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I. INTRODUCTION  

Let S denote  the class of normalized univalent analytic functions in the open unit disc     {     | |   } . 

where   is the set of complex numbers.   Silverman [2]  introduced the concept of univalent analytic functions in 

the open unit disc   with negative Taylor coefficients from the second  and denoted the class by  .  The class   

is  a subclass of  , consisting of  functions which are of the form   

              ( )    ∑     
  

    ,    ,       for     .                                       (1) 

that are analytic and univalent in   .  The subclasses of    that  are starlike of order   , convex of order   are 

denoted by   ( )  and  ( ) respectively           .  Silverman[2]  obtained  necessary and sufficient 

condition for the function   

  ( )    ∑   
      

      ,      to be in    ( ), as 

                                ∑ (   )      
 
                     (2) 

and the necessary and sufficient condition for  ( )    ∑   
      

   to be in   ( ) as                  

                                ∑  (   )      
 
   .                      (3) 

Silverman [3] defined a subclass of   which contains functions having univalent derivatives and denoted this 

class by    .  He   derived a necessary and sufficient condition for      of the form (1)   to be in     as  

          

                               ∑ (   )        
 
                    (4) 

for       . 

By imposing generalized form of condition (4),  Srinivas [5] introduced subclasses  (    ) ,   (    ) ,  

  (    )  of    by fixing second Taylor coefficient      and obtained extreme points and support points.  

Applying the generalized form of condition (4),  Lalitha and Srinivas[6] introduced the class  (      ) by 

fixing second and third Taylor coefficients     and    . 

 (      )     
{ ( )        ( )        

     
  ∑    

  
         ∑       

 
           }  

where        
 

 
 ,         

 

  
 and     (   )  for    . 

 

They [6] also introduced starlike and convex subclasses    
 (      ) and   (      ) of    as  

 

   
 (      )    

{  ( )   (      )    ∑
(     )

 (   )
      

 
    (   )  (   )  (   ) }  
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  (      )    

{ ( )   (      )  ∑
(     )

 
      

 
    (   )  (   )   (   )  }  

for      .    

 

We have   (      )      
 (      ) and  (      )    (      ). 

 

In [6], a characterization for a function to be in  (      )  was obtained as follows: 

 

Theorem A:     (      ) if and only if  ( ) can be expressed as                                                                       

      ( )  ∑     ( )    
 
     where      for     and ∑     

 
   , 

      ( )      
     ,    ( )      

      
     

  
    ,       

and      (   ) for    ,     
 

 
,    

 

  
 and    . 

 

The  Extreme points of  (      ) were obtained in [6] as 

  ( )      
     ,    ( )      

      
     

  
          

 

Similarly Extreme points of  (      ) were obtained in [6] as 

  ( )      
     ,    ( )      

      
 (       )

(   )  
        . 

 

Further in [6], the Extreme points of   (      ) were obtained as 

  ( )      
     ,    ( )      

      
 (       )

  
        . 

 

Results analogous to Theorem A for the classes   (      ) and   (      ) were found in [6]. 

Support Points:  A  function  ( ) in the class  (      )  is said to be a support point of  (      )  if there 

exists a continuous linear functional   on  

                     { ( )    ∑    
        ( )                 

 
   },    

such that  

  { ( )}    { ( )}  for all    (      )  and    ( )  is non-constant on   (      ).   

We denote by     { (      )} the set of support points of   (      )  and the set of extreme points of 

 (      ) is denoted by    { (      )}.  

In a similar fashion,  we can define     { (      )}  and     {  (      )}. 

Now we find the support points using the following Lemma proved by Brickman et.al.[1] .  

Lemma:  Let {  }  be a sequence of complex numbers such that           |  |
 

      and set  ( )  

∑     
 
     for  ( )   ∑    

     
   .  Then   is a  continuous linear functional on   .   

Conversely,  any continuous linear functional on  on A is given by such a sequence {  }.  

II. MAIN RESULTS 

Now,  we proceed to find the support points of  (      ). 

Theorem 1:       { (      )}   

 {   (      )    ( )      
      (     )∑

  

  

 
                    ∑             

 
   

            },   where     
 

 
     

 

  
  and     (   ) for    .                 (5)                                                                                      

 

Proof:  

Let the function  ( ) be in the class  (      )   

and let         ( )      
      (     )∑

  

  
     

    

where          ∑     
 
    and      for some    . 
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If                 and       for     and        then                

                                   |  |
     . 

 

Then, with the help of Lemma,  we can define the continuous linear functional   on   given by the sequence 
{  }.   
It follows from the above that  

            (  )         and    ( )          
(     )

  
    

where   ( )            ∑
(     )

  
    

     (      ) 

and there exist    ,  such that      and ∑   
 
     .   

Thus we have 

                   { ( )}    { (  )}  for all    (      ).   

 Now 

                  ( )      
      

(     )    

  
  (      )  

and    (  )        
     

  
  (  ). 

This shows that        { (      )} 

 

Conversely, let          { (      )}.  

Then there exists a continuous linear fractional   on   such that   { } is non-constant on  (      ) and 

                       { (  )}      
 (      )

  { ( )}          

Now,  

Define the class    

{   (       )   { ( )}      (      )   { ( )}    { (  )}}.   

The class G is closed , convex and locally uniformly bounded.  

Thus G is compact.   

Since     , by Krein-Milman theorem 

   { }  {                              } is nonempty. 

 

Claim:     { }       { (      }. 

Proof of claim:  Let      { }.   

If        (      ),          (      ) and         

such that       (   )  .   

Since        this implies        .   

But   is an extreme point of  .   

Therefore        (      ) . 

Since   { } is non constant on  (      ),   

We obtain that    { }         (      ) properly. 

Thus there exists a      such that the extreme point of  (      ),        { }.   

Let   be the smallest of such  ’s.  

Suppose    .  

In this context,      influences that 

  ( )             (     )∑
  

  
     

          

where      and  ∑   
 
       by applying Theorem A.   

Thus                  (5) 

Now consider     .   

Here                { }  {      { (      )    } 

Since    tends to   as   goes to infinity and   is closed, there are only a finite number of  

                                   ’s     { }.   

Now by applying Theorem A  and     , we get 



Support points of some subclasses of univalent analytic functions with negative coefficients  

DOI: 10.35629/4767-12024851                                     www.ijmsi.org                                                      51 | Page 

            (5) 

This completes the proof of the theorem. 

 

Next, we find the support points of the class  (      ). 

Theorem 2:      { (      )}    {   (      )  ( )      
      (       )∑

  

(   )  
      

   

                ∑   
 
                          },  where     

 

 
         

 

  
      

(   ) (     )

       
. 

Proof:  Similar to that of Theorem1. 

 

Finally, we find the support points of the class   (      ) 

 

Theorem 3:      {  (      }    

{    (      )   ( )      
      (       )∑

  

  
     

                      ∑    
 
   

                    } 

where     
 

 
  and     

 

  
,    

(   )(     )

(       )
 

 Proof:  Similar to that of Theorem 1. 
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