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ABSTRACT: The aim of the present paper is to derive some multiple integral formulas involving Jacobi and
Laguerre polynomials of several variables. These results are established with the help of a known and
interesting integrals given in Edwards [2].Furthermore, some special cases are also derived.
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I.  INTRODUCTION

(vimien i (x .. x ) of Shrivastava [7]are defined as follows

The Jacobi polynomials of several variables P, .

_ 1+« 1+« - (l+
Pn(aly,@l,...ya,,ﬁ,)(Xll“. ,Xr): ( l)n( 2)rn ( r)n
(n!)
o 1:1;‘_;1F—n dta, + 4N lva +f 4N 1ox ,1_Xr 1 )
O :Limll a, +1 e a, +1 ;2 2 J
where F " [x ..., x ]is the multivariable extension of the Kamp’e de F eriet function [8], see also [9]
p:d, ;- ;d, pra, i sd, ((a,): (b)) 5 i (b))
= 1 [21"" ’Zn]E E 1 p 1?1 q(nn) Z,, 2,
limy;m Femygeeom o U(ey) o (dy ) s 5 (dg ) s
© 251 an
— z Q(Slv'”'sn); vee n , (12)
S5, =0 s, ! s,!
where
p 9y q,
Ma,),,. ., IO, -~ 10®"),
i-1 1 n j=1 1 -1 n
Q (s, ,8,)=— - - .(1.3)
M(e)), .., ), 1),
j-1 1 n i-1 1 i1 n
And for convergence of the multivariable hypergeometric series in (1.3)
1+l+m -p-q, 20,k =1,---,n;
The equality holds when, in addition, either
p>1 and |x1 [ +|xn o 1;
or
p<l and max{ |X1|"" ,|xn }< 1.
The Laguerre polynomials of several variables L(n““”"")(xl,~-- ,x,)of khan and Shukla [3] are defined as
follows:
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l+a), - QL+a,),
(n1)’
where ¥, ) js the confluent hypergeometric function of r-variables [9]

‘Pz(r)[—n;a1+l,~- a, +1;x, x| (1.4)

1 A

™ [y : : @) oim, XX

\{lz [a’Cl"“'Cr’Xl"“’Xr]: Z (15)
my,,m, =0 (Cl)m1 (Cr)mr ml! mr!

In our investigation we require the following integrals [2]:

11

[y a-0""1-y""-x)"""ddy =B(a,b), (1.6)
00
ProvidedRe( a) > 0 andRe( b) > 0.
1
jx“(l- x)"T1-cx) " Pdx = (1-cx) "B(a,b) (1.7)
0
. r@rm)
Provided Re( a) > 0,Re(b)>0 and ¢ > -1, where B(a,b) = ﬁ , is the well known Beta
I'ia+

function.

I1.  MAIN INTEGRAL FORMULAS
In this section ,we have proved the following integral formulas:

[]- jjyla—x)alu—y) L y,) T

xy;ﬂ—x»"ﬂ—y»"ﬂ—xdﬂk“b
(cy.dy5c,.dy) 2y, (1-x,;) 2y, (1-x,)
x P ¢ (1—y—,m,l—y—)dxldylmdxrdyr

n 1-x3y; 1-x.y,
_ (A+c),-(A+c,), B(a,,b)--B(a, b))
()"
-;2[-nil+c +d +n,a ;- ;1+c +d _+n,a, ; 1
F 1,--,1 (2.1)
0:2;---;2{—: 1+c,,a,+b, ;- 1+c ,a +b J
11 11
b - 1-a;-b;
[{~ ][y a Ty Ty
00 00
<y, a—xJ“‘a— )“*ﬂ—xy)*““
(cy.eeicy) Y, (1-x;) (1-x,)
L (1—><1y1 (A X, Y, )dX dyl ’ deryr
- (+c), - (@Q+c,), B(a,,b)---B(a,,b,)
(nh)’
1:1;-51 [-n: a, e a, ; ]
F l,"',l (2.2)
0:2;~~~;2L— d+c,a, +b ;- J1+c ,a, +b J

1 1
J’ J’xlarl(l— xl)b“1 1+ elxl)f"‘“b1 X oo X xra'fl(l— xr)b’71(1+ ex) "
0 0
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y P(cl,dl;..-;cr,d,)(l_i‘._. l—i) dx . .- er

n Lrex, =T Tie x, 1
_ @+ e,) - (L+e) " (+c), - (L+c,), B(a,,b) B(a,,b,)
) (n)’

1:2;--3;2[-n:l4c +d,+n,a; ;1+c, +d, +n,a ; 1 1 ]
I:0:2;---;2|_—: l1+c,,a,+b, ;- ; l+c ,a +b :1+el’m’l+erj| (2.3)

1 1
a; -1 b, -1 —a, -b a, -1 b -1 -a, b,
"le (L-x)" " @+ex) " rxeexx T (L-x)" (L+ex,)

r
0 0

Gy X X,
><L(nCl C)(—l,m )dxlmdx

’
1+e;x; 1+e x,

_ (+e) - (l+e) " (@+c), - (I+c,),B(a,b) - B(a,,b,)
. ()’
1:1;--1 [-n: a e a ;o1 1 ]

1 r

=

) (2'4)
0:2;---;2 L - l+c,a, +b ;- jl+c ,a, +h, il+e) 1+ erJ

Further, if wetake a, =1+c,,--- ,a, =1+c¢, in(2.1), (2.2),(2.3) and (2.4) respectively we have
11 11
1+¢y Cy 17 € —Dby
[Ty " @=x)"@-y)" " @-xy) " " x
00 00

l+c, c, b, -1 -¢, -b,
xy, TA=x) A=yt @A-xy))
x p (et (g Dhln) g 2RO gy gy dx dy

n 1-%y, =Xy,
=B+ c,+n !bl)"' B (L+ c +n ’br) Pn(cl+b1,drb1;“,;c,+b,,d,—b,)(1’_“ ’1) (2.5)

=¢=by

1

l+cy c; ) -
[y, @) @-y)" - xy)
0

O ey
O ey

-1 -c,-b,

xy, - x)" @-y)" A= xy,)
x Llorreo (Bliom) |8 Y gy ok dy

1-x,Y, Tol-x,y,

r

1
= B(l+c,+n,b) B(l+c, +n,b )L () (2.6)

n

1
c b, -1 -c,—b, -1 c, b, -1 -c,-b -1
---.[xll(l—xl)1 Q+ex) 7 xeexxT(L-x,)" (L+ex,)
0

O ey

y P(cl.dl;-u;c,,d,)(l_i 1 2x, )dx d)(r

n 1+e;x, ' l+e,x, 1
- -1 -c, -1
=(+e) " (l+e,) B(l+c,+n,b)B(@+c,+n,b,)
(cl+b1,d1—b1;..,;cr+br.dr—b,)(E er—l)
Pn 91+1’ yer+1 (27)
1 1
j J.ch1 (1_ Xl)b171 (1+ elxl)iclibli1 X X X:r (1_ Xr)br71(1+ erxr)fcrfbrfl
0 0
(Clv...,cr)( Xy X, ) L
X I‘n 1+e,%, 1 Tl+e x, Xm er
-c, -1 -c, -1 (cy+by e o+b ) (1 1
=(@1+e) "t (d+e,) B(l+c,+n,b)-B@+c, +n,b )L™ (EF)

(2.8)
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Proof of (2.1): Denoting the left hand side of (2.1) by I, using the definition (1.1), expanding F :1 i ina

power series and changing the order of summation and integration, we get:

|- (I+c), - @L+c,),
) (n1)"

PR e (en) L, Qe +d+n) - (Q4+c +d o +n) )
1 r 1 r

p,=0p,=0 p,=0 (1+C1)pl"' (1+Cr)pr pl' prl

11

[y @)™y ) Xy ) T My
00

11

o [y )T Ay ) T Xy )T iy
00

Finally, evaluating the double integral with the help of the result (1.6),we arrive after some simplification to the
right hand sideof (2.1).This completes the proof of (2.1).The result (2.2) can be established similarly .The two
results (2.3) and (2.4) can be established by applying the same method with the help of the result (1.7).

Remark 1.
Similar eight multiple integral formulas, involving Jacobi and Laguerre polynomials of several

- ,dyseese,d 2(1- 2(1-vy, Jdyiie, ., 2(1- 2(1-x,
Varlables Pn(C1 1 c, r)( _&,,,_ ll_w) , P(C1 1 c )( _& 'l_ﬁ)

1-%,Y, 1-X,y, n 1+e,%, ' 1+e,.x,

I (ix—yy ,%)and I (;C—XX e ) can be also obtained by applying the same method.
I11.  SPECIAL CASES AND APPLICATIONS

1.In(2.1) and if we taker = 2, we get

1111

[Tyl @=x)" " @-y)" @-xy) " "

0000

XY, (L= x) L-y ) - x,y,) T

« Pn(cl.dl;cz,dz)( _ 2y, (1-x;) 1- 2y,(1-x,)

1-xy; 1-x,Y,

)dxldyldxzdy2

= B(a,,b,) B (a,,b,)H """ (a a,,a +b,a,+b,11), (3.1)

(ay.Briay fy)

where H | (v,,v,. p,, P, X, X, ) is the generalized Rice polynomials of two variables defined by

l+ea), Q+a,),
Vl’VZ‘pl’pZ’Xl’Xr): (n')z

1:2;2[-nil+a, + B, +nvil+a,+f,+n,v,; 1
) (3.2)

(ay.priay . By)
Hn11 2 2(

F
0:2;2{—: l+a,,p, ; l+a,,p,

2.in(2.2), ifwetaker = 2,a, =1+c¢, +d, anda, =1+c, +d,, we get

1111

Iyt @)™ @-y) - xy,) o
0000

l+c,+d,

XY, (1—X2)

c,+d,

@L-y,)" T @-x,y,)

www.ijmsi.org 4| Page



On Some Multiple Integral Formulas Involving Jacobi And Laguerre Polynomials Of Several...

% L(C1'C2) (yl(l’xl)’ Y, (1-x,
n 1-X,Y, 1-%,Y,

(+c), (Q+c,), B@+c, +d
(n)*
z ot 1d +blic, +d, +b,1) (3.3)

n

)dx dy,dx,dy,
b)B(l+c,+d,,b,)

1'71 2172

where Z | (@ fuicafa) (b,, x,;b,, x, ) is the generalized Batman’s polynomials of two variables [1]

. 1:11 [-nil+a, +B,+nl+a, + B, +n;
Z:al,ﬂl,az,/} (b X b ) F 1 1 2 2

1" 2’

X, X, . (3.4)
0:2;2 L - l+a,l+b ; l+a,l+b, ; J

Remark 2.
Similar two other double integrals involving Jacobi and Laguerre polynomials of two

(cy.dyic,.dy) ( _ 1—

) and L{* ( . )can be also obtained as special cases of our

1+e,x; ' 1+e,x,

variables P_
main results (2.3) and (2.4).

1+elx1 1+e,x,

3.1In(2.1), if we taker =1, we get

1-xy

1
_[ ya(l— X) )b—l(l_ Xy)l—a—b Pn(c,d) (1_ Zy(l—x)) dxdy
0

O ey

(1+c¢),B(a,b) [-nl+c+d+na; |
= ,F, 1 (3.5) .
n! L l+c,a+b ; J

P(avﬂ)
n

where (x) is the classical Jacobi polynomials [6]

-nl 11—
Pn(“'ﬂ)(x):(lJra)"zFl'— nl+a+pf+n;1 x} 36)
2

n! 1+«
In view of the definition of the generalized Rice polynomials [4]

" 1+« [-nl+a+pB+n,v; |
H (v, p,x):¥3F2 X |, (3.7)
n! l+a,p ; J

the integral (3.5) can be written in the following form:
11

[[via-0""a-9"a-x)""" P - 252) day

1-xy

=B(a,b)H " (a,a+bj) (3.8)

Further, in (3.5) replacingn by 2n , puttinga = b,c = d = >h — 2-and using the following special case of the
result given by [5]

[-2n ,h+2n, a ;11_(%)n(§h_a+§)n

F = (3.9)
’ L Lh+1), 2a j (a+1), (th+d),
we get
11
a a- a- —2a [ Gh-din-d) .
[[y a-0""a-n""a-w)"r, 1 222 dudy
_Gh+9),B@a)y), Gh-a+s), 10)

(2n)(a+3),(3h+73),
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Again, in (3.5) replacingn by 2n +1, puttingb = a +1,¢ = d = +h — > and using the result [5]

[-2n-1,h+2n+1,a ; | (3, (th-a+l)
F 1) = n L
3 z|L %(h+1),2a+1 ; J 2a+1(a+3) (h+7),
we get
11

a a a “2a [ (3h-ddn-d) x
[[yra-0""a-n a-) " py " - 55) day
00

(3.12)

_Ghr)s,Baar ), Gh-ary), (3.12)

(2n+1(2a+1)a+3), (Gh+3),

In a similar way, a number of double integrals involving Jacobi polynomials Pn(“"” (x) can be also obtained,

we mention here the following examples :

11
2-2a (ih—l,%h) (l 2y(1-x)

[[yia-0""a-n"ta-x)" ", 2E) dudy

1-xy

(%h)ZHB(a,a—l)(Za—h—2—4n)(§)n(1—a+§h)n

= ' —= (3.13)
(2n)(2a-h-2)a- ;)n(;h)n
11
a a-1 a-2 2-2a (%h—l,%h) 2y(1-x)
[[y a=-0"a-y"ta-n) " - H52) day
00
_ —(%h)2n+lB(a,a—l)(2a+h+4n)(%)n(§h—a+2)n (3.14)
1 1 ' '
a(a-1)(2n+1)(a+ ), (;h+1),
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