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ABSTRACT: A new zero-stable two-step hybrid block method for solving third order initial value problems of 

ordinary differential equations directly is derived and proposed. In the derivation of the method, the assumed 

power series solution is interpolated at the initial and the hybrid points while its third ordered derivative is 

collocated at all the nodal and off-step points in the interval of consideration. The relevant properties of the 

method were examined and the method was found to be zero-stable, consistent and convergent. A comparison of 

the results by the method with the exact solutions and other results in literature shows that the method is 

accurate, simple and effective in solving the class of problems considered. 
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I. INTRODUCTION 
 Ordinary Differential Equations initial value problems are commonly found in engineering and 

scientific processes such as thermodynamics, [1], fluid mechanics, elasticity and quantum mechanics, [2]. Third 

order differential equations appearing in the field of engineering and science are due to the mathematical 

formulation of natural phenomena and as such, they do not have closed form solutions, [3, 4]. Since analytical 

methods that would provide exact solutions to the problems are rare, numerical methods have been proposed by 

researchers to provide approximate solutions. One of such class of methods is the linear multi-step methods 

which have been found to be zero stable and have been implemented without the need for either predictors or 

starting values from other methods, [5 - 7].   

  Traditionally, higher order differential equations are solved by first reducing them to a system of first 

order equations. This approach has been found to have serious drawbacks including lengthy time of formulation 

of the method, time of execution and cost of implementation of the algorithm, [8 - 10]. The two-step hybrid 

block method is therefore proposed to overcome these setbacks as it is self-starting, easy to apply and produces 

results that are very close to the exact values of the solution of third order ordinary differential equations. 
 

II. DERIVATION OF THE METHOD 
Ordinary Differential Equations initial value problems of the form 

      (   ( )   ( )    ( ))  (  )      
 (  )      

  (  )                                                                ( ) 

where      are constants,  (          ) is a given real valued function in the strip   [   ]     [    ]  
which is continuous and second variable Lipschitzian over its existence domain for the existence of solution of 

(1) to be guaranteed are considered in this paper. This section illustrates the derivation of the two-step hybrid 

block method for solving (1). The solution is approximated in the interval [       ] where the step length is 

given by           . The approximate solution adopted to solve (1) is of the form 

 

 ( )  ∑    
 

     

   

                                                                                                                                                       ( ) 

 

where  ,   are numbers of distinct collocation and interpolation points respectively and      are continuous 

coefficients to be determined. 

 Substituting the third derivative of (2) into (1), gives 
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Interpolating (2) at      ,  
  

 

 

,  
  

 

 

 and collocating (3) at      ,  
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,      lead to the 

following system of equation 

 
The continuous implicit hybrid two-step method derived from (2) is of the form 
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] are hybrid points and   ,    are continuous coefficients to be determined. Therefore, 

(5) is re-written as 
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Setting          in (6) leads to 
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The system (4) is then written as  

 

                          
Solving (8) using Gaussian elimination method leads to the continuous variables      as follows 
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The expressions for the      are then written in terms of the parameters      and      as the following functions 

of  . 

 

                       

                 
 

The parameters    ( ),    ( ) are evaluated at     
 

 
   

 

 
 and     . The values obtained are then substituted 

into (7) to obtain the implicit hybrid block method as follows: 
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Differentiating (7) once with  
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The derivatives of the parameters      and      are written as the following functions of  . 
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The derivatives   
 ( ) and   

 ( ) at     
 

 
   

 

 
  , the values obtained are then substituted into (11) to obtain 

the following implicit hybrid block scheme which are used together with the main method in (9) and (10) for the 

numerical solution of (1). 

 

 

Differentiating (7) twice with          such that 
  

  
 

 

 
 to have 
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The second derivatives of the parameter      and      are written as the following functions of  . 
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The second derivatives   
 ( ) and   

 ( ) at     
 

 
   

 

 
  , the values obtained are then substituted into (17) 

to obtain the following implicit hybrid block scheme which are used together with the main method in (9) and 

(10) for the numerical solution of (1). 

 

 
 

 

III. ANALYSIS OF THE PROPOSED METHOD 
In this section, the main properties of the two-step hybrid block method for solving third order initial value 

problems are presented. The properties include the order and error constant, zero stability, interval of absolute 

stability, consistency and convergence of the method. 

Consider the linear operator   associated with the implicit hybrid block method (9) – (22) defined as 

 

 [ (  )   ]  ∑[   (     )          (     )]

 

                                                                          (  ) 

where  ( ) is an arbitrary test function that is continuous and differentiable in the interval [   ]. Obtaining the 

Taylor series expansions of  (     ) and     (     ) about    and collecting the coefficients of    lead to    

 

 [ (  )   ]     (  )       (  )     
    (  )            

  ( )(  )                                     (  ) 

where      for                    are vectors.  

  

IV. ORDERS AND ERROR CONSTANTS 
From (24), if it is obtained that: 
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then the hybrid block method (9) – (22) is said to be of order   and the error constant is     . Using (24) and 

following [7], the orders of the method are 

(                       )   

and the error constants are 

 

  

 
 

 

V. ZERO STABILITY OF THE BLOCK METHOD 
The main block method given by (9) and (10) is used to obtain the first characteristics polynomial.  

Since  
  

 

 

  
  

 

 

  , then the first characteristics polynomial of the method is given by 

             ( )          
where 

        
and    

  
                 

 

Setting    (    )    with    , gives 

    

     
 

 
  

 

 
    . 

Then, 

         ,     
 

 
 

The block method is said to be zero-stable if as    , the roots,   
      ( )  of the characteristics 

polynomial,  ( )   . That is, 

 

    ( )     [∑ ( )    ]    

satisfies       and for those roots with      , must have multiplicity not greater than  .  
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VI. INTERVAL OF ABSOLUTE STABILITY 
The Routh-Hurwitz criterion is applied to determine the interval of absolute stability of the method. For the two-

step method; 
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The characteristics polynomial is 
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Taking the first, third and fifth terms in equation (25), gives 
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Setting   
   

   
, leads to 

 

    
 

  
        

  

   
                                                                                             (  )  

The Routh-Hurwitz criterion is satisfied if 

 

     
 

  
     

 

           
 

    
  

   
       

Solving for  , the interval of absolute stability is 

 

          . 

 

 

VII.  CONSISTENCY OF THE METHOD 
A linear multistep method is said to be consistent if it has an order of convergence,    , [7]. The derived 

hybrid method is consistent since the order is greater than 1.   

 

VIII. CONVERGENCE OF THE METHOD 
A hybrid block method is said to be convergent if and only if it is consistent and zero-stable, [7]. Since the 

proposed method satisfies the two conditions, then the method converges. 

 

IX. NUMERICAL IMPLEMENTATION OF THE SCHEME 
In this section, the effectiveness and validity of the derived method is tested and demonstrated by applying 

it to solve some third order ordinary differential equations. To compare the results obtained by the method with 

those in literature, the values of    are chosen to be the same. For error calculation, the error formula is given by  

 

        ( )   (  )                                                                                                  (  ) 

In (27),  ( )  is the exact solution for the problem considered and  (  )  is the approximate solution 

obtained using the derived method. 

 

All computations and programmes are carried out with the aid of Mathematica software. 

 

Example 1: Consider the third order ordinary differential equation 

 

            ( )      ( )        ( )          
 

  
                                                      (  )   

The exact solution is  

    ( )   (      )      . 
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Table 1 shows the comparison between the proposed method and One Step Hybrid Block Method, [1] and Block 

method similar to the block trapezoidal rule, [11]. 

 

Example 2: Consider the third order ordinary differential equation 

 

             ( )      ( )       ( )         [   ]   
 

  
                                        (  )   

The exact solution is  

    ( )        
 

 
    . 

Table 1 shows the comparison between the proposed method, One Step Hybrid Block Method, [1] and an 

accurate scheme by block method, [12]. 

 

Example 3: Consider the third order ordinary differential equation 

 

             ( )      ( )       ( )       [   ]   
 

  
                                        (  )   

The exact solution is  

    ( )  
 

  
(     (  ))  

 

 
  . 

Table 3 shows the comparison between the proposed method, One Step Hybrid Block Method, [1] and an 

accurate scheme by block method, [12]. 

 

Example 4: Consider the third order ordinary differential equation 

 

          ( )      ( )        ( )       [   ]                                              (  )   

The exact solution is  

    ( )     . 

Table 4 shows the comparison between the proposed method, Differential Transform Method, [13] and 

Adomian Decomposition Method, [14]. 

 

Example 5: Consider the third order ordinary differential equation 

 

          ( )      ( )       ( )       [   ]                                              (  )   

The exact solution is  

    ( )          . 

Table 5 shows the comparison between the proposed method, Differential Transform Method, [13] and A seven-

step block method, [15]. 

 

Tables of Results 

TABLE 1 

Numerical Results for Example 1: Comparison between the absolute errors in the proposed method and 

other methods in literature 
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X. CONCLUSION  
In this paper, a two-step block method with two hybrid points for the numerical solution of third order 

ordinary differential equations is derived and implemented. The method was derived through interpolation of the 

assumed power series solution at the point      and the two off-step points. The third ordered derivative of 

the assumed solution was collocated at all the step and off-step points in the interval of consideration. The 

properties of the method including order and error constants, consistency, zero-stability, interval of absolute 

stability and convergence were discussed. Numerical results as presented in Tables 1-5 show that the method 

converges to the exact solution in most cases in terms of the absolute error (which in most cases are zeros) 

obtained. Furthermore, the hybrid block method produces the values for the first and second ordered derivations 

of the solution at the step and off-step points. Although, the method requires a bit of computational efforts yet 

with the use of soft-ware, the two-step hybrid block method is implemented with ease. Execution of appropriate 
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programs in future would go a long way in lessening the amount of work involved in the implementation of the 

method.  
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