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ABSTRACT: This paper proposes a method for testing hypotheses over two sample t-test under fuzzy
environments using trapezoidal fuzzy numbers (tfns.). In fact, trapezoidal fuzzy numbers have many advantages
over triangular fuzzy numbers as they have more generalized form. Here, we have approached a new method
where trapezoidal fuzzy numbers are defined in terms of alpha level of trapezoidal interval data and based on
this approach, the test of hypothesis is performed. Moreover the proposed test is analysed under various types
of trapezoidal fuzzy models such as Alpha Cut Interval, Membership Function, Ranking Function, Total Integral
Value and Graded Mean Integration Representation. And two numerical examples have been illustrated.
Finally a comparative view of all conclusions obtained from various test is given for a concrete comparative
study.
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I INTRODUCTION

Statistical hypothesis testing is very important tool for finding decisions in practical problems.
Usually, the underlying data are assumed to be precise numbers but it is much more redlistic in genera to
consider fuzzy values which are non-precise numbers. In this case the test statistic will also yield a non-precise
number. This paper presents an approach for statistical hypothesis testing on the basis of alpha cuts of
(trapezoidal) fuzzy numbers. The statistical hypotheses testing under fuzzy environments has been studied by
many authors using the fuzzy set theory concepts introduced by Zadeh [40]. Viertl [35] investigated some
methods to construct confidence intervals and statistical tests for fuzzy data. Wu [39] proposed some
approaches to construct fuzzy confidence intervals for the unknown fuzzy parameter. A new approach to the
problem of testing statistical hypotheses is introduced by Chachi et al. [15]. Asady [9] introduced a method to
obtain the nearest trapezoidal approximation of fuzzy numbers. Gagjivaradhan and Parthiban analysed one
sample t-test and two sample t-test using alpha cut interval method using trapezoidal fuzzy numbers [18, 19].
Abhinav Bansal [5] explored some arithmetic properties of arbitrary trapezoidal fuzzy numbers of the form
(& b, ¢, d). Moreover, Liou and Wang ranked fuzzy numbers with total integral value [25]. Wang et al.
presented the method for centroid formulae for a generalized fuzzy number [37]. luliana Carmen
BARBACIORU dealt with the statistical hypotheses testing using membership function of fuzzy numbers [21].
Salim Rezvani analysed the ranking functions with trapezoidal fuzzy numbers [30]. Wang arrived some
different approach for ranking trapezoidal fuzzy numbers[37]. Thorani et a. approached the ranking function
of atrapezoidal fuzzy number with some modifications [31]. Salim Rezvani and Mohammad Molani presented
the shape function and Graded Mean Integration Representation (GMIR) for trapezoidal fuzzy numbers [29].
Liou and Wang proposed the Total Integral Vaue (TIV) of the trapezoidal fuzzy number with the index of
optimism and pessimism [25].

In this paper, we propose a new statistical fuzzy hypothesis testing of two-sample t-test in which the
designated samples are in terms of fuzzy (trapezoidal fuzzy numbers) data. Another idea in this paper is, when
we have some vague data about an experiment, what can be the result when the centroid point/ranking grades of
those imprecise data are employed in hypothesis testing? For this reason, we have used the centroid/ranking
grades of trapezoidal fuzzy numbers (tfns.)) in hypothesis testing. In the decision rules of the proposed testing
technique, degrees of optimism, pessimism and h-level sets are not used. In fact, we would like to counter an
argument that the a-Cut interval method can be general enough to deal with two-sample t-test under fuzzy
environments. And for better understanding, the proposed fuzzy hypothesis testing technique is illustrated with
two numerical examples at each models. Finally a tabular form of all conclusions obtained from various test is
given for a concrete comparative study. And the same concept can also be used when we have samplesin terms
of triangular fuzzy numbers [10].
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1. PRELIMINARIES
Definition 2.1.  Generalized fuzzy number

A generalized fuzzy number A=(a, b cd W) is described as any fuzzy subset of the real lineRR, whose

membership function U A (X) satisfies the following conditions:

i Mg (X) is a continuous mapping from R to the closed interval [0, OJ], 0<w<1,

ii. H;(x) =0, forall x (-0, a],

iii. M, (X)=L; (X) isstrictly increasing on [& b,

iv. My (X)=w, forall [b, c] and wis a constant, 0 <w<1,

v. Mg(X)=Rj(X) isstictly decreasing on [C, ],

vi. Mz (x)=0, forall x €[d, o) where a, b, ¢, d are real numberssuchthat a<b<c<d.

Definition 2.2. A fuzzy set A s called normal fuzzy set if there exists an element (member) ‘x’ such that
L (X)=1. A fuzy st A is  cdled  convex  fuzzy = st if

by (ax*+ (L-0)x, ) =minfu, (%), 1y (X)) where X, X, eXandae[0,1].  The st

A

Au ={xeX/u; (x)2a} issidtobethe O - CUt of afuzzy set A .

Definition 2.3. A fuzzy subset A of the red line IR with membership functionHiz (X) such that
Mx (X) ‘R —>[0, 1], is called a fuzzy number if A isnormal, A is fuzzy convex, M5 (X) is upper semi-
continuous and Supp(ﬂ) is bounded, where Supp(ﬂ) =cl {X eR: s (X) >O} and ‘cl’ is the closure

operator.

It is known that for a normalized tfn. A = (g, b, ¢, d; 1) , there exists four numbers a, b, ¢, d € R and two
functions L/X (X), RZ\ (X)ZR—)[O, l], where L/: (X) and RZ\ (X) are non-decreasing and non-
increasing functions respectively. And its membership function is defined as follows:

H; (x)={L; (x)=(x-a)/(b-a) fora<x<b; 1forb<x<c; R, (x)=(x-d)/(c-d)forc<x<d
and O otherwise}. The functions L (X) and R, (X) are also called the left and right side of the fuzzy

number A respectively [17]. In this paper, we assume that J.A dX < +o0 and it is known that the

O -cut of a fuzzy number is Ka:{XeR/pK(X)ZG}, forae(O, 1] and Ao= Cl[ U KGJ
Ge(O l]

according to the definition of a fuzzy number, it is seen at once that every O - cut of a fuzzy number is a
closed interval. Hence, for a fuzzy number A , we have K(O() = |:;5\L (O(), Z\u (O()] where
A (a)=inf{xeR: p (x)>a} ad A,(a)=sup{xeR: P (x)=a}. Theleft and right sides
of the fuzzy number A are strictly monotone, obviously, ;&L and ,Z\u are inverse functions of LK (X) and
R, (X) respectively. Another important type of fuzzy number was introduced in [11] asfollows:

A
Let a b, c,deR suchthat a<b<c<d. A fuzzy number A defined as }JZ\(X)Z R—)[O, 1],
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|J~(x)=ﬂ fora<x<bh; 1forb<x<c; d-x forc<x<d; 0 otherwise  where
A b d

- -C
n>0, is denoted by K:(a b, c, d)n. And L(X)=(ﬁ] and R(x)=(%) can aso be

termed as | eft and right spread of the tfn. [Dubois and Prade in 1981].

It A=(a b, c,d) ,then[1-4],

Aa=[AL(a), Av(a)]=|a+ (b-a)¥a, d- (d-c)%a|; ae[o,1].

Whenn=1and b =c, we get atriangular fuzzy number. The conditions r=1,a=bandc=d imply
the closed interval and inthe case r =1, a=b =c =d =t (some constant), we can get a crisp number “t’.

Since a trapezoidal fuzzy number is completely characterized by n'= 1 and four real numbersa<b<c<d,
it is often denoted asA =(a b, ¢, d). And the family of trapezoidal fuzzy numbers will be denoted

by Fr (R) Now, for n=1we have a normal trapezoidal fuzzy number A :(a, b, c, d) and the
corresponding O - cut isdefined by

Aq :[a+ a(b - a), d- O((d - C)]; oe [O, 1]———(2.4) . And we need the following results which
can befoundin[22, 24].

Result 2.1. LetD = {[a, b], a<bandabe R}, the set of al closed, bounded intervals on the real line

R.
Result 22. Let A = [a,b] and B = [c,d] beinD.ThenA=Bifa=candb=d.

1. TWO - SAMPLE (STUDENT) t-TEST
Let X, and Y i=1,2,...,mandj=1 2, ....,n be two random samples from two different

normal populations with sizes m and n such that M+ N <30. And let X and )_/ be the mean values and

S and S, be the sample standard deviations of the random variables X; and Y respectively and they are
given by [21],

X = %(2x] and y = %{Z‘ij

sl (B s (G S5

Let U, and M, be the population means of X-sample and Y-sample respectively. In testing the null

hypothesis H0 :M; =M, assuming with equal population standard deviation, we generally use the test statistic:

VR 2 2
t=— XY here S:\/(m-l)ler(n-l)sz

1 1 m+n-2
S| —+=
m n

In testing the null hypothesis H0 My = M, assuming with unequal population standard deviation, we
commonly use the test statistic:

X-y

S.%
m n

Now, the degrees of freedom used inthistestisv=n+m - 2. Let a bethelevel of significance and

t=
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let ta,v be the tabulated value of ‘t’ for v degrees of freedom at o level of significance. And the null hypothesis

isgiven by H0 :M; =M, . And the rejection region for the alternative hypothesis HAat o level isgiven

below: : : — _
Alternative Hypothesis HA Rejection Region at o Level

HA :u1>u2 t=> ta,m+n-2(Uppertai|ajteSt)

H, iy, <H, t <=1ty men., (LOWer tailed test)

H, iy, # W, |t|2t%’m+n_2(Twotajledteﬂ)

If |t|<ty m.n., (one tailed test), the difference between H; and |, is not significant at o level.
Then the means of the populations are identical. That is, P, =, at o level of significance. Therefore, the null
hypothesis H,, is accepted. Otherwise, the alternative hypothesis H , is accepted.

If |t|<t(y 1., (two tailed test), the difference between |, and I, is not significant a o level.
4 men-

Then the means of the populations are identical. That is, U, = M, a o level of significance. Therefore, the null
hypothesis H,, is accepted. Otherwise, the alternative hypothesis H , is accepted.
Now, the 100(1 -a )% confidence limits for the difference of population means

M, and M, corresponding to the given samples are given by,

R e KRN R B

(for equal standard deviations) Or

) (B E e ) o (55

(for unequal standard deviations)
IV.TEST OF HYPOTHESISFOR INTERVAL DATA
Let {[81., bi], i=1,2, .., m} be a random small sample (X-sample) with size m and
{[Cj, d]}, =12, .., n} be a random small sample (Y-sample) with size n. And let [nl, Ul] be mean of

X from anormal population and let [nz, Uz] be mean of Y from another normal population.

Now, we test the null hypothesis H0 such that the means of the population of the given samples are
equal. That is H, :[r]l, pl] = [r]z, Uz] =n, =N, and Y, = |, . And the alternative hypotheses are given
by [16],

i Ha [ ] < [N bp]=m <n, and g <,

i Ha [ ] > [ Bp]= 0 >0, and g >,

ii. Hy:[n, W] # [N H]=n = n,orp, = 1,
Now the lower values and upper values for X-sample and Y -sample are given below:
X, (Lower valuesof X-sample) | &;1=1,2, ..., m

Y| (Lower valuesof Y-sample) | C; =12, ..,

n
X, (Upper valuesof X-sample) | b.;i=1,2, ..., m
Y, (Upper valuesof Y-sample) | d;;j=1,2,..,n
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Let X and )_/L be the sample means, S, and S, be the sample standard deviation of X" and
\& respectively. Similarly let iu and §U be the sample means, S, and S, be the sample standard

deviation of X" and Y " respectively.
Case (i): If the population standard deviations are assumed to be equal, then under the null hypothesis

Ho: [N Hy] = [N, W], thetest statistic is given by,

t,_=& and tUZ&
1.1 s (1,1
Vm “Vm n

m-1)s’ +(n-1)s m-1)s; +(n-1)

WhereSL :\/( )m;-n(-z )yL and SU :\/( )min(_z )YU

Case (ii): If the population standard deviations are assumed to be unequal, then under the null
hypothesisH,, :[r]l, pl] = [r]z, uz],theteﬂ statistic is given by,

XL - ;u -y
=2 N ad ty= o U

L_,.i i+i

m n m n

where the standard deviations for upper and lower values of the samples of X and Y are given by the equation
(D).

And the rejection region of the alternative hypothesis H A a o level of significance is given below:

Alternative Hypothesis H , Rejection Region at o Level
Ha [no M) > [N Wo] |t 2t e and £y 2, L, (Upper tailed test)

H, :[nl, pl] < [nz, pz] t, <ty men, and ty <-t, .., (Lower tailed test)

HA :[nlv |J1] # [nz’ “2] |t|-| Zt%, men-2 O |tU|Zt%, m+n-2 (Two tailed test)

If [t |<ty men.o ad [ty|<ty sy, (one tailed test), then the difference between [1,, H,] and
[I‘]z, Uz] is not significant a o level. Then the means of the populations are identical. That is,
[nl, Ul] = [nz, Hz]at o level of significance. Therefore, the null hypothesis H0 is accepted. Otherwise, the
alternative hypothesis H , is accepted.

If |tL|<t%lm+n_2 and |tU|<t%’m+n_2(two tailed test), the difference between [N, M| and
[I‘]z, Uz] is not significant a alevel. Then the means of the populations are identical. That
is[nl, Ul] = [r]z, Uz] at o level of significance. Therefore, the null hypothesis H0 is accepted. Otherwise,
the alternative hypothesis H A IS accepted.
And the 100(1 - O()% confidence limits for the difference of lower limit and upper limit of the population

means [r]l, Ul] and [I’]z, Uz] corresponding to the given samples are given below:

- = 1 1 - = 1 1
(XL - yL)—t%‘ m+n_2(sL E+HJ<(W 'n2)<(XL - yL) +t%’ m+n—2[s|— EJFHJ

(for equal population standard deviations), and
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- = 1 1 - = 1 1
(XU - yu)—t%v m+n.2(3u /EJFH]<(n1 -n2)<(xU - yU) +tu/2’ m+n.2£3u E+HJ

(for equal population standard deviations) Or
2 SZ 2 2
v v XL YL v v XL YL
(XL _yL)_t%,m+n—2 F—l_T <(nl'n2)<(XL -yL)+t%,m+n—2 H—i— n
(for unequal population standard deviations) and
2 2 2 2
v v X Y v v X Y
(XU -yU)_t%,m+n—2 ?U-i_ nU <(r]l'r]2)<(XU -yU) +t%,m+n—2 n-llJ +7U

(for unequal population standard deviations)

Decision table:

Acceptance of null hypotheses ﬁo

Lower Level Model Upper Level Modél Conclusion
If Hois accepted for all and Ho is accepted for all then ﬁoisaccepted for all
a0 €[0,1] a0 €[0,1] a0 e€[0,1]
If Hois accepted for ll and Ho is reected for dl | then ﬁoisrejected for all
aaef0,1] aaef0,1] aae[0,1]
If Ho isrejected for all and Ho is accepted for all | then ﬁoisrejectedfor al
a0 <[0,1] a0 e[0,1] a0 e[0,1]
g::?&eﬁded for all or Hoisrejected for all a0 €[0,1] rznel-;gi]rejected for all

Partial acceptance of null hypothesis Ho at the intersection of certain level of o at both upper level and lower

level models can be taken into account for the acceptance of the null hypothesisHo .
Thistest procedure has been illustrated using the following numerical examples.
Example-1
The following interval data are given the gain in weights (in 1bs) of pet dogs fed on two kinds of diets
A and B [21].

Diet-A Diet-B Diet-A Diet-B
[18,19] | [22,26] | [19, 22] | [22, 28]
]

[16, 18] | [27,31] | [20, 24] | [20, 24]

[30,32] | [25,28] | [27,30] | [11, 15]

[28,30] | [12, 16] | [18,22] | [14, 17]

[22,24] | [16,20] | [21,24] | [17, 21]
]

[14,16] | [18,22] | - | [2527]
[28,32] | [26,30] | - | [19,22]
~ | [23,29]

Now, we test if the two diets differ significantly on the basis of their nutrition effects on increase in the weight
of the pet dogs.

Here the null hypothesisis, Hy 1[Ny, M| = [N,y B, =1, = n, and p, = .
—> Thereis no significant difference between the nutrition effects from diet A and diet B.
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And the alternative hypothesisis H , :[r]l, pl] # [r]z, }Jz] =N # N,0r Yy, # H,(Two tailed test).

= Thetwo kinds of the diets differ significantly on the basis of their nutrition effects.

We assume that the standard deviations of the populations are not equal and we use 5% level of significance.
Here m=12 and n=15.

The tabulated value of ‘t” for m + n — 2 = 27 — 2 = 25 degrees of freedom at 5% level of significance is
T, =206

Now,  Xi %(thj = XL =21.75 and )_/,_ = %(ZyiL] =y, =20.0667and
i=1 i=1

Xu = %(Zmlx] = Xy = 24.4167 andy,, = %(Zy =y, =23.7333
i=1 i=1
s = (—ml Ji(x x.) =& =27.8409a0s = (niljfi(y Y. ) =<, =27.0667

1 m _ 2 1 n — \2
& =(—m_ 1);(xiu-xu) =< =30.0833ads’, =(r1]2(yiu-yu) =< =26.6381

The Test Statistics:

i=1

t = XL -y, —1t,=08288 and t, = _Xu Yy = t, =0.3302
Sy
L_Fi'- A—}-A
m n m n

Since, |tL| <T,=206and |tu| < T, =2.06, we accept the null hypothesis H,, .

= There is no significant difference between the nutrition effects of the diets A and B at 5% level of
significance.

V.TEST OF HYPOTHESISFOR FUZZY DATA USING TFNS.
Definition 5.1: Trapezoidal Fuzzy Number to Interval
Let atrapezoidal fuzzy number be defined as A = (a, b, c, d) , then the fuzzy interval in terms of o -
cut interval is defined as follows [33]:

Ac=[a+ (b-a)a,d- (d-c)a];0<a<l ———(5.1)

Suppose that the given sample is a fuzzy data that are trapezoidal fuzzy numbers and we have to test
the hypothesis about the population mean. Using the relation (1) and the proposed test procedure, we can test the
hypothesis by transferring the fuzzy datainto interval data.

Example-2

Two kinds of engine oils A and B for automobiles are under mileage test for some taxies, then we
request the taxi drivers to record the consumption of fuel. Due to limited available source, the data are recorded
as trapezoidal fuzzy numbers which are given in the following table. Suppose the random variables have normal
distribution and their variances of both populations are known and equal with one. We now investigate the
effects of the two kinds of engine oils on consumption of fuel at 5% level of significance [10].

A B
(4,45,5,6) (5.65,7,8)

(35,4,5,65) | (4,45,5,6)
(5,55,5.8,6) | (55,7,8,85)
(55,5.8,6,65) | (5,6,65,7)
(3,35,4,5) | (6,65,7,8)
- (6,7.5,85,9)
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Now the interval representation of the above trapezoidal datais given below:

A ] B |
[4+050,6-q] [5+150,8-0]
[3.5+0.50, 6.5 - 1.50] [4+0.50, 6 -a]
[5+050,6-020] | [55+ 150,85 -0.50]
[55+0.30,65-050] | [5+a,7-0.5q]
[3+0.50,5-0] [6+050,8-0q]
[6+ 150, 9 -0.50]

Lower Level Samples Upper Level Samples
X|_ yL XU yU
4 + 0.5a 5+ 1.5a 6-a 8-a
3.5+ 0.5a 4 + 0.5a 6.5 - 1.5a 6-a
5+ 0.50 55+ 1.5a 6-0.2a 8.5-0.5a
55+ 0.3a 5+a 6.5 - 0.5a 7 - 0.5a
3+ 0.5a 6 + 0.5a 5-a 8-a
- 6 + 1.5a - 9-0.5a

Here, m=5andn=6.

- 1(& - — 1(& -

XL = E(inLj = XL =4.2+0.460 and Xy = E(ZX“] = Xu =6-0.84a
i=1 i=1

v, = %(Zyij —y, =5.25+1.0830and y,, = %(Zyiu J =y, =7.75-0.750
i=1 =1

s = —jzm:(xiL-iL)z =0.0080° —0.130t + 1.075 and

1
$ = i]z(y -yL)z =0.24170” +0.250 + 0.5750

1
S - ﬁji(yiu-yu )" = 0.0507 +0.25a - 0.05 anc
i=1

-1 -1
g - (m ()j;;(”z) IS\ _ 0137007 - 0.19670 + 0.7972

_(m- Ds;, +(n-1s
&= (m+n-2)
Null hypgthesis

v =0.13460° + 0.13890 + 0.1389

Ho :K ~ ﬁ = The two kinds of engine oils on fuel consumption are same.
Alternative hypothesis:

Ha:A # Q = The two kinds of engine oils on fuel consumption differ significantly.

www.ijmsi.org

46 | Page



A Comparative Sudy of Two-Sample t-Test under...

Here, [A] =[I‘]1, Ul] and [ﬁ] =[I‘]2, pz].
And therefore, [ﬁo][K] ~ [ﬁ} = Ho: N =nN,and Y, =H{,.
[HA]:[X] ” [ﬁ]:ﬁ/\:nl £ M,or M, # W, (Two tailed test).

Now, the tabulated value of ‘t” at 5% level of significance with 9 degrees of freedom is T, = 2.262
Test gatistics.

-1.9422 ifa=0
-2.0814 ifa=0.1
X, -V -22204 ifa=0.2
g =2 , =t [>T, for 0.3<ax<1
2 2 -2.3578 ifa=0.3
S .S
-32154 ifa=1
Xu -V -7.7537 ifa=0
t,= 22 Yu _ =|t,|>T, for 0<a<1
$ & -4.7320 ifa=1
T Ve
m n
Conclusion

Hence, |1'L| >T, and |tu| > T, for 0.3<a <1 impliesthe null hypothesis ﬁo is regjected and we

accept the alternative hypothesisHa . Therefore, the two kinds of engine oils for automobiles on consumption
of fuel are not the same at 5% level of significance.
Remark

The obtained result from the above test procedure in Example-2 differs by the lower value of o by 0.3
when compared with the result in Baloui Jamkhaneh and Nadi Gara [10] whichis 0 < a <1 when performing
this test procedure using trapezoidal fuzzy interval data.

VI. WANG’S CENTROID POINT AND RANKING METHOD
Wang et al. [37] found that the centroid formulae proposed by Cheng are incorrect and have led to some
misapplications such as by Chu and Tsao. They presented the correct method for centroid formulae for a

generalized fuzzy number f&z(a b, c, d: W) as

o) 3 oot 1 v e o2

~ ~ —2  —2
And the ranking function associated with A is R(A) =4/Xo + Y, ———(6.2)
For anormalized tfn, we put w = 1 in equations (6.1) so we have,

o) 3 eroeeror- [ | (3 et 0

~ ~ —  —2
And the ranking function associated with A is R(A) =4/Xo + Y, ———(6.4).

Let Ai and A; betwo fuzzy numbers, (i) R(Ai) > R(A; ) then Ai > A; (i) R(Ai) > R(A))
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then Ai > A; and (iii) R(Ki):R(KJ) then Ai =A;.

Two-sample t-test using Wang’s centroid point and ranking function
Example 6.1. Let we consider example 2, using the above relations (6.3) and (6.4), we obtain the ranks of tfns.
which are tabulated below:

Ry (x);i=12..5 | Ry(Y,); =L 2 ... 6
4.9163 6.6062
4.8097 4.9163
5.5766 7.2204
5.9738 6.1131
3.9205 6.9116
- 7.7196

Here, the mean values are R (;) =5.0394, R, (9) =6.5812 and the variance values ares? = 0.6204,

Sﬁ =0.9611 and the calculated value of ‘t’ is t = -2.8919. The tabulated value of ‘t’ at 5% level of
significance with 9 degrees of freedomis T, = 2.262. And |t| > T, (two tailed test). = The null hypothesis

ﬁo isreected. Therefore, the two kinds of engine oils for automobiles on consumption of fuel are not
the same at 5% level of significance.

VII.  REZVANI’'S RANKING FUNCTION OF TFNS.
The centroid of atrapezoid is considered as the balancing point of the trapezoid. Divide the trapezoid into three
plane figures. These three plane figures are a triangle (APB), a rectangle (BPQC) and a triangle (CQD)

respectively. Let the centroids of the three plane figures be G, G, and G, respectively. The incenter of

these centroids G,, G, and G, is taken as the point of reference to define the ranking of generalized

trapezoidal fuzzy numbers. The reason for selecting this point as a point of reference is that each centroid point
are balancing points of each individua plane figure and the incenter of these centroid points is much more
balancing point for a generalized trapezoidal fuzzy number. Therefore, this point would be a better reference
point than the centroid point of the trapezoid.

w4

P{bw) Qfew)

@

Afal)  B(b0) C(c0) Do) X

Fig.1 Cenfroid of cenfroids

Consider a generalized trapezoidal fuzzy number A= (a, b, c, d; W) . The centroids of the three plane figures
are:

Gl:(w_%,ﬂj, GZ:(E&) and G3=(2C+d,ﬂj___(7,1)
3 3 2 2 3 3

w
Equation of the line G,G,is y = 3 and G, does not lie on the line G,G,. Therefore, G,, G, and G,

are non-collinear and they form a triangle. We define the incenter | (;0, )_/0) of the triangle with vertices

G,, G, and G; of the generalized fuzzy number f&z(a b, c, d; W) as [30]
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o["P )55 (338,

a+p+y ’ a+p+y

NEROE

- 3b + 2d)” + w? 2c+d-a- 2b)’ 3c- 2a- b)”* +w?
WhereO(:\/(C +2d)" +w 1B=\/( c+d-a )’yz\/(c a-b) +w

6 3 6

And ranking function of the trapezoidal fuzzy number f&z(a b, c, d; W)Which maps the set of all fuzzy

numbers to a set of all real numbers [i.e. RZ[X} —)]R} is defined as R(K) = \/;3 + 9; ———(7.3

which is the Euclidean distance from the incenter of the centroids. For a normalized tfn. we put w = 1 in
equations (7.1), (7.2) and (7.3) so we have,

G, =(a+2b 1), G, =(E,1j and G, =(2C+d ,%---(7.4)
2 3

3 '3 2 3
o385 ) %5 o5) 55
1 (R 7o) = 3 2 3 3 2 3)|___s
A ° a+pB+y ' a+B+y

-3b+2d)’ +1 2c+d-a-2b) 3c-2a-b)’ +1
IR C fo1 g, J(zord-aaby o ((e-2a-b)'s

6 3 6

And ranking function of the trapezoidal fuzzy  number A:(a, b, c, d l)is defined
asR(A)=yxo + Y ———(7.6).

Two-samplet-test using Rezvani’s ranking function

We now analyse the one-sample t-test by assigning rank for each normalized trapezoidal fuzzy numbers and
based on the ranking grades the decisions are observed.

Example 7.1. Let we consider example 2, using the above relations (7.4), (7.5) and (7.6), we obtain the ranks
of tfns. which are tabulated below:

R.(x);i=L2..5| Ry(y,): =12 ...6
4.7724 6.7603
4.5225 4.7724
5.6571 7.5082
5.9203 6.2594
3.7772 6.7671
-- 8.0074

Here, the mean values are R (;) =4.9299, Ry (;/) = 6.6791 and the variance values ares; = 0.7573,
Sf, =1.2556 and the calculated value of ‘t’ is t = -2.9125. The tabulated value of ‘t’ at 5% level of
significance with 9 degrees of freedomis T, = 2.262. And |t| > T, (two tailed test). = The null hypothesis

ﬁo isreected. Therefore, the two kinds of engine oils for automobiles on consumption of fuel are not
the same at 5% level of significance.
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VIIl. GRADED MEAN INTEGRATION REPRESENTATION (GMIR)
Let f&z(a b, c, d; W) be a generalized trapezoidal fuzzy number, then the GMIR [29] of A is defined

byP(;&):Th{L-l(h);R-l(h)}dh/ Thdh.

Theorem 8.1.Let;5\:(a, b, c, d; 1) be a tfn. with normal shape function, where a, b, ¢, d are real numbers

such thaa a<b<c<d. Then the graded mean integration representation (GMIR) of
~ ~ a+d n
AisP(A)z( )+ (b-a-d+c).
2 2n+1
: x x-a)
Proof :For a trapezoida fuzzy number A:(a, b, c, d; 1)n, we have L(x)z(b_J and
-a

R(x)=(%)n.
Then, h= (ﬁj _ L*(h)=a+(b-a)h*.

~\ (a+d
ThUS, P(A) = ( ) + n (b -a-d+ C) Hence the pl‘OOf.
2 2n+1
Result 8.1.1f n =1 in the above theorem, we have P(K) _ar 2b -g 2c+d

Two-samplet-test usng GMIR of tfns.
Example 8.1. Let us consider example 2, using the result-8.1 from above theorem-8.1, we get the GMIR of

each tfns. )~(i, i=1, 2, ..., 5; )~/]., j=1, 2, ..., 6 which are tabulated below:

P.(x);i=1,2,..,5 Pé(yj); =12 ..,6
48333 6.6667
4.6667 4.8333
56 7.3333
5.9333 6.1667
3.8333 6.8333
- 7.8333

Here, the mean vaues are P (;) =4.9733, P ()_/) =6.6111 and the variance vaues are
Si =0.6819, Sf, =1.0852 and the calculated value of ‘t” is t = -2.9078. The tabulated value of ‘t’ at 5%
level of significance with 9 degrees of freedom is T, =2.262. And [t|> T, (two tailed test). = The null

hypothesis ﬁo isrgjected. Therefore, thetwo kinds of engine oilsfor automobiles on consumption of fuel
arenot the same at 5% level of significance.
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IX. TWO-SAMPLE t-TEST USING TOTAL INTEGRAL VALUE (TIV) OF TENS.
The membership grades for a normalized tfn. A=(a, b, c, d: 1)is caculated by the relation

c d

X-a X-d

23 x)dx = dx + |dx+ || — |dx———(9.1

23 | u, j(b_aj [ j(c_dj 9.9)
Supp(A ) a b c

Example 9.1. Let us consider example 2, the total integral value of first entry A;= (4, 45,5, 6) will be

45

j ™ dx-j(x ]dx+jdx+j( jdx—125—l

N 0.5

ppA1

The total integral values of remaining entries can be calculated in similar way, which have been tabulated
below:

j p Ndx=1i=1,2,..,5 j u y,Jdy=1,j=1,2,..,6
SUPP SUPP
1.25 1.75
2 1.25
0.65 2
0.6 1.25
1.25 1.25
- 2

Here, the mean values are I/K(;):l'lS’ Ié()_/)=1.5833 and the variance values are

Si =0.32375, Sﬁ =0.141667 and the calculated value of “t” is t = -1.4578. The tabulated value of ‘t’ at 5%
level of significance with 9 degrees of freedom is T, =2.262. And |t|< T, (two tailed test). = The null

hypothesis ﬁo is accepted. Therefore, the two kinds of engine oils for automobiles on consumption of
fuel do not differ significantly at 5% level of significance.

X. LIOU AND WANG’S CENTROID POINT METHOD
Liou and Wang [25] ranked fuzzy numbers with total integral value. For afuzzy number defined by definition

(2.3), the total integral valueis defined as

15 (X ) = allg (xi )+ (L - @) I, (Xi)———(10.1) where

( ): I RX j (X djdx---(lo 2) and
N ' -\ c-d
pp(xi )
S x-a , . .
( ) I LX‘ I ha X ---(10.3) are the right and left integral values respectively and
Supp X| a
O0<o<l.

(i ae [0,1] is the index of optimism which represents the degree of optimism of a decision maker. (ii) If

o = 0, then the total value of integral represents a pessimistic decision maker’s view point which is equal to
left integral value. (iii) If o =1, then the total integral value represents an optimistic decision maker’s view
point and is equal to the right integral vaue.(iv) If o = 0.5 then the total integral value represents a moderate
decision maker’s view point and is equal to the mean of right and left integral values. For a decision maker,
the larger the value of O is, the higher isthe degree of optimism.

Two-samplet-test using Liou and Wang’s centroid point method:
Example 10.1. Let we consider example 2, using the above equations (10.1), (10.2) and (10.3), we get the
centroid point of first member as follows:
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4

IL(il):J(%jdx:lm; IR(Nl):E(X_—-lGJdX::I./z. Therefore 15 (x:) = (1+a) /4.
Yy D

Similarly we can find 15 (>~(| ); fori=2,..,5; 17 (37].); forj=1,2, ..., 6 and the calculated values are
tabul ated below:
15 (xi); fori=1,2,..,5 | I3(y;); forj=1,2,..,6
(1+a)/4 (3-a)/4
(1+20)/4 (1+0)/4
(5-30))/20 (3-20)/4
(3+2a)/20 (2-0)/4
(1+a)/4 (1+a)/4
- (3-20)/4

Here, the mean values are I?/i (;) =(23+19a) /100, I$E (9) =(13—40a) /24 and the variance values

aresi =0, % =0. Asthe variance values vanish for both the sample data x and y, we can not decide

any conclusion for this case using Liou and Wang’s method.

XI. THORANI’S RANKING METHOD
As per the description in Salim Rezvani’s ranking method, Thorani et al. [31] presented a different kind of

centroid point and ranking function of tfns. The incenter I/K (;o, 90) of the triangle [Fig. 1] with vertices

G,, G, and G; of the generalized tfn. K:(a, b, c, d; W) is given by,

25 faolaos)]

a+p+y ’ a+p+y

5 (0 vo) =

- 3b + 2d)” + w? 2c+d-a- 2b)’ 3c-2a- b)”* +w?
Wherea=\/(c +6 ) +w ,B=\/(C+ 3a ) ’yz\/(c a6 ) +w

And the ranking function of the generalized tfn. K:(a, b, c, d; W) which maps the set of all fuzzy numbers

to a set of real numbers is defined as R(K) =X, XY, ———(11.2) . For anormalized tfn., we put w = 1 in
equations (11.1) and (11.2) so we have,

o255 el

a+p+y ' a+p+y

5 (X0 Vo) =

-3b+2d)’ +1 2c+d-a-2b) 3c-2a-b)’ +1
whereaz\/(c 5 )+ ,B:\/(C 3a )andyz\/(C 2 S+

And for K:(a, b, c, d: 1), R(K)zxoxyo———(llA)

Two-sample t-test using Thorani’s ranking method of tfns.
Example 11.1. Let usconsider example 2, using the above relations (11.3) and (11.4), we get the ranks of each

tns. Xi, i =1, 2, ..., 5; )~/j, j =1, 2, ..., 6 which are tabul ated below:
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Ri(x);i=L2...5| Ry(y,): =12 ...6
1.9703 2.8028
1.8726 1.9703
2.3114 3.1172
2.4098 2.5883
1.5559 2.7991
- 3.3251

Here, the mean values are R; (;) =2.0240, Ry (;l) = 2.7671 and the variance values ares; = 0.1191,

Si =0.2206 and the calculated value of ‘“t’ is t = -3.0191. The tabulated value of ‘t’ at 5% level of

significance with 9 degrees of freedomis T, = 2.262. And |t|> T, (two tailed tet). = The null hypothesis

ﬁo isrgected. Therefore, the two kinds of engine oils for automobiles on consumption of fuel differ
significantly at 5% level of significance.

XIl.  GENERAL CONCLUSION

The decisions obtained from various methods are tabul ated below for the acceptance of null hypothesis.

Acceptance of null hypothesis ﬁo at 5% level of significance

a-cut Wang Rezvani GMIR TIV L&W Thorani
« « « v Canr_lot be <
decided

Observing the decisions obtained from O-CUt interval method, for example-2, the null hypothesis is rejected for

the level of 0.3<a <1 at both I.I.m. and u.l.m. On the other hand, using Liou & Wang’s method (L&W), we
cannot conclude any decision as the variance values are zero. Moreover, the method of total integral value of

tfns. (T1V) do not provide reliable results as it accepts the null hypothesis ﬁo while other methods are rejecting

ﬁo and the decisions obtained from Wang’s ranking method, Rezvani’s ranking method, GMIR and Thorani’s
ranking method of tfns. provide parallel discussions.
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