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A Class of Seven Point Zero Stable Continuous Block Method for
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ABSTRACT: This paper considers the development of a class of seven-point implicit methods for direct
solution of general second order ordinary differential equations. We extend the idea of collocation of linear
multi-step methods to develop a uniform order 6 seven (7)-step block methods. The single continuous
formulation derived is evaluated at grid point of x = x,...qg =7 and its second derivative evaluated at
interior points g = 2, 3.4.5, 6 yielding the multi-discrete schemes that form a self starting uniform order 6-
block method. Two numerical examples were used to demonstrate the efficiency of the methods.
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l. INTRODUCTION
In this paper, a direct numerical solution to the general second order initial value differential equations of the form:
y = fxy.y),y0) =a,y' @ =8 @)
is proposed without recourse to the conventional way of reducing it to a system of first order of equations which has many
disadvantages (Awoyemi and Kayode, 2002). Attempts have been made by various authors to solve equation (1) in which
the first derivative (v ] is absent, (Onumanyi et-al, 2002). This limits the solution to a special class of differential equations.
Efforts have also been made to develop method for solving equation (1) directly with little attention at solutions at some grid

points (Yahaya and Badmus, 2009; Umar, 2011). In this paper, we construct a uniform order 6, seven-step block method for
direct approximation of the solution of equation (1).

. DEVELOPMENT OF THE METHOD
We propose an approximate solution to (1) in the form:

r+s—1
y)= X o, ogxf &)
r+s 1

y )= Eg o 909 — 1) ag x99 = fix,y,y @3)
Collocating (3) at x = xp. 5.9 = 2.3,

. .6 and interpolating (2) at * = %, .4 = 7 leads to a system of equations
written in the form:
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When re-arranging (4) in a matrix form Ax = B, we obtained
(1 x, =x2 x2 =xp xi xf X e (¥ )
2 3 4 5 5 7 .
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where the ag s are the coefficients to be determined, and are obtained as continuous coefficients of a;(x) and
B;(x).

Specifically, the proposed solution takes the form:
}’{x:] = E‘D{x:]_'}"ﬂ + ':‘L{-r:].'}’r! at ﬂ:{-r:]_'}’ruz + ﬂ!{x:]}’rwz + ﬂi{-r:l}’r! at I:‘:E-{-]":]}"af!+5- + E‘E{x:]_'}"ﬂ T
R [B;(x) iy 4]

(6)

A mathematical software (maple 15) is used to obtained the inverse of the matrix D in equation (5) were values
for a, 's were established. After some manipulation to the inverse of the matrix, we obtain the continuous
formulation of the method as:

y(x) ==
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Evaluating the continuous formulation at x = x,,.. g = 7 and its second derivative evaluated at g = 2,....6
and its first derivative evaluated at x = x,, we obtained the following discrete equations:
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Equatlon (7) is the proposed seven-step block method from the continuous formulation. The application of the
block integrators (7) with n =0, give values of . ¥. 5. ¥ ¥s. ¥ and 3 directly without the use of
starters.
I,  ANALYSIS OF THE METHODS
Order, Consistency and zero-stability
1.1 Order of a LMM
A linear multistep method (LMM) is said to be of order » if C, =0, C; =0.,..., €,y =0 but £, =0 where

€4z is called the error constant.

1.2 Consistency of LMM
A linear multistep method (LMM) is consistent if it has order P > 1.

1.3 Zero Stability of LMM
A LMM is said to be zero-stable if no root of the 1st characteristic polynomial has modulus greater than one,
and if every root with modulus 1 is simple.

1.4 Fundamental theorem of Dahlquist on LMM
The necessary and sufficient conditions for a LMM to be convergent are that, it be consistent and zero-stable.
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Thus, equation (7) shows that it has uniform order [6. 6. 6. 6, 6, 6, 6] with error constants
_ [ -3 -3531 1 -5z -EBDD2Z 521 -—-3IB1 T
Cous =] |

hence, equation (8) therefore satisfies definitions (1.1) and (1.2), (Fatunla, 1992).

®)

ze20 " 504 C 5607 35 ° 5040 C 56 ° 630

IV. CONVERGENCE ANALYSIS
A desirable property for a numerical integrator is that its solution behaves similar to the theoretical
solution to a given problem at all times. Thus, several definitions, which call for the method to posses some
“adequate” region of absolute stability, can be found in several literatures. See Fatunla [6, 7], Lambert [11, 12]
etc. Following Fatunla [6, 7], the seven block integrators in equation (7) are put in matrix form as:
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For easy analysis, the expression in (9) was normalized to obtained
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Equation (10) is the 1-block 7 point method. The first characteristics polynomial of the 1-block 7-step
block method is thereby given as:
p(R) = det[RA™ — 4]
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The 1-block 7 point is zero stable and is also consistent as its order [6.6, 6.6, 6.6,6]7 = 1.Thus, it is
convergent, following Henrici [9].
Equation (7) can also be reformulated to give:
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V. REGION OF ABSOLUTE STABILITY
To compute and plot region of absolute stability of the block methods, we reformulate (7) to obtain equation
(12) and express it as a general linear methods in the form:
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Using a matlab program, the values of the following matrix of A, B, U and V are used to produce the absolute
stability region of the seven step block method as shown in fig.1
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Fig.1 Absolute Stability Region of the Seven Step Block Method

VI. NUMERICAL EXPERIMENT
Two numerical examples are solved to demonstrate the efficiency and accuracy of our block methods
for values of x, ¥{x)} being the numerical solution at x. Our results from block method(8) is compared with
results obtained by other scholars:

1Ly —100y =0, y0) =1, y(0) =-10, 0= x = 1.0, h=0.01
Theoretical solution: y (x) = g1t

2.}-'" +yv=10 }-‘(EI] =1, _}-"':EI:] =1 0=<x=12 h=01
Theoretical solution: y(x)} = Cosx + Sinx

Table I: Numerical solution of the methods for problem 1

Theoretical Solution v(x) Cur Proposed Seven Point Block J.O Ehigie et-al [10]
N x Methed (7)
0 0 1.0000000000 1.0000000000 1.0000000000
1 0.1 0.9048374180 0.9048374036 0.9048333333
2 0.2 0.8187307531 0.8187307146 0.8187225417
3 03 0.7408182207 07408181574 0.7408057996
7 04 0.6703200460 0.6703100572 06703032000
5 0.5 0.6065306597 0.6065305446 0.6065094003
4 0.6 0.5488116361 0.5488114934 0.5487856598
7 0.7 04965853038 0.4965851322 04965543500
8 0.8 04493280641 04493287845 04402027225
9 0.9 04065606597 04065694656 04065277670
10 1.0 0.3678794412 0.3678792303 0.3678314776
Table 11: Numerical solution of the methods for problem 2
Theoretical Sohition y(x) Our Proposed Seven Point Block | J.O Ehigie et-al [10]
x Method (7)
N
0 0 1.0000000000 1.0000000000 1.0000000000
1 0.1 1.0948375819 1.0948375542 1.0548333333
2 02 1.1787359086 1.1787358353 1.1787274551
3 0.3 1.2508566958 1.2508565766 1.2508441229
4 0.4 1.3104793363 1.3104791726 1.3104627711
5 0.5 1.3570081005 1.3570078938 1.3569877099
6 0.6 1.3899780883 1.3895778407 1.3855540774
7 0.7 1. 4090598745 1.4090595886 1.40590324847
8 0.8 1.4140628003 1.4140624870 1.4140323067
9 0.9 1.4049368779 1.4049365218 1.4049035867
10 1.0 1.3817732507 1.3817728544 1.3817375360
11 1.1 1.3448034815 1.3448030450 1.3448425826
12 1.2 1.2943968404 1.2543963760 1.2543557871
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Our Proposed Seven Point Block Method (7) J.0 Ehigie et-al [10]
N x
0 0 0.0DDE-DO 0.000E-DD
1 0.1 1 440E-D8 4. 0B0E-06
2 0.2 3.850E-08 8.210E-06
3 0.3 6.330E-08 1.240E-05
4 0.4 8.880E-08 1.680E-05
5 0.5 1.151E-07 2.130E-05
6 0.6 1.427E-07 2.600E-05
7 0.7 1.716E-07 3.100E-05
8 0.8 1.796E-07 3.620E-05
9 0.9 1.941E-07 4.190E-05
10 1.0 2.108E-07 4. 800E-05
Table I11: Table of Absolute Errors for problem 1
N x Our Proposed Seven Point Block Method (7) J.0 Ehigie et-al [10]
0 0 0.000E-00 0.000E-00
1 0.1 2.770E-08 4.250E-06
2 0.2 7.330E-08 8.450E-06
3 0.3 1.192E-07 1.257E-05
4 0.4 1.637E-07 1.657E-05
5 0.3 2.067E-07 2.035E-05
] 0.6 2 476E-07 2 401E-05
7 0.7 2.85%9E-07 2.739E-05
8 0.8 3.133E-07 3.045E-05
9 0.9 3 561E-07 3 329E-05
10 1.0 3.963E-07 3.576E-05
11 1.1 4 325E-07 3. 765E-05
12 1.2 4.644E-07 3.987E-05

Table 1V: Table of Absolute Errors for problem 2

VII. CONCLUSION
We conclude that our new block method is of uniform order 6 and is suitable for direct solution of
general second order ordinary differential equations. All the discrete equations derived in this work were
obtained from a single continuous formulations and its combination with the main method form the block
method which is self starting.

Analytical solutions were obtained in block form which tends to speed up computation process. Our
method was applied to two numerical problems and results obtained converges to the theoretical solution.
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