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Tri Sum Perfect Square Cordial Labeling of Graphs
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ABSTRACT:A graph G = (p, q) with p vertices and g edges is said to have a Tri sum perfect square cordial
labeling if there exists a function f:V(G) —» {—1,0,1} such that for each edge e = uv the induced map
f*E(G) — {0,1} is defined by,

frww) = f)? +2fWf @) + f(v)?
and |ef(0) — ef(1)| < 1 where, ef(0) =number of edges with zero label and e;(1) =number of edges with one
label.
In this paper we obtain tri sum perfect square cordial labeling of path, comb, star,fan, H — graph of a path
P,.H © K; graph of a path P,, Ky ; * K, ,,, two star.
KEYWORDS: Tri sum perfect square cordial labeling, path, comb,star, fan,H — graph of a path B,, H © K;
graph of a path P,, K, , * K; ,,, two star.

Date of Submission: 25-04-2024 Date of acceptance: 02-05-2024

. INTRODUCTION

All the graphs in this paper are finite and undirected. The symbols V(G)& E (G) denotes the vertex set
and edge set of a graph G. An excellence reference on this subject is the survey by J. A. Gallian [1]. The
definitions which are useful for the present investigation are below. We refer Gross and Yellen [2], for all kinds
of definitions and notations. U. Vaghela and D.Parmar [6] has define a concept of new labeling which is
Difference perfect square cordial labeling. S. G. Sonchhatra and G. V. Ghodasara has defined Sum Perfect
Square labeling [4]. Motivated by this we have define a new concept which is tri sum perfect square cordial
labeling defined as follows.
A graph G = (p, q) with p vertices and q edges is said to have a tri sum perfect square cordial labeling if there
exists a function f:V(G) —» {—1,0,1} such that for each edge e = uv the induced map f*: E(G) — {0,1}is
defined by,

fruw) = fW? +2f@f @) + f(v)?

and |ef(0) —er(1)| < 1 where , e;(0) =number of edges with zero label and e;(1) =number of edges with
one label. A graph which attains a tri sum perfect square cordial labeling is called tri sum perfect square cordial
graph.
Definition 1: An open walk in which no vertex appears more than once is called a path. [2]
Definition 2:The graph attained by attaching a single pendant edge to each vertex of a path is called Comb. It is
denoted byP,® K;. [1]
Definition 3: K, ; * K ,, is the graph obtained from K, , by attaching root of a star K; ,, at each pendant vertex
of Ky 5. [1]
Definition 4: A Star graph is the complete bipartite graph K ,,. [2]
Definition 5: The fan graph is obtained by joining a vertex to all vertices of a path B, by an edge which is
denoted by F, or P, + K;. [1]
Definition 6: The H graph of path B, is the graph obtained from two copies of B, with vertices
Uq, Uy, .., Un&Vq, Uy, ..., Uy DY jOining the vertices UnTH&UnTH by an edge if n is odd and the vertices u§+1 8”’? if

nis even. [1]

Definition 7: HOK, graph of a path B, is a graph obtained from H graph of a path B,by attaching a pendant
edge to each vertex of it. [1]

Definition 8: The two star is the disjoint union of K, ,,&K; ,. Itis denoted by K; ,, UK ,,. [1]

1. MAIN RESULTS
Theorem 1 The path B, is a tri sum perfect square cordial graph.
Proof: Let G = PB,.
V(G) ={uy,uy, ... ,uptand E(G) = {(upups1): 1 <k <n-—1}L
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So, [V(G)] =nand [E(G)| =n — 1.
Define f:V(G) — {—1,0,1} as follows.
Case:1 neven.

Sub Case:ln=4k—-2, keN.

n+2
fluge-1) =1 1<k< 2
n
f(qu)z—l 1Sk$§
n-2
f(ugﬂk) =0 1<ks<™2
Sub Case:2n =4k, k € N.
n
flug-1) =1 1SkSE
n
f(qu)z—l 1SkSZ
n
f(ugﬂk) =0 1<ks<l
For this we define edge function f*: E(G) — {0,1} as follows.
n
[T (uups1) =0 1<k< 2
frmats) =1 2<k<n-1.
Case:2 n odd.
Sub Case:ln=4k—1, ke N.
n+1
fuze-1) =1 1<k< 2
n—1
fuz) = -1 l<k<—
Un- =0 1<k<™
f( Tl+2k) 4
Sub Case:i2n=4k+1, keN.
n+1
fluge-1) =1 1<k< 5
n—1
fuz) = -1 1<k< 2
= n-1
f(UnT—1+2k>—0 1Sk$4.
For this we define edge function f*: E(G) — {0,1} as follows.
n—1
fr(upugy1) =0 1<k< 3
fruugy,) =1 nTHSkSn—l.
Table:1
n Edge condition
Even n n—2
g0 =5, ¢1)=—
Odd n—1 n—1
e (0) = 5 er(1) = 5

In both of the cases we have |e;(0) — es(1)| < 1.

Hence path is a tri sum perfect square cordial graph.

Ilustration: A tri sum perfect square cordial labeling of P,and Ps is shown in Figure-1(a) and Figure-1(b)
respectively.

Figure : 1(a) P4
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Figure : 1(b) Ps

Theorem 2 The comb is a tri sum perfect square cordial graph.
Proof: Let G = B,® K;.

V(G) = {uy, v, : 1 <k <n}and

E(G) = {(upupsr):1 <k <n—13U{(upvy):1 <k <n}.
S0,|V(G)| = 2n&|E(G)| = 2n — 1.

Define f:V(G) — {—1,0,1} as follows.

fund=1 1<ks[f]
fum)=-1  1sks|f]

f) =0 1<k<n
For this we define edge function f*: E(G) — {0,1} as follows.
fr(ukg41) = 0 1<k<n-1
fruev) =1 1<k<n
Table:2
n Edge condition
All e,(0)=n—-1, e(1)=n

We have |ef(0) — ef(1)| < 1. Hence comb is a tri sum perfect square cordial graph.
Ilustration: A tri sum perfect square cordial labeling of Py O K; is shown in Figure-2.

1 o 1 o 1 o -1 0o 1 0 -1

Figure: 2 P O K4

Theorem 3 The graph K; , * K; ,, is a tri sum perfect square cordial graph.
Proof: Let G = K, , * K .

V(G) ={u,v,w,uy, v, : 1<k <n}and

E(G) = {uw,wv,uuy, vy, : 1 < k <n}.

Hence |V(G)| = 2n + 3 &|E(G)| = 2n + 2.

Define f: V(G) - {—1,0,1} as follows.

fw =1
fw)=0
fw) =-1
flu) =-1 1<k<n
flv) =1 1<k<n
For this we define edge function f*: E(G) — {0,1} as follows.
fruw) =0
frwv) =1
fruw) =0 1<k<n
f*lvy) =1 1<k<n.
Table:3
n Edge condition
All e,(0)=n+1, e(1)=n+1

We have |ef(0) - ef(1)| < 1. Hence K , * Ky ,, is a tri sum perfect square cordial graph.
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Ilustration: A tri sum perfect square cordial labeling of K; , * K; 5 is shown in Figure-3.

Figure 03 K112 * K1‘5

Theorem 4 The star is a tri sum perfect square cordial graph.
Proof: Let G = K ,,.

V(G) ={uu,:1<k<n}and E(G) = {(uuy):1 <k <n}.
So,|lV(G)| =n+ 1&|E(G)| =n.

Define f:V(G) — {—1,0,1} as follows.

fw =1
n
fuze-1) = -1 1<k< [E]
fuz) =0 1sks[”7'1].
For this we define edge function f*: E(G) — {0,1} as follows.
n
f* iz = 0 1<k<|[]
frluugy) =1 1<k <=
Table:4
n Edge condition
All

w0 =[] o0 =[5

We have |es(0) — e;(1)| < 1.
Hence star is a tri sum perfect square cordial graph.
Ilustration: A tri sum perfect square cordial labeling of K ; is shown in Figure-4.

Figure : 4K, 5

Theorem 5 The fan is a tri sum perfect square cordial graph.
Proof: Let G = E,.
V(G) ={uu,:1<k<n}and
E(G) = {(uuy):1 <k < ndU{(upupy):1 <k <n-—1}.
So|lV(G)| =n+ 1&|E(G)| =2n— 1.
Define f:V(G) - {—1,0,1} as follows.

f =0

n
fluge—1) =1 1<k< [E]

fuz) =-1 1<k< |[—
We define edge function f*: E(G) — {0,1} as follows.
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fruu) =1 1<k<n
frugugsq) =0 1<k<n-1.

Table:5
n Edge condition
All e,(0)=n—-1, e(1)=n
We have |es(0) — e;(1)| < 1.
Hence fan is a tri sum perfect square cordial graph.
Ilustration: A tri sum perfect square cordial labeling of Fg is shown in Figure-5.

Figure : 5 Fg

Theorem 6 The H — graph of a path B, is a tri sum perfect square cordial graph.
Proof:LetG = H — graph of a path B,.
V(G) = {uy, v, : 1<k <n}and

E(G) = {(upugs1): 1 <k <n—1JU{(ngviq): 1<k <n-— 1}U{<un_+1vn_+1> :nis odd} OR
2 2

E(G) = {(upups1): 1 <k <n—1JU{(vvpe): 1<k <n-— 1}U{(u3+1vg) :nis even}.
2 2

S0,|V(G)| = 2n&|E(G)| = 2n — 1.

Define f:V(G) — {—1,0,1} as follows.

Case:1 neven.

n
f(u2k_1):1 1SkSE
n
f(uzk):_l 1Sk$§
n
f(p-1) =1 1SkSE
fu) =0 1<sks<~.
We define edge function f*: E(G) — {0,1} as follows.
[ (uugs1) =0 1<k<n-1
[ (v =1 1<k<n-1
- =0 =4k +2, keEN
f (ugﬂvg) n
lun vn) =1 =4k, k € N.
f (uE“vE) n
Case:2 n odd.
n+1
fuze-1) = -1 1<k< 3
n—1
fluy) =1 1<k< >
n+1
f(a-1) =1 l<ks<—
f(wa) =0 1SkSnT_1.
We define edge function f*: E(G) — {0,1} as follows.
fruuges) =0 1<k<n-1
[Tk =1 1<k<n-1
f*<un_+1vn_+1>=0 n=4k+1, keN
2 2
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f*(un_-l—lvn_-l—l)zl n=4k—-1, k€ N.
2 2
Table:6
n Edge condition

n=4k+2, keN er(0) =n, e,(1)=n-1
n = 4k, keN ef(0) =n-—1, ef(1)=n
n=4k+1, keN er(0) =n, es(1)=n-1
n=4k—1, k€N e,(0)=n—-1,e(1)=n

In all cases we have |es(0) — e;(1)| < 1.
Hence H graph of a path B, is a tri sum perfect square cordial graph.

Hlustration: A tri sum perfect square cordial labeling of H graph of a path P, and H graph of a path Ps is shown
in figure 6(a) and figure 6(b) respectively.

1@ @1
0 1
1@ 0
0 ” 1
1 Q1
0 1
1@ @0

Figure : 6(a) H graph of a path P,

-1@ ?1
(o]

1

1@ ‘o
1

0
-1 S Q1
0 1
1@ @0
o] 1
1@ @

Figure : 6(b) H graph of a path Pg

Theorem 7 H O K, graph of a path B, is a tri sum perfect square cordial graph.

Proof: Let G = H © K, graph of a path B,.

V(G) = {uk, Vi) Sk» tk: 1< k < n} and

E(G) = {(ukuk+1): 1<k<n-— 1}U{(Ukvk+1): 1<k<n- 1}U{(uktk): 1<k< n}U{(UkSk): 1<k<
niU {('Lln_-l-l'l?n_ﬂ) :nis odd } .OR

2 2

E(G) = {(wpups1): 1 < k <n— BU{(nvps1): 1 <k <n— BU{(uete): 1 < k < nfU{(wesi): 1 < k
< n n):ni .
<nju {(uE”vE) nis even}
So,|V(6)| = 4n&|E(G)| = 4n — 1.
Define a function f:V(G) — {—1,0,1} as follows.
Case:1 neven.

IA

IA
= =
N IA

N3N 3

fuge-1) =1 1
fluge) = -1 1
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n
f(tak-1) = -1 13]‘35
n
n
f(UZk—1)=1 ISkSE
n
f(vzk):() 1SkSE
n
f(s2k-1) =0 15k$§
flsy) =1 l<sks<=.
We define edge function f*: E(G) — {0,1} as follows.
f(uguge) =0 1<k<n-1
frute) =0 1<k<n
[T =1 1<k<n-1
fres) =1 1<k<n
f* (uyyvn) = 0 n=4k+2, k€N
“un n)=1 =4k, k€ N.
f (uE“vE) n
Case:2 n odd.
n+1
fuze-1) = -1 1<k< >
n—1
f(uzk) =1 1<k< )
n+1
f(ta—) = 1 1<k< 3
n—1
f(ty) =-1 1<k< >
n+1
fWar-1) =1 1<k< >
n—1
f(vzk) =0 1 < k < 2
n+1
f(S2k-1) =0 1<k< 5
Flsy) =1 1<k<™
We define edge function f*: E(G) — {0,1} as follows.
f (uugsq) =0 1<k<n-1
[ (uet) =0 1<k<n
frviss) =1 1<k<n-1
f*vesp) =1 1<k<n
f*(un_-l-lvn_ﬂ)=0 n=4k+1, keN
2 2
f*(Un_HUn_H>=1 n=4k—-1, keN.
2 2
Table:7
n Edge condition
n=4k+2, keEN er(0) = 2n, ef(1)=2n-1
n = 4k, keN ef(0)=2n-1, er(1) =2n
n=4k+1, k€N er(0) = 2n, ef(1)=2n-1
n=4k—-1, keN er(0) =2n—1, es(1) = 2n

In all cases we have |e(0) — ef(1)| < 1.

Hence H O K; graph of a path B, is a tri sum perfect square cordial graph.

Ilustration: A tri sum perfect square cordial labeling of H © K; graph of a path P; and H graph of a path P, is
shown in figure 7(a) and figure 7(b) respectively.
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1 0
1
1 1
0 o
1
1
1 0

Figure : 7(a) H © K, graph of a path P4

0
@@ 1 @——@0
0 1
0 1
1 @—Q 0 1

-1 1 @——@0
0 1
0 1
1@—@ -1 0@—@1

Figure : 7(b) H © K, graph of a path P,

Theorem 8 The two star is a tri sum perfect square cordial graph.
Proof: Let G = K; ,U Ky 4.
Case : In =m.
We have V(G) = {u, v}U{uy, v/1 < k < m}and
E(G) = {uuy, vvi /1 < k <mj}.
Hence |V(G)| = 2m + 2 &|E(G)| = 2m.
The required vertex labelingf: V(G) — {—1,0,1} is defined as follows.
Sub Case: 1n = m even.
fw =1
fw) =1
fuge-1) =01 <k <

| 3

| s

f(a-1) =01<k Sg
fu)=-1 1<k<~.
We define edge function f*: E(G) — {0,1} as follows.
fruuge,) =1

fr(uug) =0

[UnN
IA
INA

—_
IA

x~ = =
IA

N SN 3N S

[Ty =1 1<k<
fr(wvy) =0 1sks§.
Sub Case: 2 n = m odd.
fw =1
fw)=1

n+1
f(u2k—1)=01SkST

-1
Flug) = -1 1sksnT

n+1
f(Wap-1) =_115kST

fa)=0 1<k<™=
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We define edge function f*: E(G) — {0,1} as follows.

n+1
fruug-1) =1 1<k< 5
n—1
frluuy) =0 1<k< >
n+1
fr(vg-1) =0 1<k< >
frwvy) =1 1SkSnT_1.
Case : 2n < morm < n.
We have V(G) = {u, v}U{u;, /1 <j<m,1 <k <n}and
E(G) = {uuj,vv /1 <j<m,1 <k <n}
So, [V(G)|=m+n+2 &EG)| =m+n.
f:V(G) - {—1,0,1} is defined as follows.
Sub Case: 1 n even, m odd.
fw=1
fw)=1
. om+1
f(uzj_l) =-11 S] <
m-—1
flu;)=0 1<j<
n
f(ap1) =-11<k < 5
fu)=0 1<k<Z
We define edge function f*: E(G) — {0,1} as follows.
m+1
f*(uuzj_l)zo 1S]S 2
m-—1
f*(uuzj)=1 1<j< >
n
fr(wvy-_1) =0 1SkSE
frwvy) =1 1<k<~.
Sub Case: 2 n odd, m even.
fw) =1
fw)=1 -
fluy—y)=-11<5 < >
m
fluz;))=0 l<js<=
n+1
f(a-) =—-11<k < 2
fa)=0 1<k<™=
We define edge function f*: E(G) — {0,1} as follows.
m
fr(uuyj—q) =0 1Sj§5
m
f*(uuzj)=1 1SjS?
n+1
fT(wvge-1) =0 1<k< >
frwvy) =1 1<k<™
Case:3n<m
Similar to case 2 by replacing n &m.
Table:8
n Edge condition
n=m er(0) =n, es(1)=n
m<n m>n m+n+1 m+n-—1
/ G ="""" ="

In all cases we have |es(0) — e;(1)| < 1.
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Hence two star is a tri sum perfect square cordial graph.
Ilustration: A tri sum perfect square cordial labeling of K; 5 U K; ¢is shown in Figure 8.

Figure 8 K15 UK ¢

IIl. CONCLUSION
In this paper we have proved results for path, comb, K; , * K ,,, fan, star, H graph of a path B,, H © K;

graph of a path B,, two star. All the results in this paper are novel. For the better understanding of the proofs of
the theorems, labeling pattern defined in each theorem is demonstrated by an illustration. We can discuss more
similar results for various graphs. We have planned to investigate results for more new graphs in our next paper.
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