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ABSTRACT: A new zero-stable two-step hybrid block method for solving third order initial value problems of
ordinary differential equations directly is derived and proposed. In the derivation of the method, the assumed
power series solution is interpolated at the initial and the hybrid points while its third ordered derivative is
collocated at all the nodal and off-step points in the interval of consideration. The relevant properties of the
method were examined and the method was found to be zero-stable, consistent and convergent. A comparison of
the results by the method with the exact solutions and other results in literature shows that the method is
accurate, simple and effective in solving the class of problems considered.
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I. INTRODUCTION

Ordinary Differential Equations initial value problems are commonly found in engineering and
scientific processes such as thermodynamics, [1], fluid mechanics, elasticity and quantum mechanics, [2]. Third
order differential equations appearing in the field of engineering and science are due to the mathematical
formulation of natural phenomena and as such, they do not have closed form solutions, [3, 4]. Since analytical
methods that would provide exact solutions to the problems are rare, numerical methods have been proposed by
researchers to provide approximate solutions. One of such class of methods is the linear multi-step methods
which have been found to be zero stable and have been implemented without the need for either predictors or
starting values from other methods, [5 - 7].

Traditionally, higher order differential equations are solved by first reducing them to a system of first
order equations. This approach has been found to have serious drawbacks including lengthy time of formulation
of the method, time of execution and cost of implementation of the algorithm, [8 - 10]. The two-step hybrid
block method is therefore proposed to overcome these setbacks as it is self-starting, easy to apply and produces
results that are very close to the exact values of the solution of third order ordinary differential equations.

I1. DERIVATION OF THE METHOD
Ordinary Differential Equations initial value problems of the form
Y= fy ),y (0),y" (1)), y(x0) = @0, ¥ (x0) = a1, ¥" (x0) = @ ®

where a;'s are constants, f(x,y,y’,y"") is a given real valued function in the strip § = [a,b] © [—o0, =]
which is continuous and second variable Lipschitzian over its existence domain for the existence of solution of
(1) to be guaranteed are considered in this paper. This section illustrates the derivation of the two-step hybrid
block method for solving (1). The solution is approximated in the interval [x,, x,.,] where the step length is
given by h = x,,,1 — x,. The approximate solution adopted to solve (1) is of the form

y@ =) apx @

where c, i are numbers of distinct collocation and interpolation points respectively and a;'s are continuous
coefficients to be determined.
Substituting the third derivative of (2) into (1), gives
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c+i-1

> G- DG - Dap S = fey . ®
j=0

Interpolating (2) at x = x,,, x s and collocating (3) at x = x, X, 1, Xn41, X,,3, Xny l€ad to the
2 2 2

n+%’ xn+
following system of equation

5 e a1 A 5 A -2
[ : _.-' n ; n : . Ir i r n If i _‘ 7 \] [ “w [ un \
Topy o d 1 "'.-.+5 ..'_I_5 .rtl_1r .4”+_,_| .J£+_|1 i -U.-.+__;,
1 @3 @5 T,os T,s Iy @ T3 s Ynat 2
00 0 6 24, 602 12027 2104 as | fu ()
0 0 0 6 24z, 0 6022, 12027, 2102 | fag ] T | foe /
00 0 6 24w, 602 12000 21020 || @s fatr
0 0 0 6 24z, 5 6022 , 12027 , 21027 , | | o ) foys
\0 0 0 6 2w, 60z, 12000, zl{l.r,’_,_]) \47 \ _r‘_..+2)
The continuous implicit hybrid two-step method derived from (2) is of the form
k k
Y = ) Gy + Y vt @Yneni + B B sy + Butfos] 5)
j=0 j=0

where k = 2, vi = [%, %] are hybrid points and «;, ; are continuous coefficients to be determined. Therefore,
(5) is re-written as

V() = Qo + Qa3+ O Ynas + A5V, 3 + Qe + 1 |Bofo+ Bof s+ Bifais + Bof 3+ Bofrsa | (6)
Setting @, = a, = 0 in (6) leads to

y(x) = @y, + @1y, 1+ asy,,s + R | Bofy + B%f il ¥ Bifns1 + ﬁ%f T .Bzfn+2] - 7
The system (4) is then written as

(1L OO0 0 0 0 0 0 \] fu,q [ Un \
1 1 1 1 1 1 1
:; 3 F_ E E; _!EEI F{_"‘_ iy -I.lrl.'— %
315 % &% @ = ||®™ Un+g
0006 0 0 0 0 ag | _ 1 fa (8)
000 6 12 15 15 = ay foor h
000 6 24 60 120 210 | | oy foir
00 0 6 36 135 405 —”) u.) Fost
\0 0 0 6 48 240 960 3360/ \a; '\.I'.-.+-_r)

Solving (8) using Gaussian elimination method leads to the continuous variables a;'s as follows

iy = Yn
iy = ﬁ [—:!‘-5?-:4{]_4;., + 4{]:!‘.2{]_4;,_.+% — HE[:I_U..,J,:_; + 207 fo + 11!'28}',.,{% + Gbif 0 + F][i..l',.+§ — l'F.,I",.,+-_r]
iy = W [1‘.J'21]_.',|., — 2HH{]“|:+} + F]ii“_l_,fl_._.'_:_ —117f, — ,'Hil_f'h,r_lr + 30— :1F}.I'I_I+._; + 'F_,l"_.,+2]

iy = :-;..f'.-.

iay = JJT [—2":} + 48y, 1 — 36f +16f s — I!_f'_.,+3]
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@ = L [::;‘:;‘_., —104f, 1+ 114 fuey — 56f, 5 + 11, ]
iy = Jiil [__J'f' L IHII. : é - 2'L-'II.-'I s1t ]-'l-'f.rl +E :U"- '3]
ar = s [ = Ay +6fuis = Afur + fuse]

The expressions for the a;'s are then written in terms of the parameters a;'s and g;'s as the following functions
of t.

ap(t) = (1 — 2t + Tifjj n
a1 (t) = (3t — 2t )y, 2

s (f)] = I:—;"?f + "J'E_\] Yoed

'jl"r'lj=r:|l;3|1f_ ||;:J'I_)_£'H _Illll"ll+'l_>'r _ﬁl +#" ) fa
py 8 61 42 1 1845 4 1 g 1 47

fiit) = (ot — 2ot e L 1

hi(t) = r:_rirmf + %jz I|'I + |I,:;'“ st + ﬁ."l'] frt1

1 — 1 13 42 144 T 4% T ph 1 47 3
B3(t) = (mpt — mpt” +5t" — &+ ot —qst’) iz

=i 115

_jg,r.'j=[_%H_ﬁf:_IlTIl_FLI:_;fu_l_Lf:] Foss

BRI il 115

The parameters «;(t), B;(t) are evaluated at t = % 1, %and t = 2. The values obtained are then substituted
into (7) to obtain the implicit hybrid block method as follows:

_ 1 4 4 1 B3 [ 1 + 29 + 7 1 4 1 ] g
Yn+1 = 3yn yn+% 3yn+% 5760fn 1440fn+% 320fn+1 14_4_0fn+% 5760fn+2 9
and
3 1 7 1 7 1

Yn+2 = Yn — Zyn% + 2)’,”; +h [%fn + ﬁfn% t1gg e t mfn% + %fmz]- (10)
Differentiating (7) once with

B (3) = @i + @iy 3+ @Y, + 16 |Bofo+ Bif o+ Bifos + Bif 3+ Bifuse (an

2 2 2 2

The derivatives of the parameters a;’s and g;'s are written as the following functions of ¢t.

oy (t) =3 — 4t
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Bu(t) = a5 — st + 3t° — Bt + Bt -t + 5t
By (0) = i — Tt + 5t° — 9t + 587 — 5t
Bi(t) = 555 + 55t — t* + 3t* — 5t° + 5t°

B3 (t) = 145 — 2a0t + 5t — gt" + 15t° — 35t

ar . 17 7 143 , 1144 1,45 1 46
-’32“) __13440+?2D _Et +ﬁt _ﬁt —l'Et

The derivatives a;(t) and B (t) att = 0, % 1, % 2, the values obtained are then substituted into (11) to obtain

the following implicit hybrid block scheme which are used together with the main method in (9) and (10) for the
numerical solution of (1).

-

s 1 ; 83 1 .
= —gUn+ 30y = gUnag 1 Lmof” TRi et 2240fﬂ+l T i e T 13440f” 2] - (12)
4 1 \ 203 13 1
] ! = —5Un ES . = -'I T anacndn T pn—— Pe— n+ s
Waid = TgUn T Unif T gUneg 0 [ 2016[]f 501077+ " 5607+ 50007+ T 2016[]f 2] '
(13)
, , 13 247 13 ,
h'yn+L = _yn+é + yn+% + h‘ {mfn I-D_lofn_l 6T20fn+1 r040fﬂ+n bOG—lfn 2] ) (]-‘1‘)
4 5 131 17 1
f. = - 3 ——fn ——fn _ 3 — L X ]_.'-
sy = gl = et + it [2240f Tes07m+: * 1ig e + 50 1344f 2| (15)
and
8 7 , 41 L 159 641
hy' =24 5 —y st h3 _ - . (16
Whtr = 3Un=Uns i 3Unig Logzof” R Ve 40320f” 2| - (16)
Differentiating (7) twice with x = x,, + th such that £ —x =2 to0 have
h2y"(x) = ag'y, + afyn% + (lé’yn% +h [Bé’fn + ﬁi’fn% + B farr + ﬂé'fn% + B3 fosz2| - 17)
2 2 2 2

The second derivatives of the parameter a;'s and f8;'s are written as the following functions of .

ag(t) = —3
af (t) = —4
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B(t) =—2 +t— B2+ 243 — 241 + 245

15
Bi(t) = —30 412 — 2247 4 3¢t — 28
BI(t) = o — 32+ 26% — ' + 44°
Bi(t) = o T L A R A
B(t) = & — 12 4 s Lty 2

The second derivatives a;(t) and B;(t) att = 0, % 1, % 2, the values obtained are then substituted into (17)

to obtain the following implicit hybrid block scheme which are used together with the main method in (9) and
(10) for the numerical solution of (1).

8 4 ‘ 61 1 13 7
B = S = s+ s B o, it = s+ o fua| (18
L U~ Wil F gUn [ ~f 720)‘ s o — gt g/ 2] . (18)
8 1 ‘ 19 17 7 1
}'i " =y, — 4 = hd —f, o . ——foial, 19
VUnig = 3% T Wnid T lneg T [1440f 3607w+ ~ 120 fm T ggolned T ogsf ‘3] - (19)

Q

8 4 ; 23
hzy:_H = gyn - 4yn+% + gyﬂ_;_% + |:__fn + fn_, + fﬂ 1—

1
3 Al nE2| 20
720 2 72073 ¥ 3a0” 2] (20)

_ s, 49 59 5
2. 1 - o o a_ ‘
h Y2 = 3 4!}“4_1 + yn__ +h [lﬁofﬂ 360f 120fn—1 24fn+% 1_1_10fn 2] P (2]-]
and
8, 4 151 473
;rj " 2 _]: ' n n = n+ - 22
Uiz = gUn = Wit glnig F { 144f 720 /nt f R T EARS fzof 2] (22)

I1l. ANALYSIS OF THE PROPOSED METHOD
In this section, the main properties of the two-step hybrid block method for solving third order initial value
problems are presented. The properties include the order and error constant, zero stability, interval of absolute
stability, consistency and convergence of the method.
Consider the linear operator L associated with the implicit hybrid block method (9) — (22) defined as

LlyGea) k1 = ) oy oo + ) = b33y Gy + )] 23)

]
where y(x) is an arbitrary test function that is continuous and differentiable in the interval [a, b]. Obtaining the
Taylor series expansions of y(x, + jh) and y"’(x,, + jh) about x,, and collecting the coefficients of h” lead to

Lly(x,) : h] = ¢y (x,) + cihy' (x,) + c,h?y" () +. . .+cphpy(p)(xn) +. .. (24)
where ¢;'s for j = 0, 1, 2, . . .are vectors.

IV. ORDERS AND ERROR CONSTANTS
From (24), if it is obtained that:
Cg=C=C==¢=0:cpq #0
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then the hybrid block method (9) — (22) is said to be of order p and the error constant is c, . Using (24) and

following [7], the orders of the method are
(7,87, 7,8 7,7,7,7, 7,7, 7T
and the error constants are

1 1 59 1 113 1 13 59
(368640' 15482880 258048°  860160° 464486400  860160°  430080° 258048’
83 71 83 59

1290240°  1290240° 1290240° 258048)

V. ZERO STABILITY OF THE BLOCK METHOD
The main block method given by (9) and (10) is used to obtain the first characteristics polynomial.
Since y, .1 =y, .3 =0, then the first characteristics polynomial of the method is given by
2 2

p(r) = |Ar — B|
where
-1 -1
A — 3
A 5 _5
and
0 —1_-_1L -
B = 3 RT60
0 1+ ﬂ:_iiﬂ':
_ 1.1, 1
Det(Ar —B)=|_" ~3 T3 7 5"
2r  =2r —1—g52
1 +8 9 r
= —7r + —=T" + z
3 3 1440

Setting Det(Ar — B) = 0 with z = 0, gives

r+drz=n,
3 3
Then,
rn = O, T, = _§
The block method is said to be zero-stable if as h — 0, the roots, ri's:j = 1(1)k of the characteristics

polynomial, p(r) = 0. That is,

p(r) = Det[L APR*1] =0
satisfies |[R| < 1 and for those roots with |R| < 1, must have multiplicity not greater than 2.
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VI. INTERVAL OF ABSOLUTE STABILITY
The Routh-Hurwitz criterion is applied to determine the interval of absolute stability of the method. For the two-
step method;

7 7
Yn+2 = Vn — 2yn+% + 2_’)/ 3 + h? [—fn fn+2

960 120f"+‘ 160fnJr1 120f"+‘ 960

The characteristics polynomial is

(1-=hH2* - (2 +Eh3)l‘——h3/1+ (2 —mh3)lz —(1+=h%)=0. (25)

Taking the first, third and fifth terms in equation (25), gives

1 p3yg2 21 g3y 1 23)
A—=h)2 =232 — (1+=h) =0

960

Setting A = Ieads to
— 2R+ 4Rz + k37 = 0. (26)
The Routh-Hurwitz criterion is satisfied if
~ZR3>0
15
4h3z >0
3 p3zz s

240
Solving for h, the interval of absolute stability is

—oo < h <0.

VII. CONSISTENCY OF THE METHOD
A linear multistep method is said to be consistent if it has an order of convergence, p > 1, [7]. The derived
hybrid method is consistent since the order is greater than 1.

VIIl. CONVERGENCE OF THE METHOD
A hybrid block method is said to be convergent if and only if it is consistent and zero-stable, [7]. Since the
proposed method satisfies the two conditions, then the method converges.

IX. NUMERICAL IMPLEMENTATION OF THE SCHEME
In this section, the effectiveness and validity of the derived method is tested and demonstrated by applying
it to solve some third order ordinary differential equations. To compare the results obtained by the method with
those in literature, the values of h are chosen to be the same. For error calculation, the error formula is given by

E, = ly(x) — y(x)l. (27)
In (27), y(x) is the exact solution for the problem considered and y(x,) is the approximate solution
obtained using the derived method.

All computations and programmes are carried out with the aid of Mathematica software.

Example 1: Consider the third order ordinary differential equation

y"+y =0 y(0)=0 y'(0)=-1 y"(0)=-2: h=—. (28)
The exact solution is
y(x) = 2(1 — Cosx) + Sinx.
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Table 1 shows the comparison between the proposed method and One Step Hybrid Block Method, [1] and Block
method similar to the block trapezoidal rule, [11].

Example 2: Consider the third order ordinary differential equation

" =3Sinx, y(0) =1, y'(0) =0, y"(0) =—2 : x€[0, 1], h=—. (29)
The exact solution is
y(x) = 3Cosx + %xz -2
Table 1 shows the comparison between the proposed method, One Step Hybrid Block Method, [1] and an
accurate scheme by block method, [12].

Example 3: Consider the third order ordinary differential equation

Y4y =x y(0)=1,3'(0)=0,y"(0)=0: x€[0, 1], h=—. (30)
The exact solution is
y(x) = 116(1 — Cos(2x)) + éxz.
Table 3 shows the comparison between the proposed method, One Step Hybrid Block Method, [1] and an
accurate scheme by block method, [12].

Example 4: Consider the third order ordinary differential equation

y'"=—-y, y0)=1, y'(0)=-1, y"(0)=1: x€ [0, 1], h =0.1. (31)
The exact solution is
y(x) =e*.
Table 4 shows the comparison between the proposed method, Differential Transform Method, [13] and
Adomian Decomposition Method, [14].

Example 5: Consider the third order ordinary differential equation

y'"=e* y(0)=3,y'(0)=1, y'(0)=5: x€[0, 1], h=0.1. (32)
The exact solution is
y(x) =2 +2x% + e*.
Table 5 shows the comparison between the proposed method, Differential Transform Method, [13] and A seven-
step block method, [15].

Tables of Results

TABLE 1

Numerical Results for Example 1: Comparison between the absolute errors in the proposed method and
other methods in literature

X Exact Results Error Error in [1] Error in [11
Solution hv the new
Method

Lo | O OO | OO GO [ OO (LU RO [ OO0
1| -0 109825025850480 | -0 109825085850420 [ 00000000 | 240291 100E-10 1.5405E-09
Z] -0 23E530617221806094 | -0 23E5361T2218694 | 00000000 SOFRBGO0E-09 [ D.8455E-00

0.3 | -0.334847 213583321 [ -0.884847213583321 | 0.0000000 {E2GR000E-08 | 2.3652E-08
i

b=

—

=

S0 54T296306GTT02S | -0.54T296306677023 | 0.0000000 TE2585TOE-08 | 4.32T3E-08
0.5 [ 0724260297 727691 | -0.724260297727691 | 00000000 ATOGATHOE-07 | 3.0018E-08
0.6 | -0.913971000905724 | 091397 1000905724 | 00000000 T G.OT00E-08

b=

=

A2G69956E-07
0.7 [ -1 114532865923590 | -1 114532865923500 | 00000000 AGTAH120E-0T | 5.2032E-08
0.8 | -1.323941018254150 | -1.323041918254150 | 0.0000000 | 7.53051040E-07 1.352TE-07
0.9 ] -1.540105TA2T18330 [ -1.540105TH2712330 | 00000000 | LI03GTS2E-0G | 4.T483E-07
L | -1 T608GA59036T610 | -1 VE08G45903GTGL0 | 0.0000000 | 178270401 E-0G L.OGHIE-0T

b=

L) P I O T S I =
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TABLE 2
MNumerical Results for Example 2: Comparison between the
absolute errors in our method and other methods in literature

Exact
Solution

Resnlts
by the new
Method

Error

Error in [1]

Error in [12]

L ORI

Lo ORI

(AL RN

LRGN

L RO O

0.99001 2495834090

(0.99001 2495834090

(L OUMENCD

1OO0NE-14

L.GON0E-10

0.960199733524001

0.960199733524001

(L OUMENICD

2 T1I00E-13

LYOO0E-10

001100946737 TO65

.01 100MGT3TTO6S

(L OUMENICD

1.1450E-12

G.2000E-10

(0.84318209582011622

(L.843182982011622

(L CUMERICHD

2.9620E-12

1L.90nnE-10

0.THTT4ATORMGTTLO2

0.7 TTATORAGTTLO2

(O

GOT1I0E-12

3.2000E-10

0LGHGO0GE44TI9830

(LGHGO0GE44TI9830

(AL RN

1.Os00E-11

1.3000E-09

(L5305 2656 1870890

(L5305 265618T0890

(L OTMENCD

1.7439E-11

LANE-09

04101201 28067774

D A10120128067TT4

(L OUMENICD

2.62T4E-11

L IE-D&

0. 2698209904840588

(. 269829904840588

(L OUMENICD

3.7TH08E-11

2.0000E-08

012090691 TEAG045

(12090691 THAG045

(L CUMERICHD

H.1625E-11

A.5000E-D8

TABLE 3
Numerical Results for Example 3: Comparison between the
exact solution and the approximate solution by our method for & = 0.1

Exact
Solution

Results
by the new

Method

Error

Error in [1]

Error in [12]

L1

L ORI

L OO

(L CMDERCICHD

LIS IR RN

L1 CRERCHONEICIERCE

.1

0049875 166G54T6T

00049575 16654T6T

(L CMDERCICHD

2.9700E-08

LGEEEE-D6

(.2

L019201063624450

L019201063624450

(L CMDERCICD

L.O9880E-07

FRL00E-05

.3

(.043999572204435

(.04399957 2204435

L COMDERCICH

G.A0S0E-07

L.BGGEOE-D4

.4

LOTGRGTAD1997407

LOTGRGTAD1997407

(L CMDERCICHD

1. 5480E-06G

J3.98G0E-N4

0.5

(.117443317583462

(.117T44331 75834062

(L LERCI I

3.0620E-06

T.9500E-04

LG

L IB455T921055624

L 164557921055624

(L CMDERCICHD

5. 3625E-06

1.3G80E-03

0.7

. 216881 160706205

L2165 160706205

(L CMDERCICHD

8.60G5E-06

2. 11590E-03

.5

(0.272974010431492

(0.272974010431492

(L CMDERCICD

1.292GE-05

J3.0300E-03

.4

(.331350392754054

(.3313503092754054

L COMDERCICH

1.28418E-05

LI0O0E-03

1.0

(.30052TH31852580

(.30052TH31852580

(L CMDERCICHD

2. 5120E-05%

5.2610E-03
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TABLE 4
MNumerical Results for Example 4: Comparison between the
absolute errors in our method and other methods in literature

X Exact Results Error Error in [13] | Error in [14]
Solution bv the new
Method
UL | Lo cro e cecaod (- LU | C Uy | i (L ERCR TR
0.1 | 0.904237418035960 | 09042374 18035960 [ 0.0000000 | 0.00000000 2138401 E-12
0.2 | LEB1ETI0THI0TTA82 | 081873075307 TA82 | 00000000 | 000000000 G.OG51AGE-13
0.3 | D.TADR1IR220651T1S [ 0. T4018220651718 | 0.0000000 | 0.000000010) T.305751E-12
04 [ 0LGT0320046035639 [ 0.GTO320046035630 [ 0.0000000 | 000000000 2108163E-12
0.5 | 0.G0GA30GH9T1I2633 | 0.G0GE30GHOTL2623 | 0.0000000 | 0.000000080 1.484579E-11
LG | (LG4SR L1G3G004026 | 054821 1630094026 | (LODOO000 | O.00000000 1.058521E-11
0.7 | 0L 4965853037T91410 | 0.496585303791410 | Q0000000 | 000000000 3.142886E-11
(0.5 | 0.449328964117222 [ 0. 449328964117222 | 0.0000000 | O.000000010) 2.309530E-11
0.9 [ 0ADGRGEHEE0TA05099 | O ADGEGAGENTAO590 [ 0.0000000 | 0.00000000 H.15G4149E-11
L [ OL36TETO441171442 | 0L36TATO441171442 [ L0000 | 0.00000000 2A00535E-11

TABLE &5
MNumerical Results for
absolute errors in our

Example 5: Comparison between the
method and other methods in literature

X Exact Resnlts Error Error in [13] | Error in [13]
Solution bv the new
Methaod
CL0 [ 30000 CODOOOCOO0 [ 3. 0000 COOOCUONG | QL0000 | Ouooo oo (0 ORI
0.1 [ 312517091807 5650 | 312517001807 5G50 | L000M000 | O.00000000 2.531308E-14
0.2 | 3.301402758060170 | 3.301402T58160170 | 0.0000000 | (00000000 1.G12044E-13
(.3 | 35202588075 T6000 | 3.502085880T5TG000 [ 0o0000000 | (uoonnoooo 4.023448E-13
(4 [ 3811224697641 270 | 3.8112246976G4 1270 | 00000000 | OLO0000000 T.H36194E-13
0.5 | L 148T212T0700130 [ 4 TART2L2T70T001300 [ 0u0000000 | (uoo0oo000 1.212364E-12
0G| A54211E800350510 | 45421 100390510 [ 0u0000000 | (uoonoonoo L.780798E-12
0.7 | 4.9937527074T0480 [ 4.9093752T07470480 | 0.0000000 | 000000000 2.456T02E-12
(L& | BA0540025492470 | 5.505540928492470 | 0.0000000 | O O0000000 2212097E-11
0 ] G.O079G03 111156850 [ G.O7SG051TTTTAG950 | OLOOOOCn | OuoCoo H.231993E-11
L0 [ G.TIS2RIE2SL459050 [ 671822 LE2ZSA50050 | 0L0000000 | 0.000000010 AEGO113E-11

X. CONCLUSION

In this paper, a two-step block method with two hybrid points for the numerical solution of third order
ordinary differential equations is derived and implemented. The method was derived through interpolation of the
assumed power series solution at the point x = x,, and the two off-step points. The third ordered derivative of
the assumed solution was collocated at all the step and off-step points in the interval of consideration. The
properties of the method including order and error constants, consistency, zero-stability, interval of absolute
stability and convergence were discussed. Numerical results as presented in Tables 1-5 show that the method
converges to the exact solution in most cases in terms of the absolute error (which in most cases are zeros)
obtained. Furthermore, the hybrid block method produces the values for the first and second ordered derivations
of the solution at the step and off-step points. Although, the method requires a bit of computational efforts yet
with the use of soft-ware, the two-step hybrid block method is implemented with ease. Execution of appropriate
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programs in future would go a long way in lessening the amount of work involved in the implementation of the

method.
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