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l. Introduction and Preliminaries

Throughout our present paper, we use the following standard notations:

N:={1,2,3,...}, Ng:={0,1,2,3,...} =NU {0} and Z~ := {-1,-2,-3,...} = Z, \{0}.
Here, as usual, Z denotes the set of integers, R denotes the set of real numbers, R™ denotes
the set of positive real numbers and C denotes the set of complex numbers.

The Pochhammer symbol (or the shifted factorial) (A), (A, v € C) is defined, in terms of the

familiar Gamma function, by

), = rA+v) )1 (v =0;A € C\{0}) (11)

') AA+1)...(A+n—-1) :(v=nelN;AeC)

it is being understood conventionally that (0)p := 1 and assumed tacitly that the Gamma
quotient exists.

Of all the integrals which contain gamma functions in their integrands the most important ones
are the so-called Mellin-Barnes integrals. Such integrals were first introduced by S. Pincherle
in the year 1888; their theory has been developed by H. Mellin in the year 1910 and they were
used for a complete integration of the hypergeometric differential equation by E.W. Barnes in
the year 1908. The generalized Hypergeometric function [37, p. 100 Th. 35 and p. 102 Th.

36] is defined by means of Mellin-Barnes type contour integral in the following form, when
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p < g+ 1 then

I(cn)D(ag) ... D(ay) @ ey |1 [ ()T (@ +€), D(ay + 6)

CEOTB) - TE)" | 5 5, - 2mw i, LB +8&).---.T(Bg + &)
(1.2)

ag

where L1 is a suitable Mellin-Barnes path of integration [See 37, p. 95 figure (5), p. 98
figure(6)]and o, 8; € C\Zy, {¢ =1,2,3,...,p, j=1,2,3,...,¢} and w = /—1, z #£ 0.

When p = g + 1 then |arg(—=z)| < m and suppose that |z| < 1.

When p = g then |arg(—=z)| < § i.e. R(2z) < 0.

When p < g then equation (1.2) is also valid.

Gauss’s multiplication formula for the product of gamma functions [37, p.26 Th. 10; 43, p.23

(27)], is given by .

(mz) = (27) = mm==3r () (z + %) r (z + %) .7 (z + = 1) (1.3)

T

where m is positive integer; mz € C\Zg . For m = 2 and m = 3 we get Legendre’s duplication
formula and triplication formula respectively.

Using formula (1.3), we obtain

T(c+ks) =T {k (s + g)} = (2m) T k(e 5+ke) ﬁ T (s + H;’Li_l) (1.4)
q=1

where £ =1,2,3,... and e + ks € C\Zj.
In an attempt to give a meaning to the symbol ,F,, when p > g + 1, Meijer introduced the
G-function into Mathematical Analysis. Firstly the G-function was defined by Meijer [24] in
the year 1936 by means of a finite series of generalized hypergeometric functions. Later on the
Meijer’s G-function of order (m,n,p,g) was defined by means of Mellin-Barnes type contour
integral formula [11, p.207 (5.3.1); see also 19, p.143 (5.2.1); 23, p.2 (1.1.1, 1.1.3); 25, p.83; 26,

p-1064 (21)], in the following form
IIre —s) [T —a; +s)

1,02, .- ., ApiQpgls---50p 1 =1 j=1

G| oz T i =3 - - 2%ds
by, ba,. .., b b1, - - -, b et
1,02 s Ol Om+1, . Dg L. H F(l*ijrS) H F(a.j—.s)
J=m-+1 Jj=n+1
(1.5)
(ap —b; #1,2,3,...; k=1,2,3,...,nand j=1,2,3,...,m)

where 0 < m < ¢,0 < n < p;z # 0 and L is a suitable contour (See three cases of contour in
the monographs [11, p.207 (2,3,4); 19, p.144 (2.3,4); 32, p.617 (1,2,3,4)]) and an empty product
is interpreted as 1 and the parameters are such that no pole of T'(b; — s), j =1,2,3,..., m
coincides with any pole of T'(1 — ax + s), k=1,2.3,..., n. Without any loss of generality,

we are assuming that p < g. The MacRobert’s E-function is the particular case of Meijer's
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G-function.

The G-function is symmetric with respect to order of the parameters in four groups
a1.0a9,...,0n ; Antlyv-sGp sy bbby s bm+1,. .., by individually.

If no pair among the parameters by, ba, . .., by, may differ by an integer or zero (i.e. all poles are

of the first order) then Meijer’s function Gy (2) can be expressed as a sum of m-generalized

hypergeometric functions ,F,_; ((—l)p_m'_'”z) under the condition (p < ¢ and for all finite

values of z) or (p=q and |z| < 1).

If no pair among the parameters ay,asg, ..., a, may differ by an integer or zero (i.e. all poles are
of the first order) then Meijer’s function G,5"(2) can be expressed as a sum of n-generalized
hypergeometric functions 4F},—1 ((—1)2"™""2~1) under the condition (p > ¢ and for all finite
values of z) or (p=gq and |z| > 1).

If one (or more) pair among the parameters aj,as,...,a, or by, by, ... b, may differ by an
integer or zero then Logarithmic forms of the G-function occur due to the appearance of the

poles of the higher order than unity, in the integrand of contour integral (1.5).

Property for cancellation of the numerator and denominator parameters

01,092, ... Upylpygy...,0p 1 a2,03,...,0n,Qdpt],...,0p
m,n _ mn
G;D,q = - Gp—l,q—l =
b1,ba. ... b by, ... bg—1, a1 bi,bo, ... . bm, by, bg1
(1.6)
where n, p,q > 1.
e 1.0, ... Gn,y Opgls- .., Op—1,b1 m—lin Q1.2 ...y Ony Gty -y Gp_i
Gpi =G g1 | 2
bi,bo, ..., by b1, ... by ba, b3 sOms b1, bq
(1.7)
where m,p,q > 1.
Translation property [26, p.1066 (24)]
z"Ggf&” 1,02, ..., 0n, Qpgly ... Gp :G;’f&" N ] +0,a2 +0,...,0p + 0,01 + 0, ... 0p + T
bl,bQ=....b-m1b-m+1....,bq 51—|—U,bg+0’1....an+U,bm+1—0—0’,...,5,;;—}—0

Symmetric property (Transformation formula)
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Reduction formula between ,F,; and G-functions [11. p.215 (5.6.1): 43, p.47 (9)], is given by

when p < g + 1, then

F(a-l)F(GQ)---F(Qp)p ) ai, az,...,ap: N - 1—ai,1—as,....,1—ayp
‘ g a+
L) (b2) ... I'(bg) b ba,. .. by e 0.1 — by, 1 —by,....1—b,
1 1 1Lbi.ba, ..., by 11, —a1, —a9,..., —dp
= G§+1.p - =(—=2) Gp,§+1 -z (1.9)
@], a2, ..., Ay —1,—blt—b2,....—bq

where (p < g and |z| < c0) or (p=¢g+ 1 and |z| < 1).
For hypergeometric forms of Special functions of Mathematical Physics, we refer the mono-

graphs [1-7,11,12,14-16,18-22,27,30,32,37,39,40,42,43 45 46].

1. Laplace transform
If there exists a number “AM7” independent of ¢ so that |£g;| < M as t —— tp in the region R
of the complex z-plane, where g(¢t) £ 0, then we say that f(¢#) = Olg(t)] as t — to in R.

If limm SO
t—to g(t)
Let the function f(#) be piecewise continuous on the closed interval 0 < ¢t < T for every finite

= 0, then we say that f(¢) = o[g(¢)] as t —— to in R.
T = 0. Also let
f(t) = Ole™"], t — oo (2.1)

for some «. Operational images (or operational representations) of many classes of special

functions in the classical Laplace transform

S{f @) p}y = fox P f()dt = F(p),  R@) > a, (2.2)

can be obtained by appealing to Euler’s integral

/ A = Li) (2.3)
0 p

where min{R(A), R(p)} > 0 or (R(p) =0.0 < R(N) < 1).

The integral (2.2) appeared for the first time in Euler’s investigation in the year 1737. The
regular use of the transformation of the form (2.2) began after the publication of P. S. Laplace’s
book in the year 1812. At the present time the Laplace transformation (2.2) is the most usable
integral transformation. A complete account or elements of the theory of Laplace transfor-
mation can be found in numerous books on Laplace transformation, on operational calculus
or on integral transformations. Among them we mention the monographs [8,10,13,28,29,33-

36,38,41,44,47].
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Il. Theorem on Laplace Transforms

Statement:

When A < B + 1, R(p) > 0, N(¢) > 0 and k is a positive integer. Suppose (a4) abbreviates

the array of A parameters given by ai,as,....,a4 with similar interpretation for (bgz), then
(a,);
£t Fp - ytk
(b):
B
A RCD) .
_ (2m)yT =1 kle—3) gAt+kl —P Loy, bgseoos by (3.1)
o © A 1+B.A+k yk‘k a a a o c+1 c+k—1 ’
ITr st B S
i=1
B
R T(b5)
_ ?T)C S p(e=3)
ITre
i=1
cane [ | 1@t a1 aa 4 (50) 1 (S 1 (SRR
*Gilpes |
P 0.1 —by.1—by,....1—bg
(3.2)

provided that the right hand sides of (3.1) and (3.2) are convergent [See 11, p.207 (2,3,4); 19,

p-144 (2.3,4): 32, p.617 (1,2,3,4)] and ay,a2,...,a4,b1,ba,...,bp € C\Z;.

Proof: Consider the left hand side of equation (3.1):

1 (a‘A): k - it 1
L0t Al yt P :/ e PCT AP
0

(B3

(a.);
(b5);

yt® | dt

= A
IIren (—yt*)*D(—s) [ T(ai + s)
i=1

= 1 5=1
— —ptpe—1 7
= /O e t Sy — 5 ds | dt
TITe) J ., TIT@ + s
i=1 =1
where L is a suitable Mellin-Barnes type contour.
Now changing the order of integration, we get
B A
@) | ren (»TCE)[[T@t+s)
a,); .
et L\ Fp oythl ipy = J;l B = Eipttwksjldf) ds
(b,,): 2mw - Jo
Bl [[r@) ./, [Ir®,+9
i=1 j=1

B s A
[Ire) (—f) T(—s)T(e + ks) [ T(ai + s)
_ l 1 =1 P i=1 ds
T opt2mw A

B
[Ir) J . JIRUED)
i=1 j=1

Now using Gauss’s multiplication formula (1.4) for I'(ec + ks), we get
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B
T(b;)
o (a,); (2;7)%;,1:]1 ’ (=)
Lt 4FE ). yt pp = e I k z)x
( ;;): H]-—'(ﬂ'z‘)
i=1

A E
c+qg—1
I'(—s) I'a; + s) I'fs+ —m
O

B
L [IT@® +9

j=1
Using definition (1.5) and transformation formula (1.8) of G-function, we get main results (3.2)

and (3.1) respectively.
V. Laplace Transforms of Special Functions of Mathematical Physics

For convenience, we shall use the notation A(N;)) for array of N parameters given by

A Al A2 AN
[N N

N TR TR s . The following formulas hold for those suitable values of parameters

for which gamma factors of the numerator and denominator are finite. The Laplace transforms
of following Special functions are not found in the available literature on Laplace transforms
[8,10,13,28,29,33-36,38,41,44,47]. Making suitable adjustment of parameters and variables in
equation (3.1), using the cancellation property (1.7), applying reduction formula (1.9), Legen-
dre’s duplication formula and triplication formula for the product of Gamma functions, after
simplification we can find the following results, valid under the conditions associated with the
result (3.1).

Case(l): Pute=p+v+1,A=2B=30a =

+r+1 +v+2
”.7 _'u'ibl:ﬂ'—f—l‘bgz

2 T
v+ 1Lbs=p+v+1,y=—1,k =2, in equation (3.1), we have

. 2;_1+U 4.1 'p;2 1-P"+1L’+1P"+v+1
E{Ju(t)Ju(t) : p} = WGQ 1

ptr+1l pte+2 pte4+l pte42
2 » 2 > 2 > 2

p+r+1 ) p+r+2 ptr+1 ,u+u+2: 4
)4F3 P2 2o (4.1)
g+l v+1l, p+rv+1; P

B I'(p+v+1)
- 2#-{-:} ﬁ.L-I-IJ-FlF('u, + 1)]_—(1} + 1

where the product J,, (), (t) is given in the monograph [19.p.216 (39)] and p+v+1. p4+1,v+1 €
C\Z; .
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3
Case(2): Putc=2v+2,A=1,B=2,a4 :v+§,b-1 =v+2,bh=2v+2,y=—-1.k=2,1n

equation (3.1), we have

) o+l [ p2 l,v+22v+2
L@ () :pt = —mmGaa | 7| 3
p v+ 5,V -+ v+ 5

T(v+3) v+Luv+3,v+3 4
2

= \/E_’DQ”"'Q F(I/—I—Q}S 2 - (4.2)

v+2, 2v+2 ; p
where the product J,(t).J,.1(¢) is given in the monograph [19,p.216 (40)] and v + %, v+2 €
C\Zjg.
1
Case(3): Putc=2v+1,A=1,B=2,a¢ ZV‘T'EJ?'I =v+1lk=2vr+1,y=—-1.k=2,in

equation (3.1), we have

, o2 2| 1,2 +1
y 2 . _ 21| P
S0 pb =G |
vVt gVt g
r i 1 1. ]
_ (I/""j) S F) U+25U+21 _i {43)
\/’I—T p2u+1 F(V + 1) w41 pQ .

where the product J2(#) is given in the monograph [19,p.216 (41)] and v + %,v +1 e C\Z,.

Similarly we can obtain

201, —v+1,r+1

: : I s1fp
J,)J_, (1) p=—Gy5 | —
2{1(} 1(} _’D} Tp 3.3 4 1 1 1
2 27
sin (v ) % % 1 4
_sem el 22 b4 (4.4)
TpU

—v+1lvrv+1; p

where v £ 0,£1,4£2, .. ..

1 2 1
Case(d): Put ¢ =20+ 1,A = 0,B = 3,b;, = ”; by = ”JQF by =v+ly=—ck=4n
equation (3.1), we have
1
2772 oy pt| L+l
LALLM pl=—G55 | —
{ 1( } I( ) p} ﬂ_pgp+1 2,2 4| 211 2043
4 * 4
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1 Q41 243,
F(v + 5) 1 4 i
4

= F ’ 45
VT2 T(v + 1}2 1 (4.5)

vr+1 ; p

?

where the product J, ()1, (t) is given in the monograph [19,p.216 (43)] and v—f—%, v+1 € C\Z,.
1

Case(5): Putc=m+n+1,A=0B=2b=m+1bho=n+1ly= _ﬁ’k = 3, in equation

(3.1), we have

_ V3 a1 [ - lm+1,n+1
E{Jmn(t): p} = T 9 083 ¥

m4n+l m4nt2 mind3
3 EI 3

Fm+n+1) A@B:im+n+1); 1
3

| F 4.6
pm+n+l 3(m+n) F(?TL + 1)1—'(?‘1 + 1}3 ’ Y

m+1, n4+1; p
where Jp, ,(t) is Hyper-Bessel function of Humbert [14, p.250 (19.7.7); 17; 31, p.102] and
m+n+1lm+1ln+1 €C\Z;.
1
Case(6): Putc=m+n+1,A=0B=2b=m+1bb=n+1y= E,k = 3, in equation
(3.1), we have

: V3 3,1 3 ILm+1n+1
C{Imn(t) : p} = mcﬁ —p

m+n+l m+nt2 mint3d
3 ’ 3 ? 3

_ I'(m+n+1) AB;m+n+1); 1

= F: — 4.7
pm+n+1 3(m+n) T(m+1)T(n+ 1)3 2 mal nal- p3 (4.7)

where Ip, »(t) is Modified Hyper-Bessel function of Delerue [9] and m+n+1,m+1,n+1 €
C\Zj; .

1 3
Case(7): Put c=2,A=1,B=1,a1 = E,bl = E,y = —1,k = 2, in equation (3.1), we have
\ 2 o1 p?] 1
T™p %: 1

where erf(t) is Error function [37, p.36 (6), p.127 (Q.1)].
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Case(8): Putc=a+1,A=2B=1a=a,aa=1—-5,by =14+ a,y=1,k =1, in equation
(3.1), we have
(Bl (@f) iy = [ | (49)
SR = ey 2| TP g )
where By (e, 8) is Incomplete Beta function[43, p.35 (31)] and 1 — 8 € C\Z,;.

Case(9): Put ce=a+1,A=1,B=1,a; =a,by =14+a,y=—1,k =1, in equation (3.1), we

have
: : 1 11 1
L{v(a,t) :p} = WGL:I r
a
['(a) a; 1 I'(a) a
= 1Fy ——| = 1+ 4.10
pa—l-l p p ( p) ( )

?

where vy(a,t) is Incomplete Gamma function[19, p.220(6.2.11.1); 37, p.127 (Q.2)] and a €

C\Z, .
Case(10): Put e =1, A=2 8B =1.ay = %,ag = %,bi =2,y = 1.k = 2, in equation (3.1), we
hawve
1 4,1 p? 1.2
L{B(#) : = ——Gy), —_—— 4.11
{ () p} 419\/1‘? 2.4 4 %‘%‘%‘l ( )
where B(t) is complete Elliptic integral [12, p.321 13.8(25)].
Case(ll): Put e=1, A=2 B =1,a1 = g=a.2 = g’bl =3,y = 1,k = 2, in equation (3.1), we
have
1 4,1 P’ 1,3
L{C(t) : = ——Gy', —— 4.12
(Cw:n=go=eti| ), (4.12)
2:2:2
where C(t) is complete Elliptic integral [12, p.321 13.8(25)].
1 3
Case(12): Put c=1,A=2B=1,a = 592 = §,b1 =2,y =1,k = 2, in equation (3.1), we
have
_ . 1 i1 p? 1,2
L{D(@) : p} = Gyy | = (4.13)
2py/m = 41131
PV 3:9:73. 1

where D(t) is complete Elliptic integral [12, p.321 13.8(25)].
1 1
Case(13): Putce=1,A=2,B=1,a1 = 5002 = —§,b1 =1,y =1,k = 2, in equation (3.1), we

have

S{E(t) : p} = ——— G 2 ! 4.14
ph= Ap/m 13 4| 1 (4.14)

1
)

b=

where E(#) is complete Elliptic integral of second kind [12, pp.317-318 13.8(2)(6)].

1 1
Case(14): Put c=1,A=2B=1,a1 = 5:02 = §,b1 =1,y =1,k = 2, in equation (3.1), we
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have

—_

2
SK(1) : p} = \/—Cls e (4.15)
9:209

(=1

where K(¢) is complete Elliptic integral of first kind [12, pp.317-318 13.8(1)(5)].

1 1
Case(16): Put c=a, A =2.B=1,a; = 5092 = 5,51 =1,y = b,k = 1, in equation (3.1), we

have
a1 1 31 p| L1
S{t K (Vo) :py = —Gys | -3 (4.16)
2p* & bli1,
2:3:@
3 3 7 7
Case(17): Put c=4,A=1.B=2,a1 = —,bj = -, bs = —,y = ——, k = 4, in equation (3.1),
4’ 2 4 16’
we have
) 2 51| P 1 -
L£{S(t) : p} = 3 5 5 (4.17)
1671 345
FERR
where S(t) is Fresnel integral [1, p.300 (7.3.2)].
3 3 7 1
Case(18): Put c=4,A=1,B =2,a1 = Z=‘51 = B,bg = y= —E,k = 4, in equation (3.1),
we have
8 _a1|p 1
E{81) :p}=—=G1s | 61| 5 . & (4.18)
=iy 31
where Sq(t) is Fre:-.nel integral [1, p.300 (r 3.4)].
3 7 1
Case(19): Put ¢ = - A =1.B=2,a = — bl 2’ by = z,y = _Ik = 2, in equation (3.1),
we have
3
\ 1 2,1 L3
£{Ss(t) : p} = 27;@2;2 P’ -
m 2 2
VT p2 11
3 5
1 1214 1
— o | Y S (4.19)
T V2 p2 3, 7
where So(t) is Fresnel integral [1, p.300 (7.3.4)].
1 1 5 2
Case(19): Put e=2,A=1,B =201 = Z,b-l = E,bg =py= _;r_ﬁ k =4, in equation (3.1),
we have
- 1 a1 | ot 1
L{C*(t): p} = Gy 4.20
{ (:} p} ﬂ_ﬂpg 1,3 16 72 l%]_ ( )

where C*(f) is Fresnel integral [1, p.300 (7.3.1)].

1 5 1
Case(20): Put c=2,A=1B =2a1 = " by = =,bp = Y= —Z,k = 4, in equation (3.1),
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we have
\ I aa|p 1
S{Cit) i p} = —— G | £ (4.21)
72 p? 641 1 3 4
47 47
where Cj(t) is Fresnel integral [1, p.300 (7.3.3)].
3 1 1 5 1
Case(21): Put ¢ = E:A =1,B=2,a1 = Z,b-l = E,bg = z,y = —Z,k = 2, in equation (3.1),
we have
1
\ 1 a1 | of L3
L{Cao(t):pt = ——=GC | P |
272 p2 13
4+ 4
13
1 17> 1
\/Q pz % P
where Cy(t) is Fresnel integral [1, p.300 (7.3.3)].
1 3 3 1
Case(22): Put e=2,A=1,B =201 = 5351 = §,bg = E:y = —I,k = 2, in equation (3.1),
we have
3
. - 1 1! 7
L{Si(t):p} = ﬁngé P
p 19
21
1
1 »L 1
P 3 p
2
where S;(t) is Sine integral [15, p.886 (8.230); 21, p.347].
Case(23): Put c =2, A=1,8B=2,a1 = %,m = g._bg = 5.-;: = é._k = 2, in equation (3.1), we
have
. 1 91 2| L3
LA{Shi(t) : p} = ;—5Gas | —»p
2 i ’ 1 1
T
. 1 9.
1 Ty 11 1 fa
9 5
where Shi(t) is Hyperbolic Sine integral [15, p.886 (8.221), 21, p.347].
Case(24): Put e =2, A=g+1,B=qga,=ay=...=dag.3 =1,y =by=---=bh;, =2,y =
1,k =1, in equation (3.1), we have
a-1
f_A_"\.
_ 1 yets 1,2.2,... 2 .
L£{Lig(t) : p} = FGq,ﬁ'l Pl g (4.25)
[
q+1
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q-1

Here 2 , 2, ....2 denotes the numerator parameter “2" is written “g—1" timesand 1,1, ...,1
S
q+1
denotes the denominator parametcr “1" is written “g 4+ 17 times and Lig(f) is Polylogarithm
tk
function defined by Li,(f) Z e (where |t| < 1 and g = 2,3,4,.

=1
Dilogarithm funection):(See albo 11, p.30 (1.11.14)).

..; when g = 2 it is called

3 3 1
Case(25) Pt e =v +2,A=1,B=2,a1 =1, = 563:"""5 yz—szzz,inequmion
(3.1), we have
3 3
1 21 5 1._3,1'1+§
S{H,(t) : p} = ———=G7 = =
MO0} = 5mm O 7| | ez v
r 2 1, A2+ 2); 1
= =33 (Vj) 7 3l ( : 1 (4.26)
P2 yT 2y T(v+5) 3, y4d; P

where H,,(t) is Struve function [1, p.496 (12.1.3); 19, p.217 (6.2.9.3)] and v + 2, v +g e C\Z,.

Case(26): Put ce=v+2,A=1,B=2a =1, = %fbg =+ g._y = ifk = 2, in equation
(3.1), we have
3 3
1 3.1 9| L3, V+3
L{L,(t) : =—— _"Gya | —
I AL Al Il PP
I(r+2) LA@2;v+2); 1

P2 yT 2 T(v+3) 8, y4ld P
where Ly, (t) is Modified Struve function [1, p.498 (12.2.1); 19, p.217 (6.2.9.5)] and v+‘2,v+% €
C\Zg.

—v+3 . 3 1
Case(27): Put c = p+2,A = 1,B = 2,a1 — 1,b = & ;'J“ fb:g:'u—i_;—'_ y=—rk=2

in equation (3.1), we have

_— o gn-1 r n—r+1 r v +1 a3 2 l,ji_zﬂ,w
Sfsun(0) 1} = Sl (55 2 ) e |

[+ 2) LA((2;u+2); 1 _
— . o _ - (4.28)
P2 [(p+1)" —v?] putd  opiess P

where s,,,,(t) is Lommel function [19, p.217 (6.2.9.1)] and £%*L, ”—-'-.i-_:_'-—l,ﬂ- +2 € C\Z,.

Case(28): Put e =1, A=0,B=3k = %,bg = l,bg =1,y= —2;5 k =4, in equation (3.1),
we have
1
1 91| 4| b3
L {ber(t) : p} = (er
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1 3
1 s T 1 ;
=—oF | 7T = (4.20)
D 1 . i
3 1
where ber(t) is Kelvin's function [15, p.944 (8.564.1)].
] 3 3 1 )
Case(20): Put e =3,A=0,B=3,j == h = -,y =1,y = ——, k = 4, in equation (3.1),
2 2 256
we have
; 3
( 1 o1 [ 4| 13
L{bei(t) : p} = — ?Gg;g p’ ;
prve 1
35
1 I3 1 .
= — o7 - — 4.30
e I p (4.30)
T
where bei(t) is Kelvin’s function [15 p.944 (8.564.2)].
Case(30): Put e =1, A=q+1,B=qa1=laa=a3=...=ag =a,by=bh=---=b; =
a+1l,y=1k=1, in equation (3.1}, we have
N
1 51 l,a+1,a4+1,...,a+1
L{®(t,q,0) 1 p} = —Gilgia | -1 (4.31)
D ' l.a.a,..,a,1
N’
q

q

e
Here a+1,a+1,...,a+1 denotes the numerator parameter “a + 17 is written “g" times and

a,a,...,a denotes the denominator parameter “a” is written “g” times; g is positive integer and
‘\_v_l’
q

®(t,q,a) is Lerch’s transcendent given in the monographs [15, p.1039; 21, p.32 (1.6)).

We conclude our present investigation by observing that several other consequences of Laplace

transforms can also be deduced in an analogous manner.

References

[1] Abramowitz, M. and Stegun, I. A.; Handbook of Mathematical Functions with Formulas,Graphs, and Mathematical Tables,
National Bureau of Standards Applied Mathematics Series, vol. 55, U. S. Government Printing Office, Washington, 1964.

[2] Andrews, G. E., Askey, R. and Roy, R.; Special Function, Encyclopedia of Mathematics and its Applications, Vol. 71,
Cambridge University Press, Cambridge, 1999.

[3] Andrews, G. E. and Larry, C.; Special Function for Engineers and Applied Mathemati- cians, Macmillan, New York, 1985.

[4] Andrews, L. C.; Special Functions of Mathematics for Engineers, 2nd ed. McGraw-Hill Co., New York, Toronto, 1992.

[5] Bell, W. W.; Special Functions for Scientist and Engineers, D.Van Nostrand Company, London, 1968.

[6] Brychkov, Yu. A.; Handbook of Special Functions : Derivatives, Integrals, Series and Other Formulas, A Chapman & Hall
book, CRC Press (Taylor and Francis Group ), Boca Raton, London, New York, 2008.

[7] Carlson, B. C.; Special Functions of Applied Mathematics, Academic Press, New York, San Francisco and London, 1977.
15

[8] Cossar, J. and Erd é lyi, A.; Dictionary of Laplace Transforms, Admiralty Computing Ser- vice, London, 1944- 46.

[9] Delerue, P.; Ser calcul symbolique a n-variables et surles functions hyper Besselienness I.11, Ann.Soc.Sci. Bruxelles., 67; (1953)
83-104 and 229-274.

[10] Doetsch, G.; Introduction to the Theory and Application of the Laplace Transformation, Springer-Verlag, Berlin, 1974.

WWW.ijmsi.org 33| Page



Laplace Transforms of Some Special Functions of Mathematical...

[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]

[25]
[26]

[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]

[47]

Erd é lyi, A., Magnus, W., Oberhettinger, F. and Tricomi, F.G.; Higher Transcendental Functions, Vol. I, (Bateman Manuscript
Project), McGraw-Hill Book Co. Inc., New York, Toronto and London, 1953.

Erd é lyi, A., Magnus, W., Oberhettinger, F. and Tricomi, F. G.; Higher Transcendental Function, Vol. Il, McGraw -Hill Book
Company, New York, Toronto and London, 1953.

Erd é lyi, A., Magnus, W., Oberhettinger, F. and Tricomi, F. G.; Tables of Integral Trans- forms, Vol.l (Bateman Manuscript
Project), McGraw-Hill Book Co. Inc., New York, Toronto and London, 1954.

Erd é lyi, A., Magnus, W., Oberhettinger, F. and Tricomi, F. G.; Higher Transcendental Function, Vol. Ill, McGraw -Hill Book
Company, New York, Toronto and London, 1955.

Gradshteyn, I. S. and Ryzhik, I. M.; Tables of Integrals, Series, and Products, Seventh Edition, Academic Press, Amsterdam,
Boston, Sydney, Tokyo, 2007.

Hansen, E. R.; A Table of Series and Products, Prentice-Hall, Englewood Cliffs, New Jersey, 1975.

Humbert, P.; Le calcul symbolique & deux variables, Ann.Soc.Sci.Bruxelles, Ser:A:57; (1936) 26-43.

Lebedev, N. N.; Special Functions and Their Applications,(Translated by R. A. Silverman) Prentice-Hall, Englewood Cliffs,
New Jersey, 1965.

Luke, Y. L.; The Special Functions and Their Approximations, Vol. 1, Academic Press, New York, 1969.

Luke, Y. L.; Mathematical Functions and Their Approximations, Academic Press, Lon- don, 1975.

Magnus, W., Oberhettinger, F. and Soni, R. P.; Formulas and Theorems for the Special Functions of Mathematical Physics, 3rd
edition, Springer-Verlag, New York-Berlin, 1966.

Marichev, O. I.; Handbook of Integral Transforms of Higher Transcendental Functions: Theory and algorithmic Tables, Ellis
Horwood Ltd. John Wiley & Sons, Inc, Chichester, New York, 1983.

Mathai, A. M. and Saxena, R. K.; Generalized Hypergeometric Functions with Applications in Statistics and Physical Sciences,
Lectures Notes in Mathematics No. 348, Springer- Verlag, Berlin, Heidelberg, New York, 1973.

Meijer, C. S.; Uber Whittakersche Bezw. Besselsche Funktionen und deren Produkte, Nieuw. Arch. Wiskunde, 18(2)(1936), 10-
39.

Meijer, C. S.; Neue Integralstellungen fiir Whittakersche Funktionen I, Nederl. Akad. Wetensch. Proc. Ser. A, 44(1941), 81-92.
Meijer, C. S.; Multiplikationstheoreme fiir die Funktion Gm;n p;q (z), Nederl. Akad. Wetensch. Proc. Ser. A, 44(1941), 1062-
1070.

Miller W.; Lie Theory and Special Functions.Mathematics in Science and Engineering, Vol. 43. Academic Press, New York,
1968.

Nixon, F. E.; Handbook of Laplace Transformation, Prentice Hall, 1960.

Oberhettinger, F. and Badii, L.; Tables of Laplace Transforms, Springer-Verlag, New York, Heidelberg, Berlin, 1973.

Olver, F. W. J.; Asymptotics and Special Functions, Academic Press, New York, 1974. Reprinted by Peters, A. K. in 1997.
Pathan, M. A. and Bin-Saad, Maged G.; Multidimensional Generating Relations Suggested by a Generating Relation for Hyper-
Bessel Functions, Italian Journal of Pure and Applied Mathematics, 30; (2013) 101-108.

Prudnikov, A. P., Brychkov, Yu. A. and Marichev, O. I.; Integrals and Series, Vol.3: More Special Functions, Gordon and
Breach Science Publishers, New York, 1990.

Prudnikov, A. P., Brychkov, Yu. A. and Marichev, O. I.; Integrals and Series, Vol.4: Direct Laplace Transform, Gordon and
Breach Science Publishers, New York, 1992.

Prudnikov, A. P., Brychkov, Yu. A. and Marichev, O. I.; Integrals and Series, Vol.5: Inverse Laplace Transform, Gordon and
Breach Science Publishers, New York, 1992.

Qureshi, M. 1., Chaudhary, Wali Mohd., Quraishi, Kaleem A. and Pal, Ram; A General Theorem on Laplace Transform and its
Applications, International Journal of Mathemat- ical Archive, 2(3); (2011) 393-398.

Qureshi, M. L., Quraishi, Kaleem A. and Pal, Ram; Mixed Theorem on Laplace and Inverse Laplace Transforms and Their
Consequences, Global Journal of Science Frontier Research, 11(7)(2011) 73-76.

Rainville, E. D.; Special Functions, The Macmillan Co. Inc., New York 1960; Reprinted by Chelsea Publ. Co. Bronx, New York,
1971.

Roberts, G. E. and Kaufman, H.; Tables of Laplace Transforms, W. B. Saunders Co., McAinsh Toronto, 1966.

Slater, L. J.; Generalized Hypergeometric Functions, Cambridge University Press, Cam- bridge, 1966.

Sneddon, I. N.; Special Functions of Mathematical Physics and Chemistry, 3rd ed., Long- man, London, New York, 1980.
Spiegel, M. R.; Theory and Problem of Laplace Transforms, Schaum's Outline Series, 1986.

Srivastava, H. M. and Karlsson, Per W.; Multiple Gaussian Hypergeometric Series, Hal- sted Press (Ellis Horwood Limited,
Chichester, U. K.) John Wiley and Sons, New York, Chichester, Brisbane and Toronto, 1985.

Srivastava, H. M. and Manocha, H. L.; A Treatise on Generating functions, Halsted Press (Ellis Horwood Limited, Chichester,
U. K.) John Wiley and Sons, New York, Chichester, Brisbane and Toronto, 1984.

Thompson, W. T.; Laplace Transformation,Prentice Hall, New York, 1950.

Watson, G. N.; A Treatise on the Theory of Bessel Functions, 2nd ed., Cambridge Univ. Press, London, 1952.

Whittaker, E. T. and Watson, G. N.; A Course of Modern Analysis, Fourth Edition, Cambridge University Press, Cambridge,
London, and New York, 1927.

Widder, D. V.; The Laplace Transform, Princeton University Press, Princeton, New Jersey,1946.

WWW.ijmsi.org 34 | Page



