""), then exist the iterated statistical limit

n—oo

(s) lim (limxmn) =x.

m—oo \n-oo

Corollary 3.2.5 If the double sequence (X, )mnen IS Statistically convergent to x € X and exists the iterated
statistical limits (s) lim (limxmn) and (s)lim (lim xmn), then the equality x = (s) lim xp,, =
n—oo n—co \m-oo m,n—oo

m—oo
(s) lim (limxmn) = (s)lim (lim xmn), holds.
m—oo \n—oo n—o00 \m—-oo
Let us now see what happens with 7 —convergence. Let 7 € P(Y) be an ideal in Y.
Proposition 3.2.6 The family 7, € P(Y x Y) = P(Y?), such that forevery A X B € J,,A,B € J isanideal in Y2,
Proof
i)p X =¢ €T, because ¢ € J.
ii)A; X By, A, X B, € J, implies that 4,, 4,, B;, B, € J, and this implies that
(A, XxB)U (4, XB,) = (A, UA,) X (B, UB,) €7,.
iii)A; X B; € J; A, X B, € A, X B; implies that A, X B, € J,, because from definition 2.16 iii), A,, B, € J.

Definition 3.2.7 A double sequence (x;;) in a quasi—2 —normed (2 —quasi—normed) space is said to be
J, —convergent to x € X, if for all € > 0 and non-zero z € X, the set A(e) = {(i,)): ||x;; — x,2|| = e} € .
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If 7 is an admissible ideal, then:
foralli e Nand i € A(e), A(g) = {j:||x;j —x,2| = e} € 7
and forall j € A(e),A(ej) = {i: ||xij - x,Z|| > s} € 7.

Definition 3.2.8 Consider the double sequence (X;;,,)m nen- SUPPOSe that there exists the 7 — limx,,,, = y,,, €
n—-oo
X forevery fixedm € N, and also exists 7 — lim y,, =y € X. The element y € X is called 7, —iterrated limit of
m-—coo

Xmn and is denoted by 7, — lim (limxmn) =y.

m—00 \n—00

It is clear from the above definitions that if the double sequence (x,,,) is 7, —convergent to x € X then there
exists 7, — lim (limxmn) =7, — lim (lim xmn) =x.
m—oo0 \n—oo n—>00 \M—-00

To answer the question, “When the existence of the iterated limits brings the Pringsheim’s convergence
or the statistical convergence?”, the following proposition holds:

Proposition 3.2.9 If there exists the Pringsheim’s iterated limit, lim (limxmn) = x and the limit lim x,,, is

m—0oo \n—oo n—oo

uniformly according to m € N, then the double sequence (x;,,,) is Pringsheim’s convergent to x.
Proof From the fact that lim (limxmn) = x, We can write:
n—oo

m-oo

For every m € N, denote y,, = limx,,, and so, for all z € X and for every g > 0, there exists p; € N, such that
n-oo

foralln > p, andforallm € N ||xp, — v,, 2| < % Also, lim y,, = x, and this implies that for all z € X, for
m—oo

every £ > 0, exists p, € N, such that for all m > p, and for all m € N —x,z|| < i, thus for all m,n >
y2 pZ pZ 5 ym 2K

& &
max(py, vz} mn = %2l < K(Pmn = Yo 2l + llym = 2,210 < K (5 +5%) = &
This completes the proof.

In a similar way we can prove the same proposition in case of real double sequences. So, the following proposition
holds:

Proposition 3.2.10 If there exists the iterated statistical limit, (s) lim (limxmn) = x (or(s) lim (lim xmn) =
n—oo

m-oo n—-oco \m-oo

x) and it is uniformly in m € N (in n € N), then the double sequence (x,,,,) is statistically convergent to x.
The proof is immediate from the existence of lim (lim M} = 0, the limit lim 924mn) jq uniformly in

m-oo \n—oo mn n-oo

m € N and from the above proposition.

If 7 =3J,then 7, — converge coincide with usual convergence. So, we have the following proposition.

Proposition 3.2.11 If there exists 7, — lim (limxmn) = x and J — lim x,,, is uniformly in meN, then the

m—-00 \n—-oo n—oo

double sequence (x,,,) is I, —convergent to x.

In general, if there excist the Pringsheim iterated limits ((s) iterated limits), it is not enough for the existence of
the Pringsheim limit of the double sequence ((s) limit).
Example 3.2.12
Let

x m<n

Xmn= {—x m>n

0 m=n
be a double sequence in a 2 —quasi—normed space X.
It can be written as follows:

lim (limxmn) = lim(x) =x
m-—-oco \n—oo m—oo
lim (lim xmn) = lim(—x) = —x
n—-oo \m-oo n—-oo
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So, the Pringsheim limit lim (x,,,) does not exists.
m,n—co

To find: (s) lim (limxmn)
m-oo \n—-oo
VvmeN,d(4,,) = card{n:||xy,, —x,z|| = €} = m implies that

tim (lim 24m) = Jim ( 1im M) = lim (lim (H;n)m) = 1im (lim ™) =0

m—oo \n—»co Mn m—-oo \n—co MmMn m—oo \ N0 mn m—oo \nooco 2N

So, (s) lim (lim xmn) = x in similar way, we see that (s) Tllggo (Aiirgoxmn) = —Xx.

m—oo \n—-oo

Thus, does not exist the (s) limx,,,.
mn

IV. CONCLUSIONS
In this paper we have obtained some conclusions regarding the comparison of different types of limits of
double sequences and between repeated and double limits of the same type.
We are listing them as follows:
1. The convergence in 2 —quasi—normed space implies the convergence in quasi—normed space.
2. The Pringsheim’s convergence of a double sequence in a quasi—normed subspace Y of X is equivalent
with the convergence in 2 —quasi—norm generated by quasi—norm of X if Y is dense in X.
3. Every double sequence (x;;,)mnen that converges to x in a quasi—normed space is statistically
convergent to x.
4. 34, —convergence becomes statistical convergence.
5. If the double sequence (x,,,)is Pringsheim’s (statistically) convergent to x in a quasi—2 —normed
(2— quasi — normed) space X and exist the iterated limits, lim (limx,,) and

m—oo n—oo

lim ( lim an) ,((s) lim (limxmn) and (s) lim ( lim xmn)>then the following equality holds:
n—oo \m-oo m—-oo \n—-oo n—oo \m-oo
x = ml‘mzwxmn = lim (limxmn) = lim (lim an)

m-—oo \n—oo n—o0o \m-—0oo

m-oo n—-oco \m-oo

(x = (s)ml‘rilrllmxmn = (s) lim (imxmn) = (s)lim (lim xmn)).

6. If there exists 7, — lim (limxmn) = x and J — lim x,, is uniformly in meN, then the double

m—-oo \n-oo n—oo

sequence (x,,,) is J, —convergent to x.
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