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I. INTRODUCTION

Let S denote the class of normalized univalent analytic functions in the open unitdisc U ={z € C: |z] < 1}.
where C is the set of complex numbers. Silverman [2] introduced the concept of univalent analytic functions in
the open unit disc U with negative Taylor coefficients from the second and denoted the class by T. The class T
is asubclass of S, consisting of functions which are of the form

f@=z-Y,a,2z",z€U, a, =0for n> 2. (@)
that are analytic and univalent in U. The subclasses of T that are starlike of order a, convex of order a are
denoted by T*(a) and C(a) respectively for0 < a < 1. Silverman[2] obtained necessary and sufficient
condition for the function
f@=z-Yr, a,z", z€U,a, =0tobein T*(a), as

Yn—2(n—a)a, <1—-a )
and the necessary and sufficient condition for f(z) =z — Y,_, a,z" tobein C(a) as
Yn—zn(n—a)a, <1-a. 3

Silverman [3] defined a subclass of T which contains functions having univalent derivatives and denoted this
class by T;. He derived a necessary and sufficient condition for f € T of the form (1) tobeinT; as

Yn=3(n—Dna, < 2a, (4)
for a, > 0.

By imposing generalized form of condition (4), Srinivas [5] introduced subclasses T'(b,B,), C(b,B,),
T*(b,B,) of T by fixing second Taylor coefficient a, and obtained extreme points and support points.
Applying the generalized form of condition (4), Lalitha and Srinivas[6] introduced the class T'(b, c, B,)) by
fixing second and third Taylor coefficients a, and a;.

T(b,c,B,) =
{(f@DET: f(2) =z— a,z° —azz® — Y¥T ,a,z" and Yo 3B a,.1 < 2b —cB, }
where 0 < a, :bsi, 0<a; :cséandBnZn(n+1) forn > 2.

They [6] also introduced starlike and convex subclasses S (b, ¢, B,,) and C, (b, c, B,) of T as

Sa(b,c,By) =
{[f@er®,eB): T

(n+1-a)
nn+1)

Bunay < (1—a) = (2 — )b — (3 — a)c}
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C,(b,c,By) =
{f(z) €T(b,¢,B,): Beg ™2 Brttyyy < (1 —a) — (2 - @)2b — (3 — a)3c}
for0<a<1.

We have S*(b,¢,B,) = Si(b,c,By) and C(b,c, B,) = Cy(b,c, By).
In [6], a characterization for a function to be in T(b, ¢, B,,) was obtained as follows:

Theorem A: f € T(b,c, B,) ifand only if f(z) can be expressed as
f@) =YnoAnfn(2), z€U whered, 20forn=2and Y7, 1, =1,

fo(2) =z—bz? —cz8, f,(z) = z— bz? — cz® _ St >3
n

and ann(n+1)forn22,0<bsi,0<S%andzeU.

The Extreme points of T(b, ¢, B,) were obtained in [6] as

£,(2) =z —bz? — 23, fo(2) =z — bz? — cz3 — 2255+ > 3,

n

Similarly Extreme points of C (b, c, B,,) were obtained in [6] as

fo(2) = 2 —bz? — cz®, f(2) = 7 — bz? — cz® = 242D ynna

(n+1)By, ,nz3

Further in [6], the Extreme points of S*(b, c, B,,) were obtained as

f2(z) =z —bz? — cz3, f,(z) =z —bz? — cz® —WZ"“, n=3.
n

Results analogous to Theorem A for the classes C(b,c, B,) and S*(b, c, B,) were found in [6].

Support Points: A function f(2) in the class T(b, c, B,) is said to be a support point of T(b, ¢, B,,) if there
exists a continuous linear functional J on
A={f(z) =z—-Yy,a,z", a, =0, f(z)isanalyticin U},
such that
Re{J(f)} = Re{J(g)} forall g € T(b,c,B,) and Re(J) is non-constant on T(b,c,B,).
We denote by Supp{T (b, c, B,))} the set of support points of T(b,c,B,) and the set of extreme points of
T(b, c, By) is denoted by ext{T (b, c, B,)}.
In a similar fashion, we can define Supp{C (b, ¢, B,)} and Supp{S*(b,c, B,)}.

Now we find the support points using the following Lemma proved by Brickman et.al.[1] .

Lemma: Let {b,} be a sequence of complex numbers such that lim,_ Suplbn|% <1 and setJ(f) =
Yimeo Anby for f(z) = Y_oa,z™ € A. ThenJisa continuous linear functional on A.
Conversely, any continuous linear functional on fon A is given by such a sequence {b,,}.
Il. MAIN RESULTS
Now, we proceed to find the support points of T'(b, c, B,,).
Theorem 1: Supp{T(b,c,B,)} =
{f € T(b,c,B,): f(z) =z—bz?> —cz® — (2b — 6¢) Z;‘{’=32—:Z”+1 where 1, >0, ¥ 31, <land A =

Oforsomej}, WhereO<bSi, O<CS£ and B, 2 n(n+ 1) forn > 2. (5)

Proof:
Let the function f(z) be in the class T'(b, c, B,)

andlet  fy(z2) = z— bz? — cz3 — (2b — 6¢) Z;‘{’=32—"z”+1

where 1, =0, X334, <1and4; =0 forsomej > 3.
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Ifby =b, =b;=bj,; =1andb, =0 forn>4andn #j+1 then
lim,,_,, sup|b, |*/™ < 1.

Then, with the help of Lemma, we can define the continuous linear functional f on A given by the sequence
{bn}.
It follows from the above that

Jf)=1—-b—-cand J(f)=1-b—c—y;

where f(z) =z—bz?—cz3 =Y (ZbB_GC) u, z"*1 e T(b,c,B,)

and there exist p,, such that u, > 0and >, pu, < 1.
Thus we have

Re{J(f)} < Re{J(fy)} forall f € T(b,c,B,).

(2b—-6¢c)

Bj

Now
_ (21)—60)21""1

eT(b,c,By)

J

fi(@) = z—bz* - cz?
and J(fj)=1-b—c— 2”13‘]65 < J(fo).
This shows that f, € Supp{T (b, ¢, B,)}

Conversely, let f, € Supp{T (b, c, B,)}.
Then there exists a continuous linear fractional J on A such that Re{J} is non-constant on T'(b, ¢, B,)) and

Re{J(fo)} = ohax Re{J(9)}-

Now,

Define the class G =

{f €T(b,c, B »): Re{J(f)} = maxr (5, Re(/(6)} = Re{J (fo)}}.
The class G is closed , convex and locally uniformly bounded.
Thus G is compact.

Since f, € G, by Krein-Milman theorem

Ext{G} = {f € G: f is an extreme point of G} is nonempty.

Claim: Ext{G} < Ext{T(b,c, B,}.

Proof of claim: Let h € Ext{G}.

Ifh ¢ ExtT(b,c,By),3 hy,h, ET(b,c,B)and0 <A <1
such that h = 1h; + (1 — A)h,.

Since h € G, this implies hy, h, € G.

But h is an extreme point of G.

Therefore h € Ext T(b,c, By,) .

Since Re{J} is non constant on T(b, ¢, B,,),

We obtain that Ext{G} < Ext T(b,c, B,) properly.

Thus there exists a j € N such that the extreme point of T (b, ¢, By,), f; € Ext {G}.
Let k be the smallest of such j’s.

Suppose k > 1.

In this context, f, € G influences that

fo(z2) =z —bz?> —cz® — (2b — 6¢) Z;'f=32—:Z"+1 ,ZEU

where 0 < 1, and Y7-3 4, < 1 by applying Theorem A.

Thus fo € RHS of (5)

Now consider k = 1.

Here Ext{G} c {f] € Ext{T(b,c,By):j > 2}

Since B,, tends to oo as n goes to infinity and G is closed, there are only a finite number of
fn’s € Ext{G}.

Now by applying Theorem A and f,, € G, we get
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fo € RHS of (5)
This completes the proof of the theorem.

Next, we find the support points of the class C (b, c, By,).
Theorem 2: Supp{C(b,c,B,)} = {f € C(b, ¢, B,): f(2) = z = bz? — cz® — (1 — 4b — 9¢) Lizy —2—z™*1,

(n+1)By
z €U wherel, 20, ¥7.34, <land ;=0 forsomej}, where 0 < b Si and 0 < ¢ S%, B, =

(n+1)2(2b—6¢)
1-4b—-9c
Proof: Similar to that of Theorem1.

Finally, we find the support points of the class S*(b, ¢, B,)
Theorem 3: Supp{S*(b,c,B,} =
€ S*(b,c,B,) : f(z) =z—bz? —cz® — (1 —2b — 60) Z;’f=3'1—”zn+1 ,z € Uwhered, =0, ¥r.A, <
B
land 4; = 0 for some j}

where 0 <b <> and 0 < ¢ < = B, > L)

(1-2b-3¢)
Proof: Similar to that of Theorem 1.
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