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l. INTRODUCTION AND PRELIMINARIES
Throughout the present work, we use the following standard notations:

N:=={1,2,3,.}, N, ={0123, ..}=Nu{0} and Z" = {-1,-2,-3,.. } = Z, \{0} .
Here, as usual, Z denotes the set of integers, R denotes the set of real numbers, R, , R_ denote the sets of
positive and negative real numbers respectively and C denotes the set of complex numbers.
The Pochhammer symbol (or the shifted factorial) (1), (A,v €C) is defined, in terms of the familiar
Gamma function, by

). = T(A+v) :{ 1 (v=0;21eC\{0})

"7 T |A(A+1)...(A+n-1) (v=neN;1eC)

it being understood conventionally that (0) o =1 and assumed tacitly that the Gamma quotient exists.

The following results will be required in our present investigations:
The generalized hypergeometric function of one variable with P numerator parameters and ¢ denominator

parameters is defined by
a,d,,...a o (al)n(aZ)n'“gapJn o

ot ﬁl’ﬂz""’ﬂq;z :nzz(;(ﬂl)n(ﬂz)n...(ﬂq} nt’ (1.2)

Here p and Q are positive integers or zero (interpreting an empty product as 1), and we assume that

(1.1

the variable Z , the numerator parameters al,az,...,a and the denominator parameters ,Bl,ﬁz,...,,b’
p q

take on complex values, provided that ,BJ- #0,-1,-2,...; j=1,2,...,9.

Supposing that none of the numerator parameters is zero or a negative integer (otherwise the question of
convergence will not arise), and with the usual restriction on f3;,the ,F, series in (1.2):

(i) convergesfor |z|< o if p<(,

(i) converges for |z |<1,if p=q+1,

(iii) divergesforall z, z=0,if p>q+1.
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Furthermore, if we set

g p
= ZBJ- —Zaj, (1.3)
= =
it is known that the , F, series, with p=q+1,is
(1) absolutely convergent for | z|=1, if R(w) >0,
(I1) conditionally convergent for | z|=1, |z |1, if -1<R(w) <0,
(1) divergent for | z|=1, if R(w) <-1.
The notation A(/; A) abbreviates the array of ¢ parameters given by
A A+1 A+0-1

) yraaas ; ; '€:1,2,3,4,..
v 0 l

The Kampé de Fériet’s double hypergeometric function of higher order in the modified notation of Srivastava
and Panda [21, p.423 (26), 424 (27)], is given by

qu y _

() E:h) 7 i ue
r,s= r S
OH(gi)r+sH(ei)rH(hi)
i=1 i=1 i=1
where (ap) abbreviates the array of p parameters given by @;,d,,...,a, with similar interpretations for
(by), (d) et cetera and for convergence of double hypergeometric series(1.4), we have
Mp+g<j+m+l, p+k<j+n+1,|Xx|<o0 and|y|< o0 or
(i p+q=j+m+1l, p+k=j+n+1,and
1 1
I[P+ y[Pi<1, i p>j
max{|x[,| y[}<1, if p<j.

The Appell’s double hypergeometric functions Fl, Fz, F3 and F4 [20, p.53 (4,5,6,7)] are denoted by Fl?al;é)l,
F011111 Fl%zoz and F2° o1 % respectively.
The Appell’s function of second and third kinds [20, p.53(5,6)] are defined by

Flap iy yixyl= 3 O Bal

(1.5)

where | X|+|y|<1 and

Rl B rixyl= 3 @On@nBn(B), X7y

m,n=0 (7/)m+n mlnl

(1.6)

where max{| X1 y|}<1.

The idea of separation of a power series into its even and odd terms [20, p.200(1), p.214 Q.N.8; see also 19,
p.196], exhibited by the elementary identity

Sw(n) =Y wen)+SwEn+l), 1)

is at least as old as the series themselves.
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i(l)(m,n) = id)(Zm,Zn)Jr i®(2m+1,2n+1)+

m,n=0 m,O::O m,n=0Oo (1.8)
+ > ®(2m,2n+1)+ > d(2m+1,2n),
m,n=0 m,n=0

provided that above multiple series are absolutely convergent.

Motivated by the work of Barr [1], Carlson [3], MacRobert [6-7], Manocha [8], Chaudhary et al.
[4,5,9], Qureshi and Ahmad [10], Qureshi, Quraishi and Pal [12], Qureshi, Yasmeen and Pathan [13], Qureshi,
Kabra and Khan [11], Sharma [15-17] and Srivastava [18,19], we shall obtain some linear generating relations
associated with Bedient’s polynomials of even and odd degree.

First Bedient’s polynomials R, [14, p.297 (1,5)] are defined by

n

-n-n 1 )
R (B =@ g Hh 7P g
7 1_ﬂ_n.
{ "(x—X° —)t} { (X 4+ X 1)t} i (,By,x)t” (1.10)

In terms of Appell’s function of second kind, the equation (1.10) can be wrltten as [20, p.186 Q.48(i); see also 2,
p.15]

Z(a)"R(ﬂ%X)t =Fla. B By yimt] o ]+l (111

where 11 =X—vX* =L v=X++x*—1.

Second Bedient’s polynomials G, [14, p.297 (2), p.298 (7)] are defined by :

(@), (B), @) | =Nt s
G ,F, = 12
(@)= (a+p).n! 21 o%—n,2 1-8-n ; X o

2 F{a’_é; (X —/x? _1)t}2 Fo{a,_é; (X+x? —1)t} = i(a +8).G, (a, B;)t" (1.13)

In terms of Appell’s function of third kind, the equation (1.13) can be written as [20, p.186 Q.48(ii); see also 2,
p.44]

Z(a+'8)”G(a,Bx)t =FRla,a ppiyin] i max{ulvli<l @14

where £1=X—vX* =L v=X++x*—1.

I1.  MAIN GENERATING RELATIONS
Any values of parameters and variables leading to the results given in this section which do not make sense, are

tacitly excluded (Suppose «, [, y and X are real numbers) when ,u=X—\/X2 -1, and

v =X+ x? =1, then
- (0, ECORCTRICTR
nOWRZn(ﬁ T =R :A(2;7/), A@L L pitvit |+

A2:a+2): A2; ﬁ+1) A(2;5+1)

a(a+1)ﬂ MW 22, 3. vt @y

72 033 - A2 7/+1) A2y + 1)
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1 1
where | z°t]2 +]|vt|2<1

- (h(2, [ s a@p) |
o (7/_'_1) (7+2) 2n+1(ﬁ ]/,X)t _ﬂ 033 A(Z,]/-i-l), A(Z ) l /UtVt +
N A(2;a+1):A(2;ﬂ) A2, p+1)
+ Pviess _ :A(2;7), S A(2; 7+1)3 /”tVt} (2.2)
where | z2°t |% +]vi |%<1
i(a+ﬂ) (ae+ﬂ+1)nG e F{ - ;A(z;a),A(lz;ﬁ);A(Z;la),A(Z;ﬂ); }
(e B0t = R ) . . MLV
n=0 (7/) (7+1) A(2;y): E ) E )
= A2;a+1),A(2; f+1);A(2; +1),A(2; S +1);
aﬂﬂﬂ 0:4:4 2t 2
R {A(2;7+2)1 g: g ;”t’Vt] (23)
where max{l,uzt| [Vt |}<1
i:(oc+ﬂ+1) (a+ﬂ+2) o o
2n+1 a, ;X =
EENGONGE +2)
—1A(2,a +1),A(2; B +1);A(2,),A(2; B);
7 ﬂs S g VR |+
a+ﬁ 211 A(2,7/+1) E ) E )
BV o —A2;a),A(2;8);A(2;a +1),A(2; B +1); _
a+ﬁF2“ A(2;y+1): %; g ALV 24

where max{| ut), | v |} <1

1. DERIVATIONS
To prove the results (2.1) and (2.2), we consider the equation (1.11)

o0

) e (@B (B ()" 0)
Z ), Rl Pp» ()n(7),mint ey

Using series identities (1.7) and (1.8) in equation (3.1), we get
a+l a+l, ,a+2

- (O LS S G Rl R
T a1 RaB XA
=N BRGNS

Rona(B:7: X)tzn =

;/+1 ;/+1 7+2
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a+1

oD O E D (it ey

@
2 +
NG +1) Z )(7—”)( NGDICNGY

a+1 a+2 ,[)’+1 ﬁ+2 ,6’ ﬂ+l

= (7”) (72 +2> (7 ) (7 +1)( am '>( )a(0)

a+1 a+2

» o ( Jimen
Y m=on=0 (Z) (

! )mn(ﬁ) (ﬂ 5, (ﬂ +1),,<ﬁ; 2)n<ut> @3
+

SN +1) 22, 0)nm)C), ()

+2 +3 ﬂ+1 ﬂ+2 ,6’+1 ,8+2
a(a+1)ﬂwc2ii(a N G N N e PN (S5}

2

R T Iy X ¥ gz)n(z)m(m!)(z)n(n!)

(3.2)

Putt=iT ort?=-T?in equation (3.2) and equating real and imaginary parts, we obtain
a+l

w()( )

% 0y, O

N N e N N e R N )

)m+n

,\
N R
N

Al DT
(g)m(yzﬂ)m(g)n(g”)n(z)m(m!)(z)n(n!) 4

ii(a;Z)M(a; DaD D, E,E 22 Ty Ty
7 (), ()

}/+2 }/+1 )/+2

m=0n=0 (

5 (75 In (55

2 TR (BT =

p (“”)mm(“gz)mn(ﬂ”) CE2, O, cu Ty Ty
=pud>

m=0n=0 (

+

7/+1 7+2 7/+1

Yo (i )(7)( )()(m')()(n')
a+l a+2

L (O )M(ﬂ) (ﬁ”) (ﬂ”) (“2) (T2 (T2

FpUY Y 2
o 7 7/+l }/+l }/+2 1 3
<2>m( D), amC), ()

(3.4)
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Put T =i/t or T? = —t inequations (3.3) and (3.4), we have

AR =552 Dl DD D, it
e Ry (Bt = +
RIONGS +1) (Qm(yz”)m(g)n(yz”)n(z)m(m!)(z)n(n!)

B I N )

05(0! +1)8° unt iz 2
2
7RSOm0, M)

(3.5)
Now applying the definition of Kampé de Fériet’s double hypergeometric function (1.4), we get the desired
result (2.1).
and

a+l, ,a+2
- (7) (—— )

2n+1(ﬂ’7/; X)tn =
prd (7+1) (7/+2)

a+l a+?2

B I N P
=2 +

(L”)m(7 +2) NG +1) COMUATONGD

, ii(0‘2+1)M<0‘+2)m+n(ﬂ) (ﬂ +1) ¢ +l) ¢ +2) NG
+ pv
N (O M L ;2)n(2>m<m!)(2)n(n!)

(3.6)

Now applying the definition of Kampé de Fériet’s double hypergeometric function (1.4), we get the desired
result (2.2).
To prove the results (2.3) and (2.4), we consider the equation (1.14)

$ @Bl (o gt = 3 @al@ BB (0"

n (3.7
n=0 (7);1 m,n=0 (y)m+n min!
Using series identities (1.7) and (1.8) in equation (3.7), we get
+ +p+1 +4+1 +p+2
- (5@, R )
por (}/) (7/-}-1) GZn(a'ﬁ!X)t + v ; (}/-l-l) (7/_1_2) Gzn+1(a’ﬂ! X)t -

a+1 a+1

ii< (DD D, D), (@) (ﬁ> (2" ()"
= +
O +1)m+n( )a(MC), (1)

a, a+l a+l a+2 ﬂ+1 ﬂ+2 By BHL [, 22vmy 2.2y
+aﬁﬂii(2)n(2)n(2)( In (5 )n (5 ) (5 )n(ﬂt)(vt)+

7o (72+1 m+n(7 = wenCy ) (m ')( )a (1)
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a+l, a+2, «a

1 £ ﬂ+1 ﬂ+1 ﬂ+2
o o (o) )(+)()()( ) () )a (£°t%)" (V22"
aﬁﬂ 2 2
2.2,

7 et s *1)m+n(y +Z)M( ) <m'>( ), (n')

a+l, a+2, ,a+l a+2 p+1  p+2 ,6+1 p+2 2.9\m /. 2020
aﬂmzii( DA D, P8, ity )
7lr+) it iz +Z)rnm(yz*?’)mm(g)m(m!)(j)n(nn

(3.8)
Putt=iT ort>?=-T?in equation (3.8) and equating real and imaginary parts, we obtain

+

3 (a+ﬁ) (a+ﬂ+1)

2 2 " . _T2\" =
2, DO, Gonlat, i X)(T?)

N N O e R N G N N e N O RS )
yy-2
= +
SRNC +1>m+n( (M),
T )ZZ(Q; D035, (‘“1> (‘“2) G 1>m(ﬁ =% (ﬁ ATy Ty
7o+l i (2 *2)m+n(7 ) M), (1)
nd (3.9)
(a+,8+1) (a+ﬂ+2)
(a+p)>—2 2 G,,.(a B X)(T2)" =
RN G WA
, ZZ(‘“1) (‘”2) DD O Ty Ty
—app +
G *1)m+n(7 ) (M), (1)

B e e N N e N R Y
+aﬁvﬁ§n§ (7/+1)

2 (amC), ()

m-+n

(3.10)

Put T =i/t or T? = —t in equations (3.9) and (3.10), we have
a+ a+p+1
(AP (@,

; 2(7/) (7/_'_]?) GZn(a’ﬂ; X)tn =
2’ 2 7
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55 N O N o N G N Ok
= +
(l>m+n<7 gt 2 GaMC), ()
Bt ii(a; DD, (‘“2) (ﬁ Dl *2)m(ﬂ N NN
+—
rlr+1) it (7;2 WG +?’)Wn( ) (M) (1)
(3.11)
Now applying the definition of Kampé de Fériet’s double hypergeometric function (1.4), we get the desired
ult (2.3).
g
a+p+1

a+,8+2)

© 2 )n( 2 n N
(OH'B)nZ:;‘ (7/+1) (y+2) G, B X)U =

B e e N e N O G N R o,
=afuy .

m=0n=0 (

—+

r+1

}/+2
2 m+n(

(M), (1)
e DD, (‘”2) (f)m(ﬂ; 1)m(ﬁz+ SR NPORTY
+aﬂvr;)n2:; (;/+1)

+2
(L

m+n

e (e (MC), ()

(3.12)

Now applying the definition of Kampé de Fériet’s double hypergeometric function (1.4), we get the desired
result (2.4).

We conclude our present investigation, by observing that several other linear generating relations can be
obtained from known generating relations, in analogous manner.
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