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ABSTRACT: Construct a composite multi-layer radial basis function neural network to improve the Based on
the real function approximation performance and operation accuracy, the high-precision composite multilayer
radial basis function neural network is used to solve partial differential equations.
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I. INTRODUCTION
Numerical solution of partial differential equations (PDE) is one of the most computationally intensive
fields in engineering and scientific applications [1]. The deep neural network (DNN) method has been applied in
many research fields [2].There are many research,such as [3,4,5,6,7,8,9,10,11,12,16,17].But the solution
accuracy is slightly worse [13]; The solution process takes a little longer [14]. By this,we construct a composite
multi-layer radial basis function neural network which can provide a new and effective way with high
computational accuracy, is better than that of the algorithm [15].

I1. Classical BP neural network high-precision partial differential equation solving algorithm
2.1 Composite multilayer radial basis function neural network
The structure of the multi-layer radial basis function neural network includes several single-layer radial

f (x) = W; + Z Wi¢:(x)
function networks [18,19].Denote the first layer network as k=1 , Where the Gaussian

6. (x) $(x) = exp(~x - x| 7¢)

function is represented by ,and W represents the weight, that is, , Where

the center of the Gaussian function is represented by Xo , and the width coefficient and " -dimensional input

samples are represented by © and X respectively. Divide the augmented sample X = (x.ay,) into M

clusters by the K-mean method, where (a>0) , the sample mean in each cluster is regarded as the center of the
Gaussian function, and the optimization algorithm is used to obtain Width coefficient, and apply the regular

;
least square method to obtain the weight of the network Wi = (Wo, Wyon W)

f, (%)

. The output of the first layer of

the network is denoted as
1
e =y, - f(x)

, the true value of the objective function is denoted as Yi , and the residual is
1

denoted as . The objective function of the second layer network is & , and the fitting is

f,(x) =3 w/g.(x)
implemented by k=t . The fitting method is similar to that of the first layer, and the output is

2 1
f (x) , e =& - L(x) . By analogy, the multi-layer radial basis function neural network can be obtained:

fF(x)=f,(x)+ f,(x)+...+ f (x) o)

Determine the number of layers and give a sufficiently small positive number ¢ to first record the

GCV, Cyf (GCV, -Gev, )/eev, >

generalized cross rate of the K -th layer as ¢ | then the fitting error
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e (L<i<N) _ _ K+l ,
: to carry out calculations and continue to construct the K+ -th layer network; if

(GCV, -GCv )lGeLY, =<« , discard the layer network and keep the K —1-th layer network. The calculation

equation of the generalized cross rate GCV is:
12 k-1 2 [ 1 —|2
GCVk=—Z[ea - fk(xa)J /Ll——tr(H)J
N )

H=B(B'B+AK) B’

In the equation: ,where K = D' D _ Then there are:

1 -2 1 0 .. 0]
Io 1 -2 1 .0 I
D =
:
I T

The weight is determined by:
w=(B'B+i1K)'B'y @)

In order to further improve the performance of the real function approximation , each sample in the
cluster is regarded as the center of a radial basis function [20], and each sample is related to a radial basis
function. Correspondingly, these radial basis functions are simultaneously approximated to the real functions on
the cluster, thereby further improving the accuracy of the multilayer radial basis function neural network.

(1) Construct the first layer of composite network

Through the augmented sample and K-mean method, the sample is divided into ml clusters

C, (1<i<n T . . . . . . .
1 ) , and the division method is equivalent to the first layer of the multi-layer radial basis function

x'@<i<n)

. C .
neural network. represents the samples in the P _th cluster ' of the first level, and

¢~Il"(x) =exp(- Hx - i

ip
i

represents the P _th child of the first level The radial basis function of the

'

1<i<n o T, 00 =we" = 3w (%)
network, and =~ = '", where the width coefficient is expressed by ' . i-1

represents the sub-radial basis function neural network of cluster '

sum of squares can be expressed as:

* . Taking all samples for * , the residual

N ~
RSS,, =3 (y,— f,,(x)" + A, ,w K, W
j=1

Q)
. . W GCV
It is possible to find ~'* by the regular least square method. Let '? be the smallest and get the
. - K . . . . f , f oo f
width coefficient ©i to obtain the ™* sub-radial basis function neural network 0 (0 1, (0 “”1(X) .

g=w f (x)+ W, ,(X)+..+w

111 m

i (0

By taking all the samples for * |, the N equations are obtained,

N
RSS =Y (y,-9,)" > min
- . w
where 1< 1< N - |et -1 , the least square solution of ~*
be obtained, then the regression model can be expressed as:

= (W,,W_,..., W
(W, W, ) can

g, (x)=w, T (x)+w, f (x)+..+ Wi, f1m1 (x)

(6)
(2) Construct a composite network of the  -th (X = 2) layer
k-1
Perform calculation on the fitting error ® ofthe k —1-th layer, where 1 <1< N and treat it as the

k k-1 ~k
augmented sample of the K -th (X = 2) layer i = Onae ) , dividing the augmented sample X by the K-

mean method into M augmented clusters, which can be expressed as
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C ={x‘=(x_ ,ae""1<ic<n i
o =16, = (X a8, ) kp},where K-th (k = 2)andthe P -th augmented cluster of the layer is

<m
P k. The new cluster can be expressed as:

()

. . C .
k. Expressing the samples in the P _th cluster ~* of the X -th layer by Xi , and

C 1<
represented by ¥, and
C :{xp 1<i < n’k]}

kp

1< p<m
where P

1<i<n® _ _ _ _ c
P, then the sub-radial basis function neural network opposite to the cluster ~** can be expressed as:

fL () =W+ Z W4 (x)
®

where the radial basis function of the sub-network is expressed by
2
/¢ 1<i<n kp
1 ) d

59 (x) = exp (=[x - x*®
¢ () P H ' , an ¥ the width coefficient is expressed by “ The weight
vector of the sub-network is obtained by the regular least square method, which can be expressed as:

~ T -1 T k-1
W, =(B,B,+4,K, ) B,e )

~kp .
4 () =i=ny) , that is,

- C,, .
where the fitting error vector of the K —1 -th layer on the cluster ** is represented by
k-1 k-1 k-1 k-1
e, =(e, e, €y ) B, =[1,B,]1 B, ={4,(x)}

Nnw to obtain the P -th subnet of the K -th (

K > 2 Jayer. In this way, a total of M sub-networks of the K -th layer are obtained, which can be expressed

f ), f Nyeen, f . . . .
a () T (%)) i, (X1) . By taking all the samples for X , N equations are obtained as

N
R - - ~ RSS =% (y, - ¥,)° > min
g, = wlf“(xi)+wszz(xi)+...+wmk fkmk(xi) where 1< i< N - Jet g‘l the

(w,,,w

k1’

. w, = v W) .
least square solution of ~ * ke ™" can be obtained, expressed as:

Wy = Bk(B:Bk)ilB:ekfl (10)

k-1 k-1 k-14T ]
ek = [el ’e2 ..... eN ] Bk :{yk(xi)}Nxmk

where , and . Then the regression model can be

expressed as:

V. (X)=w_ f (x)+w_ ,f (X)+.. .+ Wy, fKmk (x) (1)

It is the X -th layer network, and its generalized cross rate GCV, can be expressed as:

N 2

> [ef’l— ik(xj)]2 /[1—%“(»“)}

1
GCV, = —
N

k
(12)
T 15T

where H,=B.(B,B) B, . This completes the construction of the K -th (X = 2') Jayer composite
network. The number of network layers is determined in the same way as the multilayer radial basis function
neural network.

2.2 PDE solving of composite multilayer radial basis function neural network

The partial differential operation unit is a composite multilayer radial basis function neural network.
The composite multilayer radial basis function neural network and the composite multilayer radial basis

function are denoted by PO ang 90 respectively. The specific partial derivative expression can be
expressed as:
o' f "o, o
f,,(x)=————=Y w" ———

axj...ax i1 ox

g

j...éxg (13)
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where the sum square error is expressed by 9. s is some discrete points; the first-order partial

f f f
derivative and the second-order partial derivative of joos (%) (%) i ()
respectively, the operation of the two The equation is like (14):

(

are expressed as and

f,(x)=3 w”h'(x)

i=1

| 1,00 =Y wh'(x)

[ i=1 (14)
where " () and " () are poth given known functions, and their calculation equations are as
equation (15):
[ M X — X
00 = e
J ox, (ro+c”)”
= onY % et o - x)
h (X) = = = 2 2,15
{ OX; 00X, (r-+c”)”

(15)
where the center, width and radius of the composite multilayer radial base are represented by Xo , ©
and ', respectively.
Suppose the two-dimensional Poisson equation in €2 space is:
2
Vu=0q(x),xeQ (16)

2
where Laplace change and spatial position are represented by YV and * respectively; the known

function and unknown function related to X are represented by 9 and u respectively. The boundary conditions
that define the equation (17) are:

[u=gq,(x),xel,

([nxVu=g4g,(x),xeT, a7

where the unit normal vector and gradient operator are represented by " and V respectively; the
function of known X is represented by % and qz; the domain boundary is represented by T and 1"2, and
fyor, =1 , and finl,=9¢ . The compound multilayer radial basis function neural network equations (1)
and (15) will approximately replace the partial differential numerical solutions of equations (16) and (17). That
is, the N -order derivative of the composite multilayer radial basis function is directly approximated to the N -

order derivative of the initial function f . The N -order derivative of the radial basis function is replaced by the
composite multilayer radial basis initial function, and the network approximates the initial function the result is
obtained [21]. Based on this, this type of approximate neural network architecture constructed by partial
differential equations and boundary conditions can be decomposed into m basis functions for the model u, and
the unknown parameters of the composite multilayer radial basis function neural network can be determined by

the least two Find out by multiplication [22], such unknown parameters include Wi %o ¢ where

P=12,00m Chen:
9= > fuy, (XY +u,, (x ) =g (x™)]° + > [u(x™y+aq,(x")1*
xPea Nopes
+ 3 I, (xX) +n,u, (XY - g, (Y
X(i)el_z (18)
- j — T
where ' =12n =128 oare s represents some discrete points; W= (W, W,,..., W) ’
M (N
= - = . r‘ r ) ) .
€= (000 €)X = 0 Xy X)X €Ty XS Ty pgior determining the center X width ©
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and weight Wi of the composite multilayer radial basis, the composite multilayer radial basis function neural

network structure of I -th (1 <1< K ) Jayer is obtained, and the composite multilayer radial basis function
neural network structure is obtained through the number of composite layers. The layered radial basis function
neural network solves partial differential equations [23], the process is as follows:

L @ (n
(1) After initialization, extract the training sample X = {X X" o X0}

output Yi of the problem, where P=12,...,

and the expected target

" Initialize ¢ , if the sample point x"eq , Y1 is determined by

(i) i (i) (i)
ax™) 4 xV e Q Vi s determined by % (%) or G2 (X))

(2) Construct a ! -th -layer composite multi-layer radial basis function neural network structure, set

™o hidden layer neurons at the same time, and implement random assignment to the relevant connection
weights.

(3) Perform calculations on the value of the sum squared error g of the constructed network, which is
the value of equation (18).

(4) Fix the radial basis center X0 and the width © , and use the sum square error to optimize the weight

(5) Fix the weight Wi , and use the sum square error to optimize the center X0 and width© of the radial
basis.

(6) Perform judgment on whether the sum squared error g is higher than the initial constant € in each
calculation. If it is higher than € , go to step (7), otherwise go to step (8).

0 (i) (i) 112

(7) When calculating the sum square error of each data sample point X | pass [u(x)+a,(x] ,
[u, (XY uy, M) = a(x 1 Iy, (x7) +nu, (x ) = g, ()]
weight, center and width value is adjusted, go to step (3).

(8) Output the parameter values of the entire composite multilayer radial basis function neural network
structure, that is, achieve high-precision solving of partial differential equations through the high-precision
composite multilayer radial basis function neural network structure solution model.

, respectively, for the relevant
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