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ABSTRACT: In this paper we have proved that S{t -Km.ﬂ}, S(t- Py x By), Bi(tn Ky, ) are graceful
graphs. For this we define open star of graphs and one point union for path of graphs.
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. INTRODUCTION:

The graceful labeling was introduced by A Rosa [7] in 1967. Golomb [3] proved that the complete
bipartite graph is graceful. Barrientos [1] proved that union of complete bipartite graphs is also graceful. Vaidya
et. al [8] introduced a star of cycle and proved that it is cordial as well as 3-equitable. Kaneria and Makadia [5]
proved that star of a cycle £, (n = 0{mod 4)) is graceful. Kaneria et. al [6] proved that join sum of K, », path
union of K, and star of Ky, are graceful graphs. For detail survey of graph labeling one can refer Gallian

2.

In this paper we have introduced open star of graphs and one point union for path of graphs. We also
proved that 5(¢ -I{'m.ﬂ}, 5(t- Py, % By)and Bi (tn - K ) are graceful graphs.

We begin with a simple undirected, finite graph G = (V. E}, with p = IVl vertices and g = |E| edges.
In this work K., denotes a complete bipartite graph and £, % F; denotes a grid graph on mn vertices. For all

terminology and notations we follow Harary [4]. We shall give brief summary of definitions which are useful in
this paper.

Definition—1.1 : A function f is called graceful labeling of a graph G = (V.E} if f: ¥V — [0.1....q} is
injective and induced function f*: E — {1.2.....q} defined as f*{e) = |f(u) — F{v)| is bijective for every
edge e = (u.v) € E. A graph & is called graceful graph if it admits a graceful labeling.

Definition—1.2 : Let & be a graph and Gy . Gz, ... Gy w71 = 2 be 1 copies of graph &. Then the graph obtained by
adding an edge from G; to G; ., (i = 1.2,....n — 1) is called path union of graph G.

Definition—1.3 : A graph obtained by replacing each vertex of K;, except the apex vertex by the graphs
Gy . Gy, 00 [y is known as open star of graphs. We shall denote such graph by S(Gy . Gg. v s Gy ).

If we replace each vertices of K;, except the apex vertex by a graph G.i.e. &y = G; =+ = & =, such
open star of a graph, we shall denote by 5(n * ).

Definition—1.4 : A graph & is obtained by replacing each edge of K ; by a path £, of length n on n + 1 vertices
is called one point union for £ copies of path F,. We shall denote such graph G by Px.

Definition—1.5 : A graph & obtained by replacing each vertices of B except the central vertex by the graphs
Gy, Gg. Gy is known as one point union for path of graphs. We shall denote such graph & by
BHG,. Gy, o Gey ). where BE s the one point union of £ copies of path B,.

If we replace each vertices of Ff except the central vertex by a graph
H.ie. Gy = G; =+ = Gy = H. such one point union of path graph, we shall denote it by P (tn - H).
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1. MAIN RESULTS:
Theorem—2.1: S(t - Ky ) is graceful.
Proof: Let & be a graph obtained by replacing each vertices of K, ; except the apex vertex by the graph Ky .
Let ug is the apex vertex of Ky ;. i.e. it is central vertex of the graph G. Let uy;(1 = i = m],vij-{l = j=mn)be

the vertices of I*® copy of Hrﬂ, of KmninG, vl =12,..t

We shall join u;; with the vertex up by an edge to form the open star of graphs &, %[ =1.2,.... £. We
define labeling function f:¥{G) — {0.1.....4}. where g = t(mn + 1) as follows:

Flug) = 0;
flvy) =4, Vj=12..n:
flug) =g—(@—1)m, Vvi=12..m

f{'l?‘z__,-'} = f(’“'l_j} +lg-0mn+ 1], vji=12..m

flug) = flug) —lg—Cma+ D], Vi=12,...m;

flog) = Floa,) — CD0rn £ 1), V=120 VI=34 .6

Flug) = Flupgs) +#(~Dmn +1), Vi =12..m vI=34 ..t

Above labeling pattern give rise graceful labeling to the graph & and so it is a graceful graph.

Illustration—2.2 : open star of 5 copies of K3 z and its graceful labeling shown in figure—1.

Figure—1 A graph obtained by open star of K, 5 and its graceful labeling .

Theorem—2.3 : S(t-F, % Fy) is graceful.

Proof : Let & be a graph obtained by replacing each vertices of K, except the apex vertex by the grid graph
F, % B,. Let up is the central vertex for the graph G. i.e. it is apex vertex of the original graph .. Let
ug; (1 =i =n,1=j=m) be the vertices of s** copy of (B, X By )¥! of B, X B, inG,¥s=12,...¢t

We shall join uz; ; with the vertex wup by an edge to form the open star of graphs G.¥ s = 1.2,.... &
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We know that the grid graph B, % By, is a graceful graph on p = mn vertices and g = 2mn — (m + n)
edges. Let f:V (B, x B,) — {0.1....q} be a graceful labeling with two sequences of labels, among one is

increasing and another one is decreasing, which start by f{’lf“u} =g and end with {Fu_m} = EJ , Where
V(B, xBp) ={v;j/1=<i=nl1=j=m}

We have G = 5(t + B, x B, ) with P = tmn + 1 vertices and @ = tlg + 1) = t(Zmn — (m + n) + 1)
edges. We define labeling function g: V(G) — {0.1..... @} as follows:

gluy) =0;
glus )= flv) +1 When £(v,;) < £
=f {'”'L'_j} +(Q —q). When f{vu} = %

vi=12..n ¥j=212...,m
gluzij) = gluse) + (@ (@ + 0). Wheng(uy;) <
= glusiy) — @ — @+ 1)), When glug;j) =%
vi=12..n ¥j=12..,m
glurgj) = gluiqai) + (g + 1), When g(u;_z:) <%
= S{“E—E.L’.j} -(g+ 1), When S{“i—z.u} = %
Vi=12.,m Vj=12..,m vi=34..,t

Above labeling pattern give rise graceful labeling to the graph & and so it is a graceful graph.

Illustration—2.4 : open star of 6 copies of F; »* F; and its graceful labeling shown in figure—2.
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Figure—2 A nopen star of Py 2 F; and its graceful labeling .

Theorem-2.5 : B (tn + Ky, ) is graceful.
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Proof: Let G be a graph obtained by replacing each vertices of B except the central vertex by the graph Kp, ;-
i.e. G is the graph obtained by replacing each vertices of K, except the apex vertex by the path union of
n copies of the graph K. Let ug be the central vertex for the graph G. Let ug;;(1 = i = m), vy (1 =5 = #)
be the vertices of K, which is [** copy of the path union of n copies of K lies in s branch of the graph
Gwl=12..nand ¥s=12,..¢

First we shall join uz; . with the vertex 1414 by an edge to form the path union of n copies of
K for s™ pranch of G.¥1=12...n—1and ¥s=12,...£. Now we shall join ugy ; with the vertex u,
by an edge to form the one point union for path of graphs &, % s = 1.2, ..., £. We shall define labeling function f
for the first copy(branch) of the path union of n copies of K, as follows:

f : V(path union of n copies of Ky, ) — {0.1,....q}, Where g = nlmr + 1) — 1 defined by,

f{“LL[} =g-(-1), vi=12 .. m
f{vLLJ} = —1)m, vi=12..n
f{uLii} = f{ﬂn-x_i} —m, vi=12. m&vI=23..m

f['l:'uj-} = fl['u'u_l__j-} + (m + 1), ¥i=12..r & ¥vIl=23..n

Above labeling pattern give rise graceful labeling to the path union of n copies of K., . which lies in
first branch of G. Now we shall define labeling g : V{6) — {0.1.....Q}, where @ = ta(mr + 1) as follows:

glry) = 0;
glvy;) = flogy) + 1, Vi=12..r ¥YI=12..,m
glur) =@ — ) + fluy). vi=12..m ¥i=12..n;

g(varj) =g )+ (@ -G +D), vji=12..7 Vi=12..m

glugii) =gy )-(@-(g+ 1) vi=12..m vi=12..n

glver) =gwe ) —(-1%g+1), vj=12Z..r, vI=12..,n ¥s=34..t

glugi) = glus g ) +(—1°(g+1), Vi=12..m ¥I=12..m Vs =34..t
Above labeling pattern give rise graceful labeling to the graph & and so it is a graceful graph.

Illustration—2.6 : One point union for path of K, 2 and its graceful labeling shown in figure—3.
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Figure—3 A graph obtained by one point union for path of K ; and its graceful labeling .

I1l. CONCLUDING REMARKS:
Here we have introduced some definitions like open star of graphs and one point union for path of

graphs. We also have given graceful labeling to S(t - Ky, ), S(t+ B % By) and B (n -K,,,). The result

obtained here are new and of very general nature. This work contributes three results to the families of graceful
labeling. The labeling pattern is demonstrated by means of illustrations.
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