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ABSTRACT: In this paper we have studied the nature of 1-forms and scalar curvature = on semi-generalized
recurrent LP-Sasakian manifolds.
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l. INTRODUCTION

In 1950, A.G.Walker [3] introduced the idea of recurrent manifolds. On the otherhand De and Guha [2]
introduced generalized recurrent manifold with the non-zero 1-form A and another non-zero associated 1-form
E. Such a manifold has been denoted by G K, .If the associated 1-form E becomes zero, then the manifold &K,
reduces to a recurrent manifold introduced by Ruse [4] which is denoted by K. In 1989, K. Matsumoto [8]
introduced the notion of LP-Sasakian manifold. Then I. Mihai and R. Rosca [9] introduced the same notion
independently and they obtained several results on this manifold. LP-Sasakian manifolds have also been studied
by K.Matsumoto and I. Mihai [10], U.C. De and et. al., [11]. A Riemannian manifold (M™, g} is called a semi-
generalized recurrent manifold if its curvature tensor R satisfies the condition

(VyRY.ZIW = aXIRY. ZIW + pX) g (Z. WY,
where & and £ are two 1-forms , & is non-zero, £ and @are two vector fields such that
gX.P)=alX), g(X.Q) = B(X)

for any vector field X and ¥V denotes the operator of covarient differentiation with respect to the metric g.

Generalizing the notion of recurrency, the author khan [1] introduced the notion of generalized
recurrent Sasakian manifolds. In the paper B. Prasad [12] introduced the notion of semi-generalized recurrent
manifold and obtained few interesting results. Motivated by the above studies, in this paper we extend the study
of semi-generalized recurrent to LP-Sasakian manifolds and obtain some interesting results.

An LP-Sasakian manifold (M™. g is said to be an Einstein manifold if its Ricci tensor 5 is of the form

S(L.Y) = kg(X.¥Y),

where & is any constant.

Let {M™, g) be a contact Riemannian manifold with a contact form 7, the associated vector field £, (1-
1) tensor field @ and the associated Riemannian metric g. If £ is a killing vector field, then M™ is called a X -

contact Riemannian manifold ([5],[6]).A K -contact Riemannian manifold is called an LP-Sasakian manifold if

(Vyo)(X.¥) = glX.VIFE + (V)X + 2DV E (1)
holds, where ¥V denotes the operator of covarient differentiation with respect to g.
. PRELIMINARIES

Let 5 and * denote, respectively, the Ricci tensors of type (0, 2) and of type (1,1 of M™, besides the
relation (1), the following relations also hold ([7],[6],[5]):

e(F) =0, )
n(&) = -1, (3)
gx. &) =nx), 4)
5.8 =n - 1500, (5)
Vil = @k, (6)
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gloX, V) = g(X. V) + n(XIn(¥), (7)
REXIY = glx,¥)F —n(¥) X, (8)
R(X,£5) =X —n(X)E, 9)
gREXV.E) = gx.v) —nXg¥), (10)
nleX) =0, (11)

for all vector fields X,V .

The above result will be used in the next sections.

1. ON SEMI-GENERALIZED RECURRENT LP-SASAKIAN MANIFOLDS
Definition 3.1 An LP-Sasakian manifold (™, g7 is called semi-generalized recurrent if its curvature tensor R
satisfies the condition

(VyR¥.Z W) =aX)RY.Z.W) + gX)gE, WY, (12)
where o and & are two 1-forms, & is non-zero and these are defined by
a(X) = glx. 4). BX) =g(X.B), (13)

and A and E are vector fields associated with 1-forms & and § respectively.
Taking ¥ = W = £ in (12), we have
(VeR)EZ8) =aXIREZE) + (X g2, 5)E (14)
The left hand side of (14), clearly can be written in the form
(VR Z2,8) =XR(F.Z.F) —R(V,&,Z,F)
—R(EVZ F) — R(F.Z.V,F)
which in view of (4),(6),(8) and (11) gives
X[-Z —n(2)8] + RlpX, Z2.5) — [-V4Z — n(W,Z)E] + R(E, Z, 9X)
=-Xg(Z.E)E+RZ,pX.8) —gW,; 2,508 — gZ.@X)F + nleX) Z
=gV, Z.EN + g2V, E)F + R(Z,pX. F) — g(V, Z.E) — g(Z. pX)E
=gZ,pX)f + R(Z.0X.F) — gl(Z, pX) ¥
=R(Z, @X. %),
while the right hand side of (14) equals

a(X)R(E.ZE)+ 8(X) gz, E)F
= —a(X)[-Z —5(2)] + pXIn(2)E
= alX)Z + [a(X) + gD In(Z)E.

Hence,

RZ. X, F)=a(XZ + [alX) + plx)]niZ)E. (15)
Taking £ = £ in (15) and then using (3) and (9), we get
X +nlpX)f = —pX)f
By virtue of (11), we have

wX =-pX)£.

In view of (6), we have
Vel = —BX)E .
Hence we can state the following theorem:
Theorem 3.1 In a semi-generalized recurrent LP-Sasakian manifold the associated vector field £ is not constant.

Permutting equation (12) twice with respect to X. ¥. Z; adding the three equations and using Bianchi’s
identity, we have
al(XIRY.Z,W) + p(X)g(Z. WY
+a(YIR(Z, X, W) + p(¥)g(x, W)z (16)
+a(Z)RX.V. W) + g2 gy WIX =10,

Contracting (16) with respect to ¥, we get

alX)SE.W) +ng(X)g(Z. W)+ REZ, X W, A) a7

WWw.ijmsi.org 64|Page



On Semi-Generalized Recurrent...

+8(Z)gX. W) —a(Z)5X, W)+ g(Z)glx. W) =0,
In view of S(¥,Z) = g(QV,Z), the equation (17) reduces to

a(X)g(QZ. W)+ ng(X)g(Z, W) — g(R(Z.X, A)W) (18)
+8(2) gx W) — a(Z)glQx. W) + 8(Z)g(X. W) = 0.
Factoring off W , we get from (18)
a(X)Q(Z) +ng(X)Z —R(Z.X.4) (19)
+8Z)% - a(Z)Q) + 82X =0,
Contracting (19) with respect to Z , we get
alX)r + n?pX) — 5(X, A)
+8X) -5 A+ =0
or,

alX)r + (n? + 23500 —25(x, 4). (20)

Taking & = £ and then using (5) and (13), we get
nlAlr + (n* + 29(B) + 2(n — 1)nl4) = 0.
or,

r= —1gnm [2(n — Dnl4) = (n? + 2)n(B)]. (21)
Hence we can state the following theorem:

Theorem 3.2 The scalar curvature + of a semi-generalized recurrent LP-Sasakian manifold is related in terms
of contact forms 7{4) and #{E} as given by (21).

V. NATURE OF THE 1-FORMS a AND 8 ON A SEMI-GENERALIZED RICCI-
RECURRENT LP-SASAKIAN MANIFOLD
A Riemannian manifold {M™. g} is semi-generalized Ricci-recurrent manifold ([8],[9]) if

(Ve5)Y.2) = a(X)S(Y, Z) + ng (XD g(V. 2). (22)
Taking & = £ in (22), we have
(Ve 5)¥.8) = alX)SV. 2} + np (X) g(¥. £). (23)

The left hand side of (23), clearly can be written in the form
(U SV, 8} = XS(V.5) — S(Vy¥V.5) — S(Y. W £).
which in view of (4), (5) and (6) gives
n—1DxXn¥) — (n — DV, ¥) + 5(¥.X),
which can be written as
(n —1g¥. X)) — 5(¥. pX).
while the right side of (23) equals
a(X)5V.E) + ng(X)g(¥.5)
=(n - 1elXIn¥) + ngXIn(¥).
Hence,
n—1)g¥V. @X) —5(V.0X) = (n — alXIn¥) + ng(XIn). (24)
Putting ¥ = £ in (24) and then using (3), (4) and (5), we get

(n — nlpX) + (n — LnlpX) = —[n —DalX) + np X)),

or,

n—elX) +ngX)]=10. (25)
This leads to the following theorem:
Theorem 4.1 In a semi-generalized Ricci-recurrent LP-Sasakian manifold, the 1-form & and § are related as
(25).

For an Einstein manifold, we have 5(¥.Z) = kg(V¥.Z) and (V,5) =0, where k is constant.
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Hence from (22) we have
[kal(X) + ng (X)) gV, Z) + [ka(¥) + ng(¥)]g(Z. X) (26)
+ka(Z) + ng(Z)g (X, ¥) = 0.
Replacing Z by £ in (26) and using (4) and (13), we have
ear(X) + g (X ]n(¥) + [ka(¥) + ng(¥V)]n(X) (27)
+[kn(4) + mm(B)g(x.¥) = 0.

Again, taking X = £ in (27) and using (3),(4) and (13), we have which in view of ¥ = £ | (2) and (13) gives

i (4) + nn(B) = 0. (28)
Using (4) and (13) in the above relation, it follows that
ka(¥) + ng(¥) = 0. (29)

This leads to the following theorem:
Theorem 4.2 If a semi-generalized Ricci-recurrent LP-Sasakian manifold is an Einstein manifold then 1-forms
o and £ related as (29).
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