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ABSTRACT: A total dominating set D of graph G = (V, E) is a total strong split dominating set if the induced
subgraph < V-D > is totally disconnected with atleast two vertices. The total strong split domination number
¥iss(G) is the minimum cardinality of a total strong split dominating set. In this paper, we characterize total
strong split dominating sets and obtain the exact values of ys(G) for some graphs. Also some inequalities of
Viss(G) are established.
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I. INTRODUCTION
The graphs considered here are finite, undirected, without loops, multiple edges and have atmost one component
which is not complete. For all graph theoretic terminology not defined here, the reader is referred to [2]. A set of
vertices D in a graph G is a dominating set, if every vertex in V-D is adjacent to some vertex in D. The
domination number y(G) is the minimum cardinality of a dominating set. This is well studied parameter as we
can see from [3]. For a comprehensive introduction to theoretical and applied facts of domination in graphs the
reader is directed to the book [3]. A dominating set D of a graph G is a total dominating set if the induced sub
graph < D > has no isolated vertices. The total domination number y(G) is the minimum cardinality of a total
dominating set of G.This concept was introduced by Cockayne, Dawes and Hedetniemi in [1].
V. R. Kulli and B. Janakiram introduced the concept of split domination in [6]. A dominating set D of a graph G
= (V, E) is a split dominating set if the induced subgraph < V-D > is disconnected. The split domination number
Vs(G) is the minimum cardinality of a split dominating set.
Strong split domination was introduced by V. R. Kulli and B. Janakiram in [7]. A dominating set D of a graph G
= (V, E) is a strong split dominating set if the induced subgraph < V-D > is totally disconnected with atleast two
vertices. The strong split domination number ys(G) is the minimum cardinality of a strong split dominating set.
A total dominating set D of a connected graph G is a total split dominating set if the induced subgraph < V-D >
is disconnected. The total split domination number vy(G) is the minimum cardinality of a strong split
dominating set. This concept was introduced by B. Janakiram, Soner and Chaluvaraju in [5].
We introduce a new concept namely total strong split domination number. A total dominating set D of a
connected graph G s a total strong split dominating set if the induced subgraph < V-D > is totally disconnected
with atleast two vertices. The total strong split domination number yis(G) is the minimum cardinality of a total
strong split dominating set.

Il. RESULTS
Theorem 1. For any graph G, vs(G) = Vs(G) = Viss(G)
Proof: This follows from the fact that every total strong split dominating set of G is a strong split dominating set
of G and every strong split dominating set of G is a split dominating set of G.
The following two characterizations are easy to see, hence we omit their proofs.
Theorem 2. A total dominating set D of a graph G is a total strong split dominating set if and only if the
following conditions are satisfied.
(i) V-D has atleast two vertices
(if) For any vertices u, v € V-D, every u, v path contains atleast one vertex of D
Theorem 3. A total strong split dominating set of G is minimal if for each vertex v € I,
there exists a vertex u € V-D such that u is adjacent to v.
We now consider a lower bound on ys(G) in terms of the minimum degree, the order and the size of G.

Theorem 4. If G has no isolated vertices and p = 3, then  — [g/G(G )] = yi(G),
where &(& is the minimum degree of G.
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Proof:
Let D be a yis-set of G.Then every vertex in V-D is adjacent with atleast (G} vertices in D. This implies that g
=V - Dl &G
Thus the theorem follows from the fact that [q /&(G)] = g/ (G).
Theorem 5. For any connected graph G, Vis(G) = c (&1, where (G} is the vertex covering number.
Proof: Let S be the minimum independent set of vertices in G. Then V-S is the total strong split dominating set
of G. v £ V-S, then there exists a vertex u £ S such that v is adjacent to u.Then by Theorem 3, V-S is minimal
and is the minimal covering for G. |V — 51 = &, (&}. This proves the theorem.
Corollary 5.1. For any graph G, ys(G) = q
Proof: By (3) yi(G) = ()
=p-B:(6)
Where &;( is the independence number of G.
Thus the result follows from the fact that 5;(G) = y(G) = p—-q.
Now we list the exact values of ys(G) for some standard graphs.
Proposition 6.1 For any cycle C, with n = 6 vertices

[—“ if n =0 (mod 3)

Viss(Cr) = l_ ifn =1 (mod 3)

—(mn+1)ifn =2 ({mod 3)

Proof: Let V(C,) = {vo Vi, V2, V3 .. Vi.1} be the vertex set of the cycle C,. Let D be the total strong split
dominating set of C,. Consider the sets,

D1 ={ Vs Vaia /1=0,1,2,..., =} when n = 0(mod 3),
Dy={vs,Vvain/1=0,1,2,... ,;} U { Vno}whenn = 1({mod 3.
Dy ={ Vai, Vaier /1=0,1,2, ..., =3} U{ Vs Voz } When n = 2(mod 3).

The above three sets achieve the total strong split property of C,, in the respective parity conditions.
Corollary 6.2 Let G be a Hamiltonian graph on n vertices. Then yis(G) = Viss(Ch)

Proposition 6.3 For any path P, with n = 4 vertices

= if n

0 (mod 3)

— ifn =2 (mod 3)

Viss(Pr) = l— (n—11 ifn =1(mod3)

Proof: Let P, be the path of order n. V(P,) = { Vo V1 V2, V3 ... Vy.1}. Let D be the total strong split dominating
set of P,. Whenn =4, V(P,) ={ Vo vy Vo, V3 }.ThenD = { vy v, }.
Whenn =5, V(Ps) = { vo vy, Vo, V3 V4 3. Then D = { vy v, V3 }.

Ifn = 0 (mod 3) then D contains Va.; Vs, Wherei=0,1,...,— .
D={Vi Vo Vs Vs Vno Vo1} Hence Dl = 2'x“; +1)=2

Ifn = 1 (mod 3) then D contains Vs, Vsi., Wherei=0,1,...,—/.

p ;
n—1)

D={ViVo V4 Vs ... Voz Vno} Thus Dl = ZI:: _’ +1) =3

Ifn = 2 (mod 3) then D has Vai.; Vs, Wherei=0,1, . .., “' and also V...
D={ViVo Vs Vs ... Vs Vns Vnz}. Inthiscase D] = 2.;'; + 1_‘] +1 =“—_
Hence the result follows. - [

Proposition 6.4 For any wheel W,, with n = 6 vertices, Vis(Whn) = Viss(Cr) + 1

Proof: Let V(W,) = {Vvo Vi Vo V3 . Vi.1} be the vertex set of the wheel W,. Any minimal total strong split
dominating set must contain the apex vertex v, since otherwise the induced graph

< V- D > will have an edge vyv; for some v; £ D which is a contradiction to the strong split condition. Hence D =
D, U{vo} where D, is any minimal total strong split dominating set.

Proposition 6.5 For any complete bipartite graph Ky, ,, where 2 = m < n, yio( Kipp) = m+1
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Proof: Let V;and V, be the partite sets of the complete bipartite graph Ky, ,, where 2=m < nand ¥} l=m
1¥;1=n. Let D be the minimal total strong split set of K,,. Since < V- D > is totally disconnected D must
contain all the vertices of one partite set. As D is minimal D contains every vertex of V. Since < V; > contains
isolated vertices, D must have any one vertex from the partition V, so that < V; U {v} > does not contain any
isolated vertex for any v € V,. Hence D = < V; U {v} > where v £ V, is the minimal total strong split

dominating set of Kp, n.

Corollary 6.6 For any Star Ky, , with n = 4 vertices, Yis(Ky, n) = 2.

The double star Sy, is the graph obtained from the joining centers of Kj, , and Ky, , with an edge. The centers
of Ky, mand Ky, , are called central vertices of S, ,

Proposition 6.7 If S, 2 = nt = 1 is double star, then Ys(Smn) = 2

Proof: Let Sp,, be a double star where 1 = m = n. Then S,,, has a total strong split dominating set D
containing the central vertices of Sy, ,. Thus the induced subgraph < V- D > contains m+n isolated vertices.
Thus < V- D > is totally disconnected and < D > has no isolated vertices. Hence the theorem holds.

The crown graph C, @ K; is the graph obtained from cycle C, by attaching a pendant edge to each vertex of the
cycle.

Proposition 6.8 vyis(C, @ K;) = p, where p is the length of the cycle C,.

Proof: Let G = C, @ K;. Let D be the minimal total strong split dominating set.

V(G) ={Vo Ve Vs, .. Vaa}W{UgUy Uy . Uy}

E(G)={v;vi1/1=0,1,2,...,n-1, subscript modulon} U {uyv; / i=0,1,2,...,n-1}. D must have all the
cycle vertices, for otherwise < V-D > does not become totally disconnected. Hence D serves as a total
dominating set, which preserves the strong split prpperty. Infact, D is the unique yiss — set of G.

Theorem 7. Foratree T = Ky, n, Viss(T) = n— |L1,

where |L | denotes the pendant vertices of T.

Proof: Let T = Ky, , be a tree with n vertices. Let L be the collection of all pendent vertices.

D be the minimal total strong split dominating set of T. D must contain all the support vertices of T. Let S be the
set of support vertices. If V(T) = SUL, then D =S and ys(T) = n— IL1.

If V(T)= SUL then there exists a vertex x € V(T) such that x € SUL. In this case D must contain at least one
such vertex x .Hence D = 151 . In other words, Vis(T) = n — |L

Observation:

(i) Foratree T = Ky, , vertices having degree equal to one does not belong to Vi —set.

(ii) Inatree vertices adjacent to pendant vertices belong to Vi —set.

(iii) Let T = K, contain only leaf and support vertices, then y(T) = |51, where |51 denotes the number of
support vertices of T.

Theorem 8. If H is a connected spanning subgraph of G, then yis(G) = yiss(H)

Proof: H be a connected spanning subgraph of a connected graph G. Let ' be the dominating set of H. W. I. g

let I be a total strong split dominating set of G also.

If every edge in G is incident with any vertex of D in G then I becomes the total strong split dominating set for

G. If there exists an edge in G which is not incident with an vertex of I , then there exists D = I in G such that

D is a total strong split dominating set for G.

Theorem 9. If G is a connected graph with n & 3, then ys(G) & y(G)

Proof: Let D be a y;;s —Set of G. Let ' be the y, —set of G. By definition < I > is connected.

The induced subgraph < V- I' > contains isolated vertices and connected components. Let

u; € D', N(u;) either belongs to D or V-D. Hence | = (D |. Therefore yis5(G) = y(G).

Corollary 10: If G is a connected graph with n = 3 vertices then vis(G) = n - = (&} where (G} is the

maximum number of pendant vertices in any spanning tree.

Proof: Let G be a connected graph .From [4] we know that y,(G) = n — = (G for n = 3. By the above theorem

we know that yiss(G) = y(G).Therefore yis(G) = n — & (&1

Theorem 11. For any connected graph G with n > 6 vertices, Vi5(G) = n—2

Proof: Let G be a connected graph with n > 6 vertices. Let D be a yss —set of G.
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Choose a spanning tree T of G such that T contains minimum number of end vertices. Since every tree contains
at least two pendant vertices u and v. The vertices u,v € D.

Hence Viss(G) = n—2.
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