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Abstract: In a SP-Sasakian Manifold, quasi conformally at reduces to a manifold of constant curvature and
conversly. Further a quasi conformally at SP-Sasakian manifold with R(X,Y).S= 0is an Einstein manifold.
Further , the Ricci tensor S has two distinct non-zero eigen values.

. INTRODUCTION

Several Mathematicians [1], [2], [3] has studied SP-Sasakian manifold. We have stud-
1ed such a manifold where Quasi Conformally Curvature tensor vanishes. It has been shown
that the manifold reduces to a space of constant curvature; provided a+b(n-2)z0. It has also
been shown that a SP-Sasakian manifold with constant curvature is quasi conformally flat.
Finally a SP-Sasakian manifold with R{X,Y).S=0 has been studied. It has been shown that
such a manifold reduces to an Einstein manifold. Further, the Ricel tensor S has two distincet

non-Zero igﬂll values.
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Preliminaries
Let M be an almost paracontact metric manifold of dimension n with an almost para-
contact metric structure ($,£,7.2) where @ is a 1-1 tensor ,£ is a contravariant vector field,n is
a l-form and g is an associated Riemannian metric on M such that
1.1) ¢* =I-n@&nE) =165 = 0,n90p =0,
1.2)  g(X.Y) = g(¢X.@Y)+n(X) 5(Y), n(X) = g(X,{) ¥V X, Y
Such M is called a P-Sasakian manifold [1],[2],[3] provided
(VXY = —g(X, V)¢ — n(Y)X + 2n(X)n(Y )¢
From 1.3) it follows that
14) Vi =9¢X, (VR)Y = g(¢X.Y)
It is known that
15 RXY)E =p(X)Y — n(Y)X
16)  R(EX)Y =n(Y)X — g(X,Y)E
L7 S(X,8) = —(n— Dp(X)
18)  Q{=—(n—-1)¢
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A P-Sasakian manifold is said to be a SP-Sasakian manifold([1],[2],[3]) if it satisfies
1.9) g(@X,Y) = —g(X,Y) +n(X) n(Y)

The quasi conformal curvature tensor [4] in a Riemannian manifold is a (1-3) tensor ,
denoted by C and is defined as follows:
1.10) C(XY)Z2= a R(X.Y)Z + b{S(Y, Z)X — S(X, Z2)Y +g(Y, Z2)QX — g(X, Z)QY}

—L(3%55 + 20){g(Y, Z)X — g(X, Z)Y'}

Here we have assumed
1.11) C(X.Y)Z =0
together with
1.12) R(X,Y).5=0

where R(X,Y) denotes the derivation of the tensor algebra at each point of the manifold
for tangent vectors XY and S 18 the non-zero Ricel tensor such that
1.13) g(RQX,Y)=S5(X,Y)
where () 1s the symmetric endomorphism of the tangent space at M.

Il. QUASI CONFORMALLY AT SP-SASAKIAN MANIFOLD
From 1.10) and 1.11) we see that

21)  R(X,Y)Z=-{S(Y,2)X — S(X,2)Y +g(Y,Z)QX — g(X, Z)QY}
+o(G +20){g(Y, 2)X — g(X, Z)Y}

Using 1.13) we find

22)  g(R(X,Y)Z,U) = —3{S(Y, Z)g(X,U)=S(X, Z)g(Y,U)+4(Y, Z)g(QX,U)—g(X, Z)g(QY,U)
+an ooy + 20{g(Y, 2)g(X. U) — ¢(X, Z)g(Y,U)}

Putting X=U=¢ and using 1.1),1.6),1.7), we get from above

23) S, Z)={zGEE+20)+(n—1)+35}g(Y, 2) — {5 +2(n— 1)+ (35 +20) In(Y)n(Z)
2.4) QY ={L£(5+26)+(n—1)+4}Y —{§+2(n— 1)+ &(% + 2b) In(Y')¢
Contracting 2.3) we get

—L{a+b(n—-2)} =(n—1)+bn-2)}

2.5)  r=-—n(n—1), provided a+b(n-2)# 0
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Putting 2.5) in 2.4) we get

26) QY =—(n-1)Y

Thus

27)  S(Y,Z)=—(n-1)g(Y,2)

Consequently 2.1) reduces to

R(X,Y)Z = —E{—(n— Dg(Y,Z) X +(n—1)g(X,2)Y —(n—1)g(Y, Z) X +(n—1)g(X, Z)Y'}

(24 ) {g(Y, 2)X — g(X, Z)Y)

i

28)  R(X,Y)Z=—{g(Y, 2)X — g(X, Z)Y]}

Theorem 1: A quasi conformally flat SP-Sasakian manifold is of constant curvature of value
-1, provided a+b(n-2)#£0

Note that every manifold (M", g)(n = 3) of constant curvature is an Einstein manifold. Thus
we have

20)  S(Y,Z)=Zg(V, )

and hence

2.10) QY=1Y

Further from 2.8) we see that

2.11) r=-nln—1),

Using 2.8), 2.9).2.10) and 2.11),we get from 1.10)

C(X,Y)Z=a{g(X,Z)Y —g(Y, Z) X} +b{Zg(Y, Z)X — 19(X, 2)Y +g(Y, Z)7 X —g(X, Z)7Y'}
—=(z5 +20){g(Y, Z)X — g(X, Z)Y'}

={9(Y. 2)X — g(X, Z)Y }(1 + 55)

Finally using 2.11) | we get from above

C(X.Y)Z=0
Hence the manifold 1s quasi conformally Hat. Thus we state

Theorem 2: A SP-Sasakian manifold (M™, g)(n > 3) with constant curvature is quasi con-

formally flat.
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I11. QUASI CONFORMALLY AT SP-SASAKIAN MANIFOLD WITH R(X,Y).S=0
From 1.12) we find that

3.1) S(RIX.Y)Z W)+ S(Z, RX,Y)W)=0
Taking ¥Y=7=¢ in 3.1) and using 1.1), 1.7) ,1.8) we get

3.2) —2{—(n — DS(X,W) + (n — Dn(X)S(&, W) + S(QX, W) + (n — 1)n(X)S(&, W)
—(n — )np(W)S(X,£) — S(X,W)S(EL.L) +n(W)S(E QX)) + g(X, W)(n —1)5(£.£) }

Fanlaoy +20){S(X, W) — n(X)S(E, W) + n(W)S(£, X) — g(X,W)S(£.£)} =0

or,3.3)  —E{S(QX, W) — (n — 1)2(X)n(W) — (n — Dn(W)n(QX) — (n — 1)2g(X, W)}

+oe (7 F2B{S(X. W) + (n — 1)g(X. W)} =0

n—1

Let A be any eigen wvalue of the endomorphism @ corresponding to an eigen vector

X.Then

QX — AX

Hence 3.3) reduces to

—2{AS(X. W) — (n — 1)*p(X)np(W) — Aln — np(W)n(X) — (n — 1)2g(X. W)}

+ (== + 2B){S(X, W) + (n — 1L)g( X, W )}=0

amn “re—1

Or, 2{g(AX, W) — (n — 1)25(X)n(W) — A(n — Dn(W)n(X) — (n — 1)2g(X, W)}

4 (=2 4 2B g(AX, W) + (n — 1)g(X, W) }=0

amn tre—1

Taking W=¢£ . we get from abowve
A7 — 2(n — 102 — Al — 1) —rp{A + (n — 1)}=0 , as (X)) # 0,where
3.4) P — = (52 + 2b)

Or A2 —J{rpt+(n— 1IA+{—2(n — 1) —rp(n — 1)} =0

IfAq, Ao are the non-null solutions of the above equation, then

3.5) M+ A =7rp + (r— 1), AiAe = —2(n — 1) —rpl(n — 1)
Or, Al — Ag = H={3(n — 1) + rp}

When Ay — s — 3(rm — 1) + rp , then

A =2(n — 1) +rp and A = —(n — 1)

When Ay — A = —{3(n — 1) + rp} .then

AM=—(n—1)and Ay =2(n—1) +rp

On taking X= U= W | we get from 2.2)
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F9(RW. Y )Z W) = —{S(Y, Z)g(W, W)=S(W, Z)g(Y,W)4g(Y, Z)S(W, W) —g(W, Z)S(Y, W)}

+am(mty + 20{g(Y, Z2)g(W, W) — g(W, Z)g(Y, W)}

Let us putW = e; where{ e;: 1i=1,2 ..., n}is the set of orthonormal basis of tangent space at
each point of M and summing for 1=1,....n we get

+2b){g(Y. Z)n— g(Y, Z)}

SV, Z)=—{S(Y, Z)n—S(Y, Z)+rg(Y, Z) - S(Y, Z)} + =325
bn—2) o v _ . _ 2n—1)7 ¢
Or, 222 8(Y, Z) = {—r + 32 + =0 g(Y, Z)
Or, S(Y,Z) = Lg(Y, Z), Provided a + b(n —2) # 0
Thus we state
Theorem 3: A quasi-Conformally flat SP-Sasakian manifold with R{X,Y).5=0 reduces to
an Einstein manifold provided a+b(n-2)z 0, where the symmetric endomorphism Q) of the
tangent space corresponding to the Ricel tensor S has two different non-zero eigen values.
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